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Abstract. Thei th section function of a star body inEn gives thei -dimensional volumes of
its sections byi -dimensional subspaces. It is shown that no star body is determined among
all star bodies, up to reflection in the origin, by any of itsi th section functions. Moreover,
the set of star bodies that are determined among all star bodies, up to reflection in the origin,
by theiri th section functions for alli , is a nowhere dense set. The determination of convex
bodies in this sense is also studied. The results complement and contrast with recent results
on the determination of convex bodies byi th projection functions. The paper continues the
development of the dual Brunn–Minkowski theory initiated by Lutwak.

1. Introduction

An important concern in geometric tomography is the question of whether an object in a
given class can be distinguished from others in the class by various measurements of its
projections on planes or sections by planes. If this is the case, we say that the object is
determinedin the class by the data. For projections, the natural class of objects to consider
is the classKn of convex bodies inEn. One natural type of data is thei th projection
functionof someK ∈ Kn, which gives thei -dimensional volume of the projection of
K on eachi -dimensional subspace. Herei ∈ N and 1≤ i ≤ n − 1, and the special
casesi = 1 andi = n− 1 are usually called thewidth functionandbrightness function,
respectively. The methods and results for this sort of inverse problem form part of the
powerful Brunn–Minkowski theory. For example, a classical result of Aleksandrov (see
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Theorem 3.3.6 of [5]) states:

(1) For eachi ∈ N, 1≤ i ≤ n− 1, any centered convex body inEn is determined in
Kn

c by its i th projection function.

HereKn
c denotes the class of centered convex bodies; see Section 2 for definitions of

unexplained terms. Recently there has been considerable interest in the determination
of a convex body in the classKn of all convex bodies inEn. The main results are as
follows (note that a projection function cannot distinguish a convex bodyK from any of
its translates or its reflection−K in the origin):

(2) ([9], from a result in [3].) Centered convex bodies inEn are determined inKn by
their i th projection functions for two different values ofi , 1≤ i ≤ n− 1.

(3) (See, for example, Chapter 3 of [5].) A convex body inEn is determined inKn,
up to translation and reflection in the origin, by its width function if and only if it
is irreducible. (A convex bodyK is irreducible if the equationK = 4C, where
4C = 1

2(C+ (−C)) is thecentral symmetralof the convex bodyC, implies that
K is a translate ofC; see pp. 123–4 of [5] for more information.) Such bodies
must be centrally symmetric, since4K is a centered convex body with the same
width function asK .

(4) ([7]; see also [1].) A convex body inEn is determined inKn, up to translation and
reflection in the origin, by its brightness function if and only if it is a parallelotope.

(5) [19] When 1≤ i < n− 1, most centered convex bodies inEn are determined in
Kn by their i th projection function.

(6) [2] When 2≤ i ≤ n− 2, most convex bodies inEn are determined inKn, up to
translation and reflection in the origin, by theiri th projection function.

(7) ([9], a refinement of earlier work of Campi and of Gardner and Volˇcič; see also
[8] and [10].) A dense set of convex bodies inKn are not determined inKn, up
to translation and reflection in the origin, by theiri th projection functions forall
i , 1≤ i ≤ n− 1.

(8) [10] Most convex bodies inEn are determined inKn, up to translation and reflec-
tion in the origin, by their width and brightness functions.

In these results, “most” means most in the sense of Baire category, that is, all except
for a set of first category in the spaceKn endowed with the Hausdorff metric.

It is remarkable that there is a duality in geometric tomography between results on
projections of convex bodies and results on sections of star (rather than convex) bodies.
This still unexplained fact has led to the creation, due principally to Lutwak, of an
extensive dual Brunn–Minkowksi theory; see [5] and [6] for detailed discussions. For
example, dual to Aleksandrov’s theorem above is a result of Funk (see Theorem 7.2.6
of [5]) which states:

(1′) For eachi ∈ N, 1 ≤ i ≤ n − 1, any centered star body inEn is determined in
Sn

c by its i th section function.

HereSn
c denotes the class of centered star bodies inEn and thei th section functionof

a star bodyL gives thei -dimensional volume of the section ofL by eachi -dimensional
subspace. The special casei = n− 1 is simply called thesection function.
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For determination of a star body in the classSn of all star bodies inEn, the result
dual to (2) above is also known:

(2′) (Theorem 5.9 of [8] or Theorem 7.2.15 of [5]; see also Corollary 4.4 below.)
Centered star bodies inEn are determined inSn by their i th section functions
for two different values ofi , 1≤ i ≤ n− 1.

The main purpose of this paper is to continue the attempt to understand this duality.
Corresponding to (3)–(6) above for projections, a simple argument yields the following
result:

(3′) (Corollary 4.2) When 1≤ i ≤ n− 1, no star body inEn is determined inSn, up
to reflection in the origin, by itsi th section function.

We prove the following result corresponding to (7) and (8) above:

(4′) (Corollary 4.9) The set of star bodies inEn that are determined inSn, up to
reflection in the origin, by theiri th section functions forall i , 1≤ i ≤ n− 1, is
nowhere dense.

