REALIZATION OF JETS AND VECTOR FIELDS
IN SCALAR PARABOLIC EQUATIONS

MARTINO PRI1Zz1

ABSTRACT. Let Q C RY be a smooth bounded domain. Let

N
L'u:= Z Oi(a;;(x)0ju), x€Q

i,j=i

be a second order strongly elliptic differential operator with smooth symmetric coefficients.
Let B denote the Dirichlet or the Neumann boundary operator. We prove the existence of
a smooth function a:©Q — R such that all sufficiently small vector fields on RV*1 can be
realized on the center manifold of the semilinear parabolic equation

ut = L'u+ a(x)u + f(z,u,Vu), t>0,x €
Bu =0, t>0,x € 09,

with an appropriate nonlinearity f: (z, s, w) € QxR xRN — f(z,s,w) € R.

For N = 2, n,k € N, we prove the existence of a smooth function a: Q@ — R such that all
sufficiently small k-jets of vector fields on R™ can be realized on the center manifold of the
semilinear parabolic equation

ut = L'u+ a(z)u + g(z,u) - Vu, t>0,z€Q
Bu =0, t>0,x € 09,

with an appropriate nonlinearity g: (z,s) € Q X R + g(x,s) € R? (here ”-” denotes the scalar
product in R?).

1. INTRODUCTION

Let © ¢ RN be a smooth bounded domain. Let

N
L'u = Z 8¢(aij(ac)8ju), x €€

i.j=i
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be a second order strongly elliptic differential operator with smooth symmetric coefficients.
Let a: 2 — R be a smooth function and set

Lu = L'u+ a(x)u
Consider the semilinear parabolic equations

uy = Lu+ f(x,u,Vu), t>0,x€Q

1.1
(1.1) u =0, t> 0,z €00
and

uy = Lu+ f(x,u,Vu), t>0,x€Q
(1.2) ou

— =0, t> 0,z € 00.

v

Here f: (z,s,w) € QA x R xRN  f(x,s,w) € R is some ”"smooth” nonlinearity. For p > 1,
the operator —L with Dirichlet (or Neumann) boundary condition on 052 defines a sectorial
operator on X := LP(Q2) with the corresponding family X of fractional power spaces. If
p > N, then « can be chosen such that X® C C(Q2) and then the solutions of (1.1) (or
(1.2)) define a local semiflow on X <.

It is known that for N = 1 the dynamics of (1.1) (or (1.2)) is very simple, as all bounded
solutions are convergent. On the other side, if the nonlinearity f is independent of gradient
terms, then the local semiflow generated by (1.1) (or (1.2)) is gradient-like and so the
dynamics is again rather simple and nonchaotic. The situation is completely different if
N > 2 and if f depends explicitly on gradient terms. It has recently been proved that the
dynamics of (1.1) (or (1.2)) can be very complicated, in fact even ’arbitrary’. A first result
of this kind was given by Polacik in [8]. More specifically, he proved that every finite jet
of a vector field on R™ can be realized on the center manifold of (1.1) with an appropriate
nonlinearity f provided the kernel of the operator L (with Dirichlet boundary conditions on
082) has dimension n and the corresponding eigenfunctions satisfy a certain nondegeneracy
condition (called Pola¢ik condition). In this case n = N or n = N + 1 and Polacik also
gave examples of operators satisfying this condition, both with n = N (and 2 being the
unit ball) and n = N + 1 (with € being smooth and smoothly diffeomorphic to the unit
ball), and with L of the form L = A + a(x). In [18] Rybakowski showed that under the
Polacik condition actually all sufficiently smooth and sufficiently small vector fields v on
R™ can be realized on the center manifold of (1.1) with an appropriate nonlinearity f. The
method of proof used in [18] (the Nash-Moser implicit mapping theorem) leads to a loss of
derivatives: g is less smooth that v. In [14] Polac¢ik and Rybakowski proved that if L has
analytic coefficients and Polacik condition holds then a vector field realization result holds
without loss of derivatives. They also showed that there are real analytic functions a on
R¥ such that the operator Lu = Au+ a(z)u satisfies the Pola¢ik condition on a ball of R
with n = N + 1. These results lead to a restriction in the space dimension of (1.1): to get
realizability of any vector field of R” we have to choose n = N or n = N + 1. Therefore the
question arises what is the least possible space dimension that allows arbitrary dynamics
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in (1.1) and (1.2). In [12] it was shown by P. Polacik that every finite jet of a vector
field on R™ can be realized on the center manifold of (1.1) with an appropriate polynomial
nonlinearity f and an appropriate two-dimensional domain (close to a square). In [12]the
form of the nonlinearity f involves high powers of the gradient of the solution u. On the
other hand, when modelling scientific phenomena by equations (1.1) and (1.2), one usually
tries to make the convection terms (i.e. the terms depending on Vu) as simple as possible.
In [16] it is shown that arbitrary jets can be realized in (1.1) even for functions f depending
on the gradient in a linear fashion.

All the above realization results were proved only on very particular domains, diffeo-
mophic to a ball or close to a square, and for operators of the form L = A + a(z). One
can ask if it is possible to extend such results to the case of arbitrary (sufficiently regular)
domains and general second order elliptic operators in divergence form.

A first affirmative answer to this question was given by K. Rybakowski and the present
author in [17]. More specifically, they proved that the vector field realization result from
[14] is valid for the Laplacian on an arbitrary bounded domain Q of class C?7, 0 < v < 1.

The goal of this paper is to extend all the above realization results to the case of a
general second order elliptic operator on an arbitrary spatial domain, both with Dirichlet
and Neumann boundary conditions. In order to achieve this result, we exploit some of the
techniques used in [17] together with a “localization lemma” (Lemma 5.1), which is the
main contribution of this paper.