We see from the results obtained in this paper that there is a sharp contrast between
the situation for projections and that for sections. This is interesting because it indicates
possible limitations on the duality referred to above.

Although the duality makes it more natural to study sections of star bodies, convex
bodies retain a wide general interest and we also consider in the last section the determi-
nation of convex bodies by section functions. In contrast to (4) and (5) above we have,
somewhat surprisingly:

(5′) (Theorem 5.1) No centered convex body inE2 is determined inK2
o by its section

function.

HereKn
o is the subclass ofKn whose members contain the origin in their interiors.

This theorem also shows that the results of [4] on determination of convex polygons
in the class of convex polygons do not extend to their determination in the class of all
convex bodies.

In Theorem 5.3 we show that a dense set of convex bodies inKn
o, those with everywhere

positive Gaussian curvature, are not determined inKn
o, up to reflection in the origin, by

their i th section functions. Despite this, the question of whether most convex bodies in
En are determined inKn

o, up to reflection in the origin, by their section functions remains
open. One has to work quite hard to find any member ofKn

o that is determined in this
sense; in Theorem 5.4 we show that examples are provided by triangles whose centroids
lie at the origin. This result and Fig. 2 are due to the second author.

2. Definitions and Preliminaries

If A is a set, we write intA, bdA, and convA for the interior, boundary, and convex
hull of A, respectively. We denote the origin, unit sphere, and closed unit ball inn-
dimensional Euclidean spaceEn by o, Sn−1, andB, respectively. Ifu ∈ Sn−1, we denote
by u⊥ the(n− 1)-dimensional subspace orthogonal tou. For 1≤ i ≤ n− 1, we denote
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the Grassmann manifold ofi -dimensional subspaces inEn by G(n, i ). If 1 ≤ i ≤ n, we
writeλi for Lebesgue i-dimensional measureinEn (which we identify withi -dimensional
Hausdorff measure inEn), andκn = λn(B).

We say that a set iscenteredif it is centrally symmetric, with center at the origin. A
convex bodyis a compact convex set with nonempty interior. The class of convex bodies
in En is denoted byKn, andKn

c ,Kn
o signify the subclasses consisting of centered convex

bodies and convex bodies containing the origin in their interiors, respectively.
A setL is star-shapedat the origin if every line through the origin that meetsL does

so in a (possibly degenerate) closed line segment. IfL is a set which is star-shaped at
the origin, itsradial functionρL is defined, for allu ∈ Sn−1 such that the line through
the origin parallel tou intersectsL, by

ρL(u) = max{c : cu ∈ L} .

We denote bySn the set of all nonempty compact sets which are star-shaped at the
origin and whose radial functions are defined and continuous onSn−1. Each member of
Sn contains the origin and, with the single exception of the singleton set{o}, is a body in
the sense that it is the closure of its interior. LetSn

c be the set of all centered members of
Sn and letSn

o denote the set of members ofSn that contain the origin in their interiors.
In this paper we call members ofSn star bodies. We note, however, that there are

different definitions of this term in the recent literature. In the work of Lutwak [16], [17]
and others, the term implies membership in the smaller classSn

o . Another definition,
introduced by two of the present authors in [8], allows for certain sets not containing the
origin. In addition to these variants, Klain [14] considers the class of setsL star-shaped at
the origin inEn and such thatρL is anLn function onSn−1; such sets are calledLn-stars.

Observe that a convex body is a star body if and only if it contains the origin and its
boundary does not contain a line segment containing the origin.

We now define thei -chord functions of a star body. (See Chapter 6 of [5] for extensive
comments and history concerning this much-studied concept.) Leti > 0 be a real number
and letL be a star body inEn. Thei -chord functionρi,L of L is defined by

ρi,L(u) = ρL(u)
i + ρL(−u)i ,

for u ∈ Sn−1. When i = 1, this gives the length of chords ofL through the origin,
and for this reason,ρ1,L is sometimes also called theX-ray of L at the origin. Another
generalization of the latter is thei th section function ofL, defined for integer values of
i with 1 ≤ i ≤ n − 1 by λi (L ∩ S), for S ∈ G(n, i ). The following known result (see
Theorem 7.2.3 and Remark 7.2.5 of [5], and compare Theorem 3.1 of [8]) connects these
definitions.

Proposition 2.1. Let i ∈ N and 1 ≤ i ≤ n − 1. Two star bodies inEn have equal
i -chord functions if and only if they have equalith section functions.

The following result (see Theorem 5.2 of [8] or Theorem 6.2.16 of [5]) will also be
useful in what follows.
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Proposition 2.2. Let i and j be distinct positive real numbers. Two star bodies L and
M in En have equal i -chord functions and equal j -chord functions if and only if

{ρL(u), ρL(−u)} = {ρM(u), ρM(−u)},

for all u ∈ Sn−1.

3. Metrics for Star Bodies

The distance between nonempty compact setsC and D can be measured by means of
the Hausdorff metric, defined by

δ(C, D) = min{ε > 0 : C ⊂ D + εB andD ⊂ C + εB}.

For star bodies, however, theradial metricδ̃ is in many ways more natural. This is defined
by setting

δ̃(L ,M) = max
u∈Sn−1

|ρL(u)− ρM(u)| ,

for star bodiesL and M . With this metric,Sn is a complete metric space and hence a
Baire space. It is easy to see thatSn

o is an open and dense subset ofSn.
Goodey and Weil [11] prove that convergence in the Hausdorff metric does not imply

convergence in the radial metric. It is easy to see that(Sn, δ) is not a complete metric
space. Our preference for the radial metric here is a consequence of the following stronger
result.

Theorem 3.1. The setSn, when endowed with the Hausdorff metric, is not a Baire
space.

Proof. For eachk ∈ N, let

Gk =
{

L ∈ Sn : λn−1

({
u ∈ Sn−1 : ρL(u) ≥ 1

k

})
<

1

k

}
.

We claim thatGk is open in(Sn, δ). To see this, suppose thatL ∈ Gk. Form ∈ N, let
Lm = L + (1/m)B; it is easy to see thatLm ∈ Sn and

⋂
m Lm = L. The sets

Em =
{

u ∈ Sn−1 : ρLm(u) ≥
1

k

}
decrease with intersection

E =
{

u ∈ Sn−1 : ρL(u) ≥ 1

k

}
.

It follows that λn−1(Em) decreases with limitλn−1(E), so there is anm0 such that
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λn−1(Em0) < 1/k. Let M ∈ Sn be such thatδ(L ,M) < 1/m0. ThenM ⊂ Lm0, so

λn−1

({
u ∈ Sn−1 : ρM(u) ≥ 1

k

})
< λn−1(Em0) <

1

k
,

which shows thatM ∈ Gk, proving the claim.
Let L ∈ Sn and letε > 0. Then there is a finite subsetF of Sn−1 such that if

C =
⋃
{[o, ρL(u)u] : u ∈ F},

thenC is a finite union of line segments withδ(C, L) < ε/2. Clearly, there is also an
M ∈ Gk such thatδ(M,C) < ε/2. Thenδ(L ,M) < ε, soGk is dense in(Sn, δ).

Let L be any member ofSn other than{o}. Then there is au0 ∈ Sn−1 such that
ρL(u0) > 1/m for somem ∈ N. Choosek ∈ N with k ≥ m and

λn−1

({
u ∈ Sn−1 : ρL(u) ≥ 1

m

})
≥ 1

k
.

ThenL 6∈ Gk, so
⋂

k Gk = {o} is not dense in(Sn, δ). This proves the theorem.

4. Determination of Star Bodies

Theorem 4.1. Let i > 0. No star body inEn is determined inSn, up to reflection in
the origin, by its i-chord function.

Proof. Let L ∈ Sn. Chooseu0 ∈ Sn−1 with ρL(u0) > 0, and letU be any open cap
containingu0 and contained in a hemisphere inSn−1 such thatρL(u) > 0 for all u ∈ U .
Let f ∈ C(Sn−1) be such that 0< f (u) < ρL(u) for u ∈ U , f (u) = 0 for u 6∈ U , and

f (u0) 6= ρL(u0)− ρL(−u0).

Let

g(u) = (ρL(u)
i + ρL(−u)i − (ρL(u)− f (u))i )1/ i − ρL(−u),

u ∈ U . DefineM ∈ Sn by ρM(u) = ρL(u)− f (u) if u ∈ U , ρM(u) = ρL(u)+ g(−u)
if u ∈ −U , andρM(u) = ρL(u) otherwise. It is easy to check thatρM ∈ C(Sn−1), that
L andM have equali -chord functions, and thatρM(u0) 6= ρL(±u0), as required.

Corollary 4.2. Let i ∈ N and1≤ i ≤ n− 1. No star body inEn is determined inSn,
up to reflection in the origin, by its ith section function.

Proof. This follows immediately from Proposition 2.1 and the previous theorem.

Theorem 4.3. A star body inEn is determined inSn, up to reflection in the origin, by
its i-chord functions for two different values of i if and only if the set

VL = {u ∈ Sn−1 : ρL(u) > ρL(−u)}
is connected.
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Proof. Suppose thatVL is not connected and letU be one of its components. By
Proposition 2.2 the star bodyM with radial function

ρM(u) =
{
ρL(−u) if u ∈ U ∪ (−U ),
ρL(u) otherwise,

has all itsi -chord functions equal to those ofL, but M 6= ±L.
Conversely, suppose thatVL is connected and thatM has itsi -chord functions equal

to those ofL for two different values ofi , but M 6= ±L. By Proposition 2.2,

{ρL(u), ρL(−u)} = {ρM(u), ρM(−u)}.
This implies that there existu1 andu2, where we may assumeu1, u2 ∈ VL , such that

ρM(u1) = ρL(u1) 6= ρM(−u1) = ρL(−u1)

and

ρM(u2) = ρL(−u2) 6= ρM(−u2) = ρL(u2).

Then we have

ρM(u1) > ρM(−u1)

and

ρM(u2) < ρM(−u2).