The paper is organized as follows: in Sections 1 and 2 we recall some basic realization
results presenting them in a more abstract form; in Section 4 we slightly refine some per-
turbation results of [17]; in Section 5 we state and prove the above mentioned “localization
lemma”; finally, in Sections 6 and 7 we show that the abstract assumptions in Sections 1
and 2 actually are satisfied with any symmetric strongly elliptic second order differential
operator in divergence form on an arbitrary spatial domain.

2. VECTOR FIELD REALIZATIONS

Throughout this section let N > 2 and 2 C R¥ be a bounded domain of class C%7 with
0 < v < 1. Let L be a differential operator of the form

N
Lu = Z ai(aij(?ju) + au.

4,j=1

We assume throughout that L is uniformly elliptic and its coefficient functions satisfy

ai; € CY7(Q),4,j =1,..., N, and a € C7(Q). Consider the semilinear parabolic
equations
us = Lu+ g(x,u, Vu), t>0,z¢€Q
(2.15) u(z,t) =0, t>0, z€dN
and
uy = Lu+ g(x,u,Vu), t>0,x €
(2.24) ou

a(x,t):O, t>0, € 0.
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Here -
g:(z,5,w) €A xR xRN i g(z,s,w) € R

is some nonlinearity.
To study (2.1,) and (2.2,) we shall rewrite this problems in a more abstract way. Set

X = LP(Q), for somep > N.

The operator —L with Dirichlet (resp. Neumann) boundary conditions on 0f) defines a
sectorial operator A on X with domain W2 (Q)NW, P (Q) (resp. WP (Q), where WP (1)
is the space of all functions in W?2P?() that satisfy the Neumann condition on 92 in the
sense of traces). The operator A generates the corresponding family X of fractional power
spaces and fixing « with

(N+p)/(2p) <a<1

we have that B
X col(Q)
with continuous inclusion. Define

Xog:=ker A

and suppose that
n = dim X, > 1.

Let P be the L?(Q2)-orthogonal projection of X onto Xy. Fix an arbitrary L2-orthonormal
basis ¢1, ..., ¢, of Xy and write

¢(x) = (01(x), ... dn(2)).

Note that the assignment
Q:R" = Xo,  Q&:=£-6=) Lo
i=1

is a linear isomorphism.
For m € Ny let C7"(R™,R™) be the set of all maps

h:R™ — R"

such that for all 0 < k < m the Fréchet derivative D*h exists and is continuous and
bounded on R".
C*(R™,R™) is a linear space which becomes a Banach space when endowed with the
norm
|Alm == sup sup ’th(y>’£k((R”)k,R’L)-
yeR" 0<k<m

Furthermore, let Y,,, be the set of all functions

g: (z,5,w) € A xR xRN i g(z,s,w) € R
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such that for all 0 < k < m the Fréchet derivative D’(“s )9 exists and is continuous and

bounded on Q x R x R¥,
Y,. is a linear space which becomes a Banach space when endowed with the norm

|Glm = sSup sup |D(s w)g(x S w)|Lk((R><RN)k R)-
(z,5,w) EQXRXRN 0<k<m

For g €Y,, the formula

9(y)(z) = g(z,y(z), Vy(z)), ye€X*,2€Q

defines the Nemitski operator
X=X

of class C}". We can rewrite problem (2.1,) in the form

(2'39) y=—Ay+g(y).

Let ug € X%; a solution of (2.3;) on |0, T[ (where T' € ]0, 0o]) through ug is, by definition, a
continuous map u: [0, 7] — X with u:]0,7[ — X differentiable, u(t) € dom A for t € |0, 77,
t = g(u(t)) € X is locally Hélder continuous on 10,7, [ |g(u(s))|ds < oo for some
a € 10,T) and

u(t) + Au(t) = g(u(t)), for all ¢ €10, T7.

For every g € Y7 and ug € X there is a maximal T(ug) € ]0,00] and a unique solution
u(-,up) of (2.34) on |0, T (up)[ through ug. Writing

H(t,UO) = u(t, UQ), t e ]O,T(UO)[

we obtain a local semiflow II = II; on X“.

Now let Y and Y be arbltrary Banach spaces and II (resp. II) be a local semiflow
on Y (resp. Y). We say that II imbeds in II if there is an imbedding A: Y — Y such
that whenever I is an interval in R and z: I — Y is a solution of II then Ao z: 1 — Y is a
solution of II. (Here by imbedding we mean that A is injective, of class C*, A" A(Y) = YV
is continuous, and for every g € Y, DA(g) is injective and its image splits, i.e. admits a
topological complement.) In this case, M := A(Y) is a C'-submanifold of ¥ which is
invariant relative to the local semiflow II and II restricted to M is ‘isomorphic’ to the local
semiflow II. We are partlcularly interested in the case where Y = X<, II = II, for some
nonlinearity g, Y := R™ and II is generated by an ordinary differential equatlon

(2.4p) E=h(€), £EeR"

where h:R™ — R™ is locally Lipschitzian. If II imbeds in II (via the imbedding A) then
we say the PDE (2.3,) realizes the vector field h: R™ — R™ (via the imbedding A on the
invariant manifold M = A(R™)). In this case the qualitative behavior of the ODE is
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completely simulated by the corresponding PDE (restricted to the invariant manifold M).
An important candidate for the manifold M is given by the (global) center manifold:

The global center manifold M. of (2.34) is, by definition, the set of all up € X for
which there exists a solution w:R — X< of (2.3,) satisfying «(0) = ¢ and such that
supser |(I — P)u(t)| xo < co. Obviously, the global center manifold of (2.3,) is an invariant
set for the local semiflow defined by that equation. We call an imbedding A:R" — X¢
canonical if PA(§) = Q¢ for all £ € R™. Tt follows from the center manifold theory that
for g € Y1 with |g|; small there is a canonical imbedding A:R™ — X® such that A(R") is
the global center manifold of (2.3,).