SinceVL is connected andρM is continuous, there existsu0 ∈ VL such thatρM(u0) =
ρM(−u0) and thereforeρL(u0) = ρL(−u0), a contradiction.

Corollary 4.4. A centered star body inEn is determined inSn by its ith section func-
tions for two different values of i.

Proof. This follows directly from Proposition 2.1 and the previous theorem.

Let M be a star body. For the remainder of this section we continue to use the notation
of Theorem 4.3, so that

VM = {u ∈ Sn−1 : ρM(u) > ρM(−u)}.
Denote byM the set ofM ∈ Sn

o such that there exist disjoint open componentsU1, U2 of
VM which are separated by−VM , that is,U1 andU2 are contained in disjoint components
of Sn−1\(−VM).

The following lemma provides a useful characterization ofM.

Lemma 4.5. A star body M∈ Sn
o belongs toM if and only if there exist open compo-

nents U1 and U2 of VM and an a> 0 such that

WM(a) = {u ∈ Sn−1 : ρM(u) < ρM(−u)− a}
separates U1 from U2.
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Proof. Let M ∈ Sn
o . It is clear that if the stated condition holds, thenM ∈M.

Conversely, suppose thatM ∈M. Let U1 andU2 be open components ofVM con-
tained in disjoint components ofSn−1\(−VM). For k ∈ N, the setsWM(1/k) are open
in Sn−1 and increase with union−VM . ThenSn−1\WM(1/k) is closed and containsU1

andU2, for eachk ∈ N. Suppose that, for allk, bothU1 andU2 are contained in the
same (compact) componentCk of Sn−1\WM(1/k). ThenC =⋂k Ck is a component of
Sn−1\(−VM) (see, for example, Theorem 5 of Section 47 in [15]) that contains bothU1

andU2, a contradiction. Therefore there is ak0 such thatWM(1/k0) separatesU1 from
U2. Lettinga = 1/k0, we have proved the lemma.

Lemma 4.6. The setM is open inSn
o .

Proof. Let M ∈ M and letU1, U2, a > 0, andWM(a) be as in Lemma 4.5. Let
aj = maxu∈Uj (ρM(u)− ρM(−u)), j = 1,2, and let 0< ε < min{a1,a2,a}/2. Suppose
thatL ∈ Sn

o andδ̃(L ,M) < ε, which implies that

ρM(u)− ε < ρL(u) < ρM(u)+ ε,
for all u ∈ Sn−1. Let uj ∈ Uj be such thatρM(uj ) = aj , j = 1,2. Then

ρL(uj )− ρL(−uj ) > ρM(uj )− ε − ρM(−uj )− ε = aj − 2ε > 0,

souj ∈ VL , j = 1,2. LetU ′j be the component ofVL that containsuj , j = 1,2, and let
a′ = a− 2ε. If u ∈ WM(a), then

ρL(u)− ρL(−u) < ρM(u)+ ε − ρM(−u)+ ε < −a+ 2ε = −a′,

sou ∈ WL(a′). ThereforeWM(a) ⊂ WL(a′)and sinceU ′j ∩WL(a′) = ∅andUj ∩U ′j 6= ∅,
j = 1,2, WL(a′) separatesU ′1 andU ′2. SoL ∈M, as required.

Lemma 4.7. The setM is dense inSn
o .

Proof. Suppose thatL ∈ Sn
o , and let 0< ε < minu∈Sn−1 ρL(u). From the continuity of

ρL if follows that for eachε > 0 there is an open capC contained in a hemisphere of
Sn−1 such that

ρL(−u)− ε
2
< ρL(u) < ρL(−u)+ ε

2
for all u ∈ C. Choose distinct pointsu1 andu2 in C. Let C1 andC2 be closed caps
centered atu1 and contained inC, with the radius ofC1 greater than that ofC2, and such
thatu2 6∈ C1. Let A = relintC1\C2; thenA is an annular region inSn−1 centered atu1.

Let f (u) be a continuous function onSn−1 such that| f (u)| ≤ ε for all u ∈ Sn−1,
f (uj ) = ε, j = 1,2, f (u) = −ε for u ∈ A, and f (u) = 0 if u 6∈ C. Let M be the star
body defined by

ρM(u) = ρL(u)+ f (u).

Then

ρM(uj ) = ρL(uj )+ ε > ρL(−uj )+ ε
2
= ρM(−uj )+ ε

2
> ρM(−uj ),
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souj ∈ VM , for j = 1,2. On the other hand, foru ∈ A we have

ρM(u) = ρL(u)− ε < ρL(−u)− ε
2
= ρM(−u)− ε

2
,

so A ⊂ WM(ε/2). If Uj is the component ofVM containinguj , j = 1,2, thenU1 and
U2 are separated byA and so alsoWM(ε/2). ThereforeM ∈M andδ̃(L ,M) = ε.

Lemma 4.8. If M ∈M, there exists an M′ ∈M such that M′ 6= ±M and yet M and
M ′ have equal i -chord functions for all i> 0.