Let us recall the following fundamental concept:

Definition 2.1. We say that the operator L satisfies the Poldcik condition on ) if
dimker A = N + 1 and for some (hence every) basis ¢1, ..., ¢n4+1 of ker A, R(z) # 0
for some z € €2, where

¢1(x) Vi ()
R(¢17---7¢N+1)($) = det , x €
ént1(xz) Vonyi(o)

Remark. We have n = N + 1 in case the Polacik condition holds. One can also define a
(weaker and less interesting) version of the Poldc¢ik condition with n = N (cf. [18]).
The following result was essentially proved in [14]by Pola¢ik and Rybakowski:

Theorem 2.2. Let L be as above and let k > 1; assume:

(1) L satisfies the Poldcik codition on €);

(2) G C 2 is an open set;

(3) R(x) #0 for all z € G;

(4) there is a function b € C>(Q) with suppb C G such that

A< —K

for every eigenvalue \ of the operator L + b on ) with Dirichlet (or Neumann)
boundary condition on Of).

Then there is a 61 > 0 such that for every h € CLH(RNTL RNFL) with \hlor < 01 there is
a nonlinearity f = f, € Y1 with the property that equation 2.1 (or 2.2) realizes the vector
field h on an invariant manifold M = My, via an imbedding A = Ap: RVNTL — X of class
Cl. Moreover, for each m > 1 there exists a 6,, > 0 such that if h € C;*(RN T RN*T1) and
|h|c£n < O then fi, can be chosen such that f, € Yy, and the imbedding Ap: RN T — X
is of class C™.

It was not realized in [14] that, for d; small enough, the manifold M in the above
theorem is actually the global center manifold of (2.3,), although the imbedding A, in
general, is not the canonical imbedding; this fact was observed and proved in [17]:
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Theorem 2.3. Let a;; € CYQ and a € CV(Q) and assume that the operator L with
Dirichlet (or Neumann) boundary condition on 0S) satisfies the Poldcik condition on Q.

Then there is a 8y > 0 such that for every h € Cy(RNTHRNTY) with |h|cy < 81 there
is a nonlinearity g = gp € Y1 with the property that equation (2.3;) realzzes the vector
field h on the global center manifold M. = Mgy, of (2.3,4) via a (not necessarily canonical)
imbedding A = Ap: RNTL — X of class C*. If in addition h € CJ*(RNTL RNTY) then g,
can be chosen such that g, € Yy, and the imbedding Ap: RN — X< is of class C™.

In [14] Polacik and Rybakowski proved that, if Q is a ball in RY, then, for suitable
potential functions a and b, the operators A 4+ a and A + a + b with Dirichlet boundary
condition on 02 satisfy all the assumptions in Theorem 2.2. In [17] Rybakowski and the
author of the present paper extended this result to the case of an arbitrary smooth bounded
domain. In Section 6 we will prove that, given arbitrary a;; € C17(Q), with a;; = a;; for
alli,7=1,..., N and

N

Z ()& > clél®, z e, R,

for some ¢ > 0, then both for Dirichlet and Neumann boundary conditions on 9 it is
possible to construct functions a,b: {2 — R such that all assumptions in Theorem 2.2 are
satisfied.

3. JET REALIZATIONS

Let Q € R? be a smooth bounded domain. Let

2
= Z 61(%3(1')63) + a(x)

1,j=1

be a strongly elliptic second order differential operator with symmetric smooth coefficients.
Now fix k € N and arbitrary integers qi, ... ,qx such that 1 < ¢ <[l forl =1, ... k. Let
E=2E&(q,...,q) be the set of all functions f:R* — R of the form

k
(3.1) flx,y,s,w) Zal z,y)s " Mw?,  (z,y,s,w) € R,

1=1
where a; € H?(Q) for I =1, ... ,k. For f € £ and @ € R?, consider the equations
3.9 :Lu—}—f(x,y,u,uw), t>0, (IL’,y)EQ
(3:2) u=0, t>0, (z,y) € 0N
and

=Lu+ f(z,y,u,uy), t>0, (z,y) €

(3.3) ou

27 Q
5 0, t>0, (x,y) € 09,
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where 1, = w - Vu.

Set X = LP(Q2), p > 2, and let A: Dy C X — X be the sectorial operator induced by
L with Dirichlet or Neumann boundary condtion on 8, where D4 = W2P(Q) N W, (1)
in the first case, and Dy = W]%;p (Q) in the second case. The operator A generates the
corresponding family X of fractional power spaces and fixing o with

(24+p)/(2p) <a <1

we have that -
X% C Cl(Q)

with continuous inclusion. As usual we rewrite (3.2) and (3.3) as abstract equations in X:
(3.4) i+ Au = f7(u),
where f@(u)(z) := f(z,u(z), us(z)). Note fZ € C(X*, X). Define
Xo:=ker A
and suppose

Let Py be the L?(Q2)-orthogonal projection of X onto Xg. Fix an arbitrary L2-orthonormal
basis ¢1, ..., ¢, of Xg; then

(3.5) Poyu(z Z@ / oi(y)dy, ueX.

Write
o(z) = (¢1(2), ..., Pn(2));

note that the assignement
Q:R" = Xo, Q€:=¢-0=) Lo
i=1

is a linear isomorphism.

We can identify £ with (H 2(Q))k; with the norm induced by this identification, &
becomes a Banach space whose topology is stronger than the topology of locally uniform
convergence of all derivatives D s, w)f(a: y,s,w), h=0,...,k+1onQxR2 We can apply
the standard theory of center manifolds: we can find an open neighborhood ¢/ in £, 0 € U,

and a map
AU x BY(0) CExR" — X

with the following properties:
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(2) A is of class C**1;
(3) the map Af(-) := A(f,-) is an imbedding and the set

MEFe = {Ay(€) | € € BY(0)}

is a local invariant manifold of (3.4). Moreover, if vy: Bf'(0) — R™ is defined by

(3.6) v(€) = QT R fT(A4(€)), € € BY(0),
then the ODE defined by vy imbeds, via Ay, in (3.4).
Define the map
U:U C £ — CF(BT(0),R")
V()& =Q o RyofTols(€), &€ BY0).

Simple computation shows that W is of class C! and

DU(0)f(€) = (@ o Pyo f=)(QE).

Let JY(R™) denote the set of all k-jets on R™ mapping 0 into itself. Equivalently, h €
JE(R™) if and only if h is a polynomial on R” of order < k with h(0) = 0. We say that
a jet h can be realized in (3.2) (or (3.3)) by the non-linearity f if the k-th order Taylor
polynomial of the vector field v; defined by (3.6) is equal to h. We introduce the linear
bounded operator

T*:Cy(BY(0),R") = Jg

| =

Div(0)¢', v e CF(BT(0),R"), £ € R".

~

k
(T*0)(6) = -
=0

We want to find a condition which guarantees that D(T* o ¥)(0) is surjective onto J¥. Our
starting point is the abstract surjectivity condition

(SC) For every polynomial function h:R™ — R™ of degree < k, h(0) = 0, there is an
fe&lq,--.,qr) such that

(3.7) TF(DW(0)f) = h.

By (3.1) and (3.5), after straightforward manipulations, the Riesz representation theorem
gives us an equivalent, but more convenient form of this condition. We introduce the

following notations: given 7,8 € N{j, we say that v < it v, < 8;, i =1, ..., n. If
v €RE, w e R?, set ¢7 :=¢]* -+ ¢ and ¢ = ¢]L -+ ¢ . Moreover, set

e = (0,...,0,1,0,...,0) € N.
N—_——

J
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With these notations, the surjectivity condition is equivalent to the following independence
condition (cf. [16]):

(IC) For every I =1, ..., k and for every ¢, 1 < g <, the functions
1
Z ¢6—v+ej &7
| — | w
= B =) |
lvI=q j=1,...,n
|B]=1

are linearly independent.

Theorem 3.1. Let n and k € N. Assume dimker A = n and assume there is an L*(Q)-
orthonormal basis ¢1, ... ,¢n of ker A and a vector @ € R? such that (IC) is satisfied up
to the order k. Then there is an open neighborhood B of 0 in J§(R™) such that every jet
h € B can be realized in (3.7) by a a nonlinearity f € £.

Remark. As in [12], theorem 3.1 can be srenghtened to obtain realizability of C"-families
of jets; this implies that a dense set of vector fields in R™ can be realized, up to flow
equivalence, in equation (3.2) (or (3.3)) by nonlinearities of the form (3.1).

Remark. Choosing ¢ =1 for alll =1, ..., k we obtain a jet realization result for nonlin-
earities which are polynomials in u and which are linear functions of Vu.

In [16] Rybakowski and the author of the present paper proved that, given n,k € N,
there exists a smooth bounded domain €2 and a potential a: {2 — R such that the operator
L = A + a with Dirichlet boundary condition has an n-dimensional kernel spanned by
eigenfunctions ¢, ..., ¢, satisfying (IC) up to the order k with o = (0,1). In Section 7
we will prove that, given arbitrary a;; € C17(Q), with a;; = a; for all 4,5 = 1,2 and

2

D aij(@)&é > clé?, 2z e, R

ij=1

for some ¢ > 0, and given n,k € N, then both for Dirichlet and Neumann boundary
conditions on 9 it is possible to construct a potential a: Q — R such that dimker A = n
and (IC) is satisfied up to the order k by an appropriate basis of ker A. Here A is the
abstract operator associated to the differential operator

2
Lu = Z ﬁi(aijaju) + au
ij=1
with Dirichlet (or Neumann) boundary condition.

4. PERTURBATION AND CONVERGENCE OF EIGENFUNCTIONS

This and the next sections are devoted to the construction of potential functions with the
properties described in sections 2 and 3. First, we recall two general results on perturbation



REALIZATION... 11

and convergence of eigenvalues and eigenfunctions of selfadjoint operators in Hilbert spaces.
The reader is referred to [17] for a detailed discussion.

We use the following notation: If X is a normed space and r > 0, then B,.(¢) denotes the
open ball in X of radius r centered at c¢. Moreover, B,. := B,.(0). Given normed spaces X
and Y, we denote by £(X,Y) (resp. by LP(XP,Y)) the space of all bounded linear (resp.
p-linear) operators from X (resp. from X?) to Y, endowed with the operator norm. Given
a real Hilbert space H, Lsym(H, H) is the (closed) linear subspace of £(H, H) consisting
of all symmetric operators.

By S, we denote the (finite dimensional) space of all real symmetric p X p-matrices,
endowed with an arbitrary norm. The spectrum of A is denoted by spec A.

Let H be an infinite dimensional real Hilbert space, and let A:dom A — H be linear,
symmetric, bounded below and with compact resolvent. Then it follows that the spectrum
of A is a countable set of real eigenvalues of finite multiplicity. This set is bounded below.
We can therefore uniquely define a nondecreasing sequence (A, ),en which contains exactly
the eigenvalues of A, each one repeated according to its multiplicity. We call (A, )nen the
repeated sequence of eigenvalues of A.

Definition 4.1. We say that the triple (H,G, A) is of type [p, M,n, 0] if and only if the
following properties hold:

(1) G is a closed linear subspace of Lsym(H, H).

(2) p is a positive integer, M, n and € are positive reals.

(3) Let (An)nen be the repeated sequence of the eigenvalues of A. There exist real
numbers y; and 2 and [ € Ny such that, setting A\g = —o0,

0<y—m <M,

AL<y1—4n <y < Ng1 S Agp <2 <2 4 < Apgpya-

(4) There exists an H-orthonormal set of vectors ¢;, j =1, ..., p, in dom A such that
Ad; = N5, 7 =1, ..., p, and such that the operator T: G — S,

B — ((Béi, ¢5))ij

is such that
T(B;1) D By,

i.e. the image of the unit ball (at zero) in G contains the 6-ball (at zero) in S,,.