Proof. Let M ∈ M and letU1, U2, a > 0, andWM(a) be as in Lemma 4.5. Define
M ′ by

ρM ′(u) =
{
ρM(−u) if u ∈ U1 ∪ (−U1),
ρM(u) if u ∈ Sn−1\(U1 ∪ (−U1)).

We claim thatρM ′ is continuous. It is obviously continuous at eachu ∈ U1∪ (−U1) and
at each point in the relative interior ofSn−1\(U1∪ (−U1)). If u0 belongs to the common
relative boundary of these sets, then

ρM ′(u0) = ρM(u0) = ρM(−u0).

For eachε > 0 there exists a neighborhoodU of u0 such that|ρM(u0) − ρM(u)| < ε

and|ρM(−u0)− ρM(−u)| < ε for eachu ∈ U . If u ∈ U ∩ (U1 ∪ (−U1)), we have

|ρM ′(u0)− ρM ′(u)| = |ρM(−u0)− ρM(−u)| < ε,

while if u ∈ U\(U1 ∪ (−U1)), then

|ρM ′(u0)− ρM ′(u)| = |ρM(u0)− ρM(u)| < ε,

and this proves the claim.
Since

{ρM(u), ρM(−u)} = {ρM ′(u), ρM ′(−u)}

for all u ∈ Sn−1, Proposition 2.2 implies thatM andM ′ have equali -chord functions for
all i > 0. Moreover, sinceρM(u) > ρM(−u) = ρM ′(u)whenu ∈ U1, we haveM 6= M ′,
and sinceρM(u) > ρM(−u) = ρM ′(−u) whenu ∈ U2, we also haveM 6= −M ′.

Corollary 4.9. The set of star bodies inEn that are determined inSn, up to reflection
in the origin, by their ith section functions for all i, 1≤ i ≤ n− 1, is nowhere dense.

Proof. By Lemmas 4.6, 4.7, and 4.8, there is an open dense subset ofSn
o , and hence

an open dense subset ofSn, consisting of star bodies not determined, up to reflection
in the origin, by theiri -chord functions for alli > 0. The result now follows from
Proposition 2.2.
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We know from Lemma 4.8 that the set of star bodies inSn
o that are not determined in

Sn, up to reflection in the origin, by theiri th section functions for two different values
of i , contains the open setM, dense inSn

o . Despite this, we have the following result.

Theorem 4.10. The set of all star bodies inSn
o that are not determined inSn, up to

reflection in the origin, by their ith section functions for two different values of i, is not
open.

Proof. Let L ′ be the planar star body such that

ρL ′(θ) =
{

1+ sin2 4θ if 0 ≤ θ ≤ π ,
1 if π ≤ θ ≤ 2π .

Since L ′ is symmetric with respect to they-axis, we can rotate a copy ofL ′ in the
(x1, xn)-plane inEn about thexn-axis to obtain a star bodyL in En.

By Theorem 4.3,L is not determined, up to reflection in the origin, by itsi th section
functions for two different values ofi , sinceVL has components{u ∈ Sn−1 : 0< u·u0 <

1/
√

2} and{u ∈ Sn−1 : 1/
√

2 < u · u0 < 1}, whereu0 = (0, . . . ,0,1). Let ε > 0, and
define a planar star bodyM ′ by

ρM ′(θ) =
{

1+ sin2 4θ + ε(2/π)2θ(π − θ) if 0 ≤ θ ≤ π ,
1 if π ≤ θ ≤ 2π .

Note thatδ̃(L ′,M ′) = ε. SinceM ′ is symmetric with respect to they-axis, we can rotate
a copy ofM ′ in the(x1, xn)-plane inEn about thexn-axis to obtain a star bodyM in En

such that̃δ(L ,M) = ε. Since

VM = {u ∈ Sn−1 : u · u0 > 0},

Theorem 4.3 implies thatM is determined, up to reflection in the origin, by itsi th section
functions for two different values ofi .

5. Determination of Convex Bodies

Theorem 5.1. Let i > 0 and suppose that K is a centered convex body inE2. Then K
is not determined inK2

o by its i-chord function(and hence not by its section function or
X-ray at the origin).

Proof. By rotating K , if necessary, we may suppose that it is strictly convex at the
pointv where its boundary bdK meets the positivex-axis; sinceK is centered, it is also
strictly convex at−v. Letw be a point on the positivex-axis withw 6∈ K , and letpj ,
j = 1,2, be the points where the tangents toK throughwmeet bdK . We assume thatw
is sufficiently close to bdK to ensure that ifu is a unit vector in the direction of a point
q on [pj , w], j = 1,2, then

21/ iρK (u) > ‖q‖. (1)
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Let L ∈ S2
o be the star body with the samei -chord functions asK , such that bdL is

obtained from bdK by replacing the arc in bdK from p1 to p2 containingv by the line
segments [pj , w], for j = 1,2, and the arc in bdK from−p1 to−p2 containing−v by
suitable arcsPj joining −pj and a pointz ∈ K on the negativex-axis. The bodyL is
defined by