The following theorem was proved in [17]:

Theorem 4.2. For every (p, M,n,0) € Nx Ry x Ry x Ry there exists a positive number
ag = ag(p, M,n,0) with the following property:

whenever the triple (H,G, A) is of type [p, M,n,0], I, y1 and o are as in Definition 4.1
(with respect to the triple (H,G,A)), 0 < a < ap and (p1, ..., pp) € RP is nondecreasing
with |p; — Nyj| < a for j =1, ..., p, and if D is an arbitrary linear dense subspace of
G, then there exists a B € D with |B| < (1/2)0a, such that, if (A,(B))nen denotes the
repeated sequence of eigenvalues of A+ B and A\o(B) := —oo, then

(41) N(B) <m—=3n<m—n<N3p1(B) S Aiyp(B) <v2+1 < y2+ 30 < Mgpy1(B)
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and
)\l—l—j(B):uj? J=1 ..., p.

Now let 2 and D be bounded domains in RN with D c Q. Consider a second order
elliptic differential operator L on €). Define the following sequence of differential operators

on
Liu = Lu + Bpbr(z)u, =€ Q

u(z) =0, x € 00
or
Lyu = Lu + Brbg(x)u, z € Q
ou
5(37) = O, x € 0.

Here, L is a second order elliptic differential operator, SBi, k € N, are positive real numbers
and by, k € N, are (coefficient) functions. It was proved in [17] that under appropriate
hypotheses on [ and by the eigenvalues of Ly converge, as k — oo, to the eigenvalues of
the following ‘limit’ differential operator L., on D:

Loou=Lu, x€D
u(z) =0, z€dD.

It was also proved H' convergence of the corresponding eigenfunctions. The hypotheses
are, essentially, that Sib(z) is very small on D but very large outside of D. To give a
unified treatment for the different boundary conditions, it is more convenient to work not
with differential operators but rather with the corresponding bilinear forms or even with
certain abstract bilinear forms as we shall now explain.

In what follows, all vector spaces are over the reals.

Definition 4.3. Let V be a vector space and a : V x V — R be symmetric bilinear form
on V. If e R, ueV\{0} satisfy

a(u,v) = ANu,v) forallveV

then we say that A is a proper value of a and wu is a proper vector of a, corresponding to
A. The dimension of the span of all proper vectors of a corresponding to A is called the
multiplicity of A. If the set of proper values of a is countably infinite and if each proper
value has finite multiplicity then the repeated sequence of the proper values of a is the
uniquely determined nondecreasing sequence (\,,),eny which contains exactly the proper
values of a and the number of occurrences of each proper value in this sequence is equal to
its multiplicity.

The following theorem was proved in [17]:

Theorem 4.4. Assume the following hypotheses:

(1) © C RY is a bounded domain and D C RY is a Lipschitz domain with D C .
Given a function u defined on D, u™ denotes the trivial extension of u to 2.
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(2) b, bp:Q = R, k € N, are continuous functions and By, k € N are_positive real
numbers. Moreover, b(x) > 0 for x € Q\ D, b — b uniformly on , B — oo,
inf%e%{ﬁkbk(x)} > —o0 and sup,ec p{Br|br(x)|} — 0.

€

(3) V is a closed linear subspace of H'(Q) such that whenever u € H}(D) thenu™ € V.
V is endowed with the scalar product of H' ().

4) || - |lp (resp. || -||) denotes the H*(D)- (resp. the HY(Q2)-) norm, | -|p (resp. |-|)
denotes the L?*(D)- (resp. the L*(2)-) norm and (-,-Yp (resp. (-,-)) denotes the
L?(D)- (resp. the L*(2)-) scalar product.

(5) a:V x V — R is a symmetric bilinear form and there are constants d, C, o € R,
a > 0, such that, for all u, v eV,

|au, v)| < Cllul|||v]]

a(u, u) > of|ul]* — djul®.

Let aso: HY (D) x HY(D) — R be the restriction of a to HX(D). For k € N let (AF),en
be the repeated sequence of proper values of the symmetric bilinear form ap:V xV — R

defined by
ax(u,v) = a(u,v) + ﬁk/ b (x)u(x)v(x) dz

Q
and (uk),en be an L?(Q)-orthonormal sequence of corresponding proper vectors of ax.
Moreover, let (pn)nen be the repeated sequence of proper values of ax .

Then there is an increasing function ¢:N — N and a sequence (v,)nen in H} (D) such
that for every n € N, v, is a proper vector of a~, corresponding to u,, the subsequence
(Aﬁ(k))keN of (\E)ren converges to p,, and the subsequence (uﬁ(k))keN of (uF)ren converges
tov,~” inV, as k — oo.

For our pourposes, we need more precise information about convergence of eigenfunc-
tions when the bilinear form in Theorem 4.4 arises from the variational formulation of a
linear elliptic equation; if this is the case, then, for all n, ug(k)|D — v, in CL (D) as
k — oo:

Theorem 4.5. Assume the same hypotheses of Theorem 4.4. Moreover, assume

a(u,v) = /QA(:U)Vu(x) -Vo(z)dz —I—/Qa(:z:)u(x)v(x)dx,

where A(z) = (a;; ()i is a symmetric N x N-matriz, A(z)é-€ > c|€]? for all z € Q and
all ¢ € RN for some ¢ > 0, a;j:Q — R are of class C17(Q) and a,b,by: Q — R are of class

C7(Q2). Then, for all n,
ul® v, ask — oo

in CL.(D).
Before proving Theorem 4.5 we need to introduce some notation and to prove a technical
lemma. For N e N, pe R, 1 < p < +oo, p < N, the Sobolev exponent p* is defined by
pN
N—-p
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For p < N, we define inductively

for all [ such that p(—1* < N.
Lemma 4.6. There arel € N and p € R, 1 < p <2, such that

pl* <N <p(l—|—1)*.

Proof. First we prove that there exists an [ such that 2* > N. Assume by contradiction

that 2* < N for all [; since
1 1 1

PTG E

then for all [

1 1 1 1 l
< = ...
—2l*

1
NSFT T NS TE N

a contradiction. So we have proved that there is some [ such that 2* > N. If 2* > N, we
have concluded with p = 2. Otherwise we define, for all € > 0, p. := 2 — €. It is clear that,

for all € > 0,
22— <2 =N

and that
2—e* /N ase—0;

This implies that (2 — €)+1)* is defined for all € > 0 and

(2—-e)*N

—ﬁ
N — (2 —¢) +oo

(2 . 6)(l+1)* _

as € — 07; we take p := p. with € > 0 sufficiently small and we have concluded. [

Proof of Theorem 4.5. Fix n and D’ CC D; it is not a restriction to assume that D’ has
smooth boundary. Let M be a positive constant such that

sup  sup |a;;(x)| < M,
ij=1,...N 2cQ
sup  sup |ai;(x) —ai(y)|/|lz —y[" < M,
i,j=1,..N 3yl
sup |a(z)| < M,
z€Q
sup sup Bi|br(z)| < M,
keNxzeD

sup |\F| < M.
keN
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For all k, uﬁ(k) satisfies:

/Q A(z)Vu® (z) - Volz)de + /

(a(@) + Bowbog (2) = @) uf® (@)v(z)da = 0
Q

for all v e V.

In particular,

/ A(z)Vul™ (z) - Vo(x)dz +/ (a(x) + B (k) bo (k) (T) — )\,‘,f(k)> ul® (z)v(z)de = 0
D D

for all v € HJ(D).
By classical regularity results for elliptic equations (see e.g. [6, Thms. 8.8, 9.16]), it follows
that, for all k,
uf® () € W2P(D) for all p
and
— div(A(z)Vul® (z)) + (a(w) + B k) b (k) () — )\2(]“)> ul®(z) =0 a.e. in D.
Now take p € R, 1 < p <2, and [ € N such that
pl* < N < p(l—l—l)*

(this is possible thanks to Lemma 4.6). Fix open sets D;, j = 0, ..., [, with smooth
boundaries and such that

D' :=Dy,,ccD cc---ccD;cCcDycCcD=:D_,.

By [6, Th. 9.11], there are constants C; = C(N,M, D, D;,p’™*), j =0, ..., [+ 1, such
that, forall ke Nand all j =0, ... ,1+1,

40 S

W2.p7* (Dy) Lr?* (Dj_1)
moreover, by the Sobolev imbedding theorems, there exist constants K; = K (N, D;, p’™*),
7=0,...,l+ 1, such that, forall ke Nand all j =0, ..., [+ 1,
’ ud)(k)‘ < K. ’ uqs(k)H 4 ,
"ol oy T T MU0 (D)

These inequalities together imply that there exists a constant C' such that, for all k,
(4.2) ‘ u®) H <C ‘ u¢(k)’
n ) —_ n

W2,pUt)* (D’ L?(D) ’
Now, since ub™ — v,~ in H'(€Q), we have that the sequence uf™ is bounded in LP(D);

then, by (4.2), we deduce that the sequence ub® | D’ is bounded also in W2’pl+1*(D’). Since
pltD* > N the Sobolev imbedding theorem implies that

w2r' () < (D)
with compact inclusion. Then we conclude that
uﬁ(k) — v, ask — o0
in Cl(ﬁl). Since D’ was arbitrary, we finally conclude that
u;’:(k) — v, ask — o0
in CL (D). O
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5. LOCALIZATION

Let N > 2 and Q C RY be a smooth bounded domain. Let L’ be a differential operator
of the form

N
L/U = Z 61((11]6]&)
1,j=1
We assume that L’ is uniformly elliptic and symmetric and its coefficients are smooth.
As we have seen, the problem of realization of vector fields and jets in scalar parabolic
PDEs reduces to the problem of constructing a potential function a in such a way that the

operator
N

Lu:=L'u+au= Z di(a;j0;u) + au
i,j=1

with Dirichlet or Neumann boundary conditions has a high dimension kernel, spanned
by eigenfunctions satisfying certain nondegeneracy conditions. As a first step towards
this direction we will prove a sort of ”localization lemma”. The content of this lemma
is essentially the following: we can always find some small subdomain D C €2 and some
potential a on D in such a way that the operator L = L’ +a on D with Dirichlet condition
on 0D satisfies the above properties, provided we are able to construct a potential ag on
some other open bounded domain S in such a way that the operator A + ag on S with
Dirichlet condition on S satisfies the same properties.

Lemma 5.1. Let ,S C RY be open bounded domains; assume S has C*7 boundary. Let

aij: Q= R be of class C*7,i,j=1,..., N, a;j =aj;, i,j=1,..., N, and
N
D aiti& =g, zeQ, (eRY
ij=1

for some ¢ > 0. Consider the differential operator

N
L/ = Z Oz(a”(x)aj)

4,j=1

Let us suppose there exists a C7(S) potential ag: S — R such that the operator A + ag(x)
on S with Dirichlet boundary condition on 0S has an n-dimensional kernel, spanned by
L?(S)-orthonormal eigenfunctions ¢y, ..., ¢n, and that the set of functions

{#igj, 1 <i<j<n}

is linearly independent. Then for every e > 0 there exist an invertible affine transformation
W:RN — R¥, an open bounded domain D CC Q and a potential a: Q) — R, a € C7(Q),
with the following properties:

(1) D =W(S);
(2) L' + a(x) on D with Dirichlet boundary condition on D has an n-dimensional
kernel spanned by L?(D)-orthonormal functions 1, ... , ¥n;

(3) [[(det DW)2(W () = di()||ca ) <€ i=1, ..., e



REALIZATION... 17

Moreover, if there exists a CV(S) function by: S — R and a positive constant r such that
the operator A + ag(x) + bo(x) on S with Dirichlet boundary condition on OS has all
eigenvalues < —k, then W, D and a(x) above can be chosen in such a way that, setting
b(z) := p~2bo(W~1(x)) for an appropriate p > 0, the operator L' + a(x) + b(z) on D with
Dirichlet boundary condition on OD has all eigenvalues < —k.