ρL(u)
i + ρL(−u)i = ρK (u)

i + ρK (−u)i = 2ρK (u)
i , (2)

for all u ∈ S1.
The bodyL is in general not convex (see Fig. 1 for a special case when it is), but we

claim that the arcsPj , j = 1,2, are convex with respect to the origin. To see this, fixj
and letu1 andu2 be unit vectors in the direction of points on [pj , w]. The convexity of
K implies (see Lemma 5.1.4 of [5]) that

ρK (u1+ u2)
−1 ≤ ρK (u1)

−1+ ρK (u2)
−1 (3)

and the linearity of bdL along [pj , w] yields

ρL(u1+ u2)
−1 = ρL(u1)

−1+ ρL(u2)
−1. (4)

For p < 0, Minkowski’s inequality states that

((a1+ b1)
p + (a2+ b2)

p)1/p ≥ (ap
1 + ap

2 )
1/p + (bp

1 + bp
2 )

1/p,

for ak > 0 andbk > 0, k = 1,2; see (B.4), p. 367 of [5] or Section 2.11 of [13]. Letting
ck = ak + bk, k = 1,2, andp = −1/ i , we obtain

(c−1/ i
1 + c−1/ i

2 )−i − (b−1/ i
1 + b−1/ i

2 )−i ≥ ((c1− b1)
−1/ i + (c2− b2)

−1/ i )−i , (5)

for ck > bk > 0, k = 1,2.
By (1), we have 21/ iρK (uk) > ρL(uk), k = 1,2. Then we can apply (5) withbk =

ρL(uk)
i andck = 2ρK (uk)

i , k = 1,2, together with (2)–(4), to obtain

ρL(−u1− u2)
−1 = (2ρK (u1+ u2)

i − ρL(u1+ u2)
i )−1/ i

≤ ((2−1/ iρK (u1)
−1+ 2−1/ iρK (u2)

−1)−i

− (ρL(u1)
−1+ ρL(u2)

−1)−i )−1/ i

= (((2ρK (u1)
i )−1/ i + (2ρK (u2)

i )−1/ i )−i

− ((ρL(u1)
i )−1/ i + (ρL(u2)

i )−1/ i )−i )−1/ i

≤ (2ρK (u1)
i − ρL(u1)

i )−1/ i + (2ρK (u2)
i − ρL(u2)

i )−1/ i

= ρL(−u1)
−1+ ρL(−u2)

−1.

This shows that the arcPj is convex and proves the claim.
If L is convex, the proof is finished. Otherwise, letH = conv L. Then there are points

qj ∈ Pj , j = 1,2, such that bdH contains the line segment [q1,q2] but otherwise agrees
with bdL.
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Let M ∈ S2
o be the star body defined by

ρM(u)
i + ρH (−u)i = ρL(u)

i + ρL(−u)i = 2ρK (u)
i ,

for all u ∈ S1, where the last equality is a consequence of (2). The points in bdM in the
direction ofu ∈ S1 such that−u is in the direction of a point in [q1,q2] form an arcR
joining pointsr1 andr2, say, withr j ∈ [ pj , w].

The arcR is convex with respect to the origin. The argument that proves this is the
same as that for the convexity of the arcPj , since ifu1 andu2 are unit vectors in the
direction of points on [q1,q2], we have

ρM(−u1− u2)
−1 = (2ρK (u1+ u2)

i − ρH (u1+ u2)
i )−1/ i ,

and bdH is linear along [q1,q2].
Finally, we letK ′ be the body whose boundary contains the arcRbut otherwise agrees

with bdH . By construction,K ′ ∈ K2
o andK ′ has the samei -chord function asK , so the

proof is complete.

Figure 1 depicts a bodyK ′ obtained from a centered squareK by the construction
of the previous theorem withi = 1. For this example it can be shown that whenw
is sufficiently close tov, as it is in Figure 1, the bodyL in the proof of Theorem 5.1
is already convex. Figure 1 was generated with Mathematica and therefore gives the
precise shape ofK ′ up to the tolerances of that package. The existence of such examples
is surprising and of independent interest since it would be natural to conjecture that a
convex body containing the origin in its interior and having the same X-ray at the origin
as a convex polygon must itself be a convex polygon. The example also shows that the
results of [4] on determination of convex polygons in the class of convex polygons do
not extend to their determination in the class of all convex bodies.

Fig. 1. Convex bodies with the same section function.
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We conjecture that Theorem 5.1 holds in higher dimensions. The following question
is also open.

Question 5.2. Let i ∈ N and 1≤ i ≤ n−1. Are most convex bodies inKn
o determined

in Kn
o by their i th section function?

The next theorem provides an important class of convex bodies inEn that are not
determined in the sense of the previous question.

Theorem 5.3. Let i > 0 and suppose that K∈ Kn
o has everywhere positive Gaussian

curvature. Then K is not determined inKn
o, up to reflection in the origin, by its i-chord

function, or (if i ∈ N and1≤ i ≤ n− 1) by its ith section function.