Proof. First we introduce some notation; we indicate by \;, ¢ € N, the repeated sequence
of the eigenvalues of the operator A + ag(z) on S with Dirichlet boundary condition on
0S; in the hypothesis, we have assumed that this operator has an n-dimensional kernel, so
there is an [ > 1 such that \; < A\jy1 = ... = XNgn =0 < Ngnt1.

We procede in several steps:

15% step: Take € S and zp € Q; let Gy := G(z0), where G(z) := (a;;j(x))i;; Go is a
symmetric positive definite N x N-matrix, so we can take an invertible N x N-matrix @)
such that Gy = QQT. We define the affine transformation

Z:RN — RV
x—xo+ Q(x — )
and we set Dy := Z(S); finally, we define
aD; — R
a(z) == ap(Z (x)).
The operator A + ao(x) on S with Dirichlet boundary condition on 0S has the same
repeated sequence of eigenvalues of the operator div(GoV) + a(z) on Dy with Dirichlet

boundary condition on dD;. In particular, this last operator has an n-dimensional kernel
spanned by the L?(D;)-orthonormal functions

¢i(x) == (det Q)29 (27 (), i=1,...,n.
Obviously, the set of functions
{$i6s, 1<i<j<n}

is linearly independent.

274 step: For p > 0 sufficiently small, we consider the differential operators
L, = div(G(zo + p(z — z0))V) + a(x)

on Dy with Dirichlet boundary condition on dD1; note Ly = div(GoV)+a(x). We indicate
by A7, i € N, the repeated sequence of eigenvalues of L,,.
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Let A, be the sectorial operator in L?(Dy) corresponding to L,; since the boundary of
D is of class C*7 and the coefficients a;; are in C17, it follows that, for all p, the domain
of A, is H*(Dy) N Hy(Dy). Morever, the map

pr A
[0, pol— L(H?(D1) N Hy(D1), L*(Dy))

is continuous. This implies that A — \; as p — 0 for all 4; then we can find some n > 0
such that, for all sufficiently small p,

N < =4n < —n <A S-S AL, < <dn < N

in particular, the set
{Min - A

is a spectral set of A, and we can consider the corresponding spectral projection P, and
the corresponding spectral invariant subspace X,. By the general formula

1

P, =
P o

(C A,)HdC,
it follows that the map

p— P,
[0, po[— L(L*(D1), H*(D1) N Hy(D1))

is continuous. By using the spectral projection P, together with the Grahm-Schmidt
P

orthonormalization algorithm, we can find, for all p, an L?(D;)-orthonormal basis 7/, ... ,
7/ of X,, with

P = ¢ asp—0
in H2(Dy) N H}(Dq) for alli =1, ..., n. In order to apply Theorem 4.2, we need a basis
of eigenfunctions; to overcome this difficulty, we procede in the following way: for all p > 0
we can find an orthogonal n x n-matrix R, = (r7;);; such that the functions

n

p._ PP

X .—E TiiTj s 1=1,...n,
Jj=1

are an L?(D;)-orthonormal basis of eigenfunctions of X ,, with
AP =Xx2 i=1,...,n.
By compactness, we can find a sequence (pg)ken, with pr — 0 as k — 0o, and an orthogonal

matrix R = (r;;)i;, such that
RP* — R as k — oc.
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It follows that, for allt =1, ..., n,
n ~
X5 — Zrijqﬁj =:y; ask— o0
j=1

in H2(D1) N H(Dq). Of course x1, ... , X»n are an orthonormal basis of the n-dimensional
kernel of Ly = div(GoV) + a(z). Moreover the set of functions

is still linearly independent.
For ¢ € C°(Dy) let B. € Lsym(L*(D1), L?(D1)) be the map

(Bu)(x) = c(z)u(z), wue L*(Dy), x € Dy.
Note that
(5.1) | Bel£(L2(py),£2(D1)) = Ielcomy)-
Let G be the set of all B, with ¢ € C° (D_l) It follows that G is a closed linear subspace

of Leym(L?(D1),L*(D1)). Now, since the functions {x;x;, 1 < i < j < n} are linearly
independent, it is easy to see that the operator T:G — S,

B — ((BxiXj))ij
is surjective. By the open mapping theorem there is a 6 > 0 such that
T(B;1) D By.
For k € Nlet T,: G — S, be the map
B = ((BX{*, X5 ))is-
Then T}, — T in £(G,S,) so it is easy to see that
T.(B1) D By  for k large enough.

Moreover we have

(5.2) AF < —dn < —n < AF SNE, <n <A4n < A%, .4 k large enough.

Let ag = ap(p, M, n,0) be as in Theorem 4.2. For all large k, there is an o > 0 such that
A4l < ar < agforj=1,...,nand a — 0 as k — 0. Thus by Theorem 4.2 (with
A=A, , 1 =0, \yj = )\lpjj for j =1, ..., n and D equal to the set of all B. where

c is a C7(RY) function) there exists, for each large k, a C?(RY) function c:RY — R
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such that |cx[co(p,) < (1/2)fay and such that if (A28, en denotes the repeated sequence
of eigenvalues of L,, + ¢, then

<m < 3n < AE

(5.3) AE < =3n < —n < APE <A o

l+n

and

(5.4) AN =0, j=1,...,n

So we have found a sequence of potentials c: RY — R, ¢, € CY(RY), ¢z — 0 in C°(Dy)
as k — oo, such that, for all (sufficiently large) k, the operator L, + cx(x) on D; with
Dirichlet boundary condition on 0D, has an n-dimensional kernel.