Proof. Let U be an open cap contained in a hemisphere inSn−1 and let f ∈ C2(Sn−1)

be such thatf (u) > 0 if u ∈ U and f (u) = 0 if u 6∈ U . Let c > 0 be such that
c f (u) < ρK (u) if u ∈ U . Define

gc(u) = (ρK (u)
i + ρK (−u)i − (ρK (u)− c f (u))i )1/ i − ρK (−u),

for u ∈ U . DefineL ∈ Sn
o by

ρL(u) =
ρK (u)− c f (u) if u ∈ U ,
ρK (u)+ gc(−u) if u ∈ −U ,
ρK (u) otherwise.

It is easy to check thatρL ∈ C2(Sn−1) and thatK andL have equali -chord functions
(and by Proposition 2.1, ifi ∈ N and 1≤ i ≤ n − 1, equali th section functions). We
can also chooseu0 ∈ U andc0 > 0 such that

c f (u0) 6= ρK (u0)− ρK (−u0),

for all c with 0 < c ≤ c0; note that this ensures thatρL(u0) 6= ρK (±u0) for the
corresponding bodies.

It remains to show that we can also choosec so thatL is convex. To see this, note
that it suffices to show thatL ∩ S is convex for each two-dimensional subspace, so we
may assume thatn = 2 and use polar coordinates. By the formula for curvature in polar
coordinates, we have

2ρ ′K (θ)
2− ρK (θ)ρ

′′
K (θ)+ ρK (θ)

2 > 0,

for 0≤ θ ≤ 2π . Now for θ ∈ U , we haveρL(θ) = ρK (θ)− c f (θ) and hence

2ρ ′L(θ)
2− ρL(θ)ρ

′′
L(θ)+ ρL(θ)

2 = 2ρ ′K (θ)
2− ρK (θ)ρ

′′
K (θ)+ ρK (θ)

2+ cF(θ),

whereF = F( f, f ′, f ′′, ρK , ρ
′
K , ρ

′′
K ) is a polynomial. Therefore we can choosec ≤ c0

sufficiently small to ensure that

2ρ ′L(θ)
2− ρL(θ)ρ

′′
L(θ)+ ρL(θ)

2 ≥ 0,
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for θ ∈ U . Forθ ∈ −U , we haveρL(θ) = ρK (θ)+ gc(−θ) and

2ρ ′L(θ)
2− ρL(θ)ρ

′′
L(θ)+ ρL(θ)

2 = 2ρ ′K (θ)
2− ρK (θ)ρ

′′
K (θ)+ ρK (θ)

2+ G(θ),

whereG = G(gc, g′c, g
′′
c , ρK , ρ

′
K , ρ

′′
K ) is a polynomial. It is easy to check that asc→ 0,

gc and its first two derivatives converge to zero uniformly inθ and that this implies that
G also converges to zero uniformly inθ . Therefore we can choosec sufficiently small
to ensure that also

2ρ ′L(θ)
2− ρL(θ)ρ

′′
L(θ)+ ρL(θ)

2 ≥ 0,

for θ ∈ −U , and hence thatL is convex.

The class of convex bodies inKn
o with everywhere positive Gaussian curvature is dense

in Kn
o (this follows from Theorem 3.3.1 of [18]). On the other hand, most members of

Kn
o have zero Gaussian curvature at almost every point on their boundaries. This is a

result of Zamfirescu (see p. 1332 of [12] and the references given there).

Theorem 5.4. Let T be a triangle inE2 with centroid at the origin.Then T is determined
in K2

o, up to reflection in the origin, by its section function(X-ray at the origin).

Proof. By applying a linear transformation, if necessary, we may assume thatT has
vertices(1,0), (− 1

2,
√

3/2), and(− 1
2,−
√

3/2). Suppose thatK ∈ K2
o has the same

section function asT .
We work with the radial function ofK in polar coordinates. Letxn = ρK (nπ/3),

so that

xn+6 = xn, (6)

for all n ∈ N. SinceK has the same section function asT , we also have

xn + xn+3 = 3
2 (7)

and

0< xn <
3
2 (8)

for all n ∈ N. Our goal is to prove that either (i)x1 = 1
2, x2 = 1, andx3 = 1

2, or (ii)
x1 = 1, x2 = 1

2, andx3 = 1. If (i) holds, then by (7) the vertices ofT belong toK , so
T ⊂ K , and the equality of the section functions then impliesK = T . If (ii) holds, the
vertices of−T belong toK , so we conclude similarly thatK = −T .

We first establish two more relations among thexn’s. The convexity ofK yields (see
Lemma 5.1.4 of [5])

1

xn+1
≤ 1

xn
+ 1

xn+2
(9)

and √
3

ρK ((2n+ 1)π/6)
≤ 1

xn
+ 1

xn+1
,
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for all n ∈ N. SinceK has the same section function asT , we have

ρK

(
(2n+ 1)π

6

)
+ ρK

(
(2n+ 7)π

6

)
= 2
√

3

3
,

so the previous inequality gives
√

3

1/xn + 1/xn+1
+

√
3

1/xn+3+ 1/xn+4
≤ 2
√

3

3
.

Combining this with (7) we have
√

3(3xn + 3xn+1+ 16xnxn+1− 10x2
n − 10x2

n+1)

12(xn + xn+1)(3− (xn + xn+1))
≤ 0 ,

so, by (8),

3xn + 3xn+1+ 16xnxn+1− 10x2
n − 10x2

n+1 ≤ 0, (10)

for all n ∈ N. Note that (10) is satisfied unless(xn, xn+1) lies in the interior of an ellipse
E in E2 that is symmetric with respect to the liney = x. The ellipseE contains(0,0),
(0, 3

10), (
1
10,

1
2), (

1
2,1), (1,

7
5), and( 3

2,
3
2) in its boundary, and therefore also contains

the squaresS1 = {(x, y) : 0 ≤ x, y ≤ 3
10}, S2 = {(x, y) : 1

10 ≤ x, y ≤ 1
2}, and

S3 = {(x, y) : 1
2 ≤ x, y ≤ 1}.

We prove that either (i) or (ii) holds by a series of claims.

Claim 1. If 1
2 ≤ xn, xn+1 ≤ 1 for any n∈ N, then xn = 1

2 and xn+1 = 1 or vice versa.

This is an immediate consequence of the fact thatS3 ⊂ E.

Claim 2. It is not possible that xn, xn+1 ≤ 1
2 for any n∈ N.

Observe first that sinceE contains the squaresS1 andS2, we have 3
10 < xn ≤ 1

2 and
xn+1 <

1
10 or vice versa. If the former possibility holds, then, by (4),

1

xn+2
≥ 1

xn+1
− 1

xn
>

1
1
10

− 1
3
10

= 20

3
,

soxn+2 <
3
20. Sincexn+1 <

1
10, we must have3

10 < xn+2 ≤ 1
2, by the above argument

with n replaced by(n+1), and this is a contradiction. The assumption that 0< xn <
1
10

and 3
10 < xn+1 ≤ 1

2 similarly leads to a contradiction, so Claim 2 is proved.

Claim 3. If 1 ≤ xn, xn+2 and xn+1 ≤ 1
2 for any n∈ N, then xn = 1, xn+1 = 1

2, and
xn+2 = 1.

This follows immediately from (9).

Claim 4. If 1
2 ≤ xn ≤ 1, xn+1 ≤ 1

2, and1 ≤ xn+2 ≤ 3
2 for any n∈ N, then xn = 1,

xn+1 = 1
2, and xn+2 = 1.
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Note thatxn ≤ 2xn+1, for otherwise, by (9),

1

xn+1
≤ 1

xn
+ 1

xn+2
≤ 1

xn
+ 1<

1

2xn+1
+ 1≤ 1

2xn+1
+ 1

2xn+1
= 1

xn+1
.

The liney = x/2 meets bdE at the origin and(1, 1
2), so the triangle determined by this

line and the linesx = 1
2 andy = 1

2 is contained inE and intersects bdE only at(1, 1
2).

It follows that if 1
2 ≤ xn ≤ 1, xn+1 ≤ 1

2, andxn ≤ 2xn+1, then (10) holds only ifxn = 1
andxn+1 = 1

2, in which casexn+2 = 1 by (9).

We now represent any sequence{xn} by a sequence of lettersS, M , and L, each
letter being used at thenth place ifxn ≤ 1

2, 1
2 ≤ xn ≤ 1, or 1≤ xn, respectively. Each

sequence is determined by the first three letters; thus if the sequence beginsS, L, M , it
must continueL, S, M , by (7), and then repeat by (6). Thus we have 27 different possible
sequences. Claims 1–4 above each exclude sequences containing some concatenation
of letters. Specifically, the appearance ofM , M , or S, S, or L, S, L, or M , S, L, is
forbidden by Claims 1–4, respectively, with certain exceptional values ofxn allowed
as in the statements of the claims. Each of the 27 sequences can now be examined
individually. For example, the sequence above beginningS, L, M continues withL, S,
M , S, L, M and therefore containsM , S, L. By Claim 4 this is only possible when
x6 = 1, x7 = 1

2, andx8 = 1, so using (6) and (7), we see that (i) holds . A routine check
shows that in each case (i) or (ii) holds, completing the proof.

If it is true that a set of convex polytopes dense inKn
o are determined inKn

o, up to
reflection in the origin, by their section functions, then a standard argument shows that
the answer to Question 5.2 is affirmative. In view of Theorem 5.3, however, this may
be false or difficult to prove. There are certainly convex polygons whose vertices are
in general position with respect to the origin that are not determined in this sense. An
example is the pentagonP depicted in Fig. 2.

Fig. 2. The pentagonP.
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To see thatP is not determined inK2
o, up to reflection in the origin, by its section

function, Minkowski’s inequality can be used as in the proof of Theorem 5.1 to show
that there is a convex bodyH , whose intersection withP is precisely the segment [p,q],
such thatH has the same section function as the reflection in the origin of the triangle
T with vertices ata, b, andc. The bodyK formed by removingT from P and adding
H then has the same section function asP. Moreover, the interior angles ofP at p and
q are sufficiently small to ensure thatK is convex.
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