3rd step: For ¢ € C°(Dy) let B, € L(LP(D1), LP?(D;)) be the map
(Bu)(x) = c¢(z)u(x), we LP(Dy),z € Dy.
Note that
(5.5) | Belz(zr (D), L0 (1)) = l€lcomy)-

Let A, be the sectorial operator in LP(D;) corresponding to L,; since the boundary of
D, is of class C?7 and the coefficients a;j are in C'7, it follows that, for all p, for all
¢ € C°(Dy) and for all p > 1, the domain of A, 4+ B, is W*?(D;) N W, *(D;). Moreover

A, +Be, Ay ask— o0

in L(W?2P(Dy) N WyP(Dy),LP(Dy)). We choose p > N, so that WP(Dy) ¢ C'(Dy).
Again by using the spectral projection P, on the kernel of A, + B, in LP(D;) together
with the Grahm-Schmidt L?(D;)-orthonormalization algorithm, we can find an L?(D)-
orthonormal basis ¢7*, ..., 2+ of ker(A,, + Be.,) with

oF = ¢ ask — oo
in C1(D;) foralli=1, ..., n.
Summarising, we have found a sequence of positive numbers py, p — 0 as k — oo, and
a sequence of C7(RY) functions c;: RY — R, ¢, — 0 in C°(D;) as k — oo, such that, for
all (sufficiently large) k, the operator
div(G(xo + pr(z — x0))V) + a(z) + cx(z)

on D; with Dirichlet boundary condition on dD; has an n-dimensional kernel spanned by
L?(D;)-orthonormal functions ¢7*, ..., ¢P+, with

¢ = ¢y as k — oo
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in C1(Dy) fori=1,...,n.

4t step: For all p > 0 we define the homothety

O0,:RY — RN
T x9 + plr — x0)
and we define
— — N —
D,:=0,(D1)={y e R" |y =0+ p(z — x0), z € D1}.

If p is sufficiently small, then D_p C Q. So, for sufficiently large k, we can consider the
operator

div(G(2)V) + (pr)~*a(zo + (pr) ™" (x = @0)) + (pr) (o + (pr) ™" (z — @0)) =
(5.6) = div(G(2)V) + (or) *a((0p,) " (@) + (i) *er((0p,) ™ (2))

on D,, with Dirichlet boundary condition on dD,, . This operator has the same repeated
sequence of eigenvalues of the operator

(5.7) (pr) ™2 div(G (wo + pr(z — 20))V) + (pr) ~*a(2) + () cx(@)

on D; with Dirichlet boundary condition on dD;. In particular, the operator (5.6) has an
n-dimensional kernel spanned by the L?(D,, )-orthonormal functions

W (@) = = (or) 29 (20 + (pr) ™ (& — 0))
= ()" V290((0,) (@),

1, ..., n. Now we define W, := O,, o Z, Dy, := Wy(S) = D,, and

((Op) M (@)) + (67) " *ex((0p,) ™ (2))
(p") 2ao(Wi) ™' (@) + (P*) ?e((0p) ™ ()

We finally estimate, for i =1, ..., n,

.
I

S
Bl
—~
&
~
|
—~
i~
=
~
b
jo)

(det DW,) /20 (Wi()) = i(-)|

()

— || (@et @2V 2t (Wi ()) - ()

CL(S)
= ||(det @) 260051 0 Wi()) — i(-) o1 (®)
= ||(aet @)1+ (2() - i) 1 (3)
=(det Q)"/? ) o (Z()) — @'(Z('))‘ @ "
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as k — oo.
Now, fixed € > 0, we choose a sufficiently large k and we set W := W}, D := Dj and
a := aj, and we have concluded the proof of the first part of the theorem.

5th step: In order to conclude the proof of the theorem, we observe that, for all k, the

operator
(5.8)  div(G(2)V) + (px) "*a((0p,) ™" (2))+
+ (or) 2er((0p,) 71 (@) + () "*b0(Z7" 0 (0p,) " (2))

on Dy, with Dirichlet boundary condition on 0Dy has the same repeated sequence of eigen-
values of the operator

(5.9) (p) 2 div(G(wo + pr(z — 20))V) + (pr) 2a(@) + (pr) en(@) + (pr) "2bo(Z ' (2))

on D; with Dirichlet boundary condition on 9D;, which is obtained multiplying by (pg)~
the eigenvalues of the operator

(5.10) div(G(zo + pp(x — 20))V) + a(x) + cx(x) + bo(Z 1 (2))

on Dy with Dirichlet boundary condition on 0D;. As k — oo, the first eigenvalue of (5.10)
tends to the first eigenvalue of

div(GoV) + a(z) + bo(Z 71 (2))

on Dy with Dirichlet boundary condition on 0D, that is the same as the first eigenvalue
of the operator

2

A+ a(x) + bo(x)

on S with Dirichlet boundary condition on 9S. So, if k is sufficiently large, the first
eigenvalue of (5.10) is < —k, and since (py) ™2 — 0o as k — oo, the first eigenvalue of (5.8)
is < —x and we have concluded. [

6. THE POLACIK CONDITION

Let © C RY be an open bounded connected set with C?? boundary. Let aijzﬁ — R,

i,j=1,..., N, be of class C*7, a;; = aj;, i,j =1, ..., N, and
N
Y aij(@)ég; = e, we®, RN
i,j=1

for some ¢ > 0. Let us consider the differential operator

N
(6.1) L'=" 0i(ai;(2)d)).
i,j=1
In this section we want to prove that, both for Dirichlet and Neumann boundary condition

on Of), we can construct a potential a:Q — R of class C7 such that all assumptions in
Theorem 2.2 are satisfied with

(6.2) L= 0i(ai;(x)0;) + a(x).

We will prove the following:
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Theorem 6.1. Let L' as above and let k > 1; then, _both for Dirichlet and Neumann
boundary condition on 0S), there exists a potential a:2 — R of class CY(§2) with the
following properties:

(1) the operator L in (6.2) satisfies the Polacik condition on §);
(2) U C Q is an open set;

(3) R(x) #0 forallz € U;

(4) there is a function b € C>(Q) with suppb C U such that

A< —K

for every eigenvalue A of the operator L + b on  with Dirichlet (or Neumann)
boundary condition on 0.

Proof. Our starting point is the existence (extablished in [14]) of two functions ag, by sat-
isfying properties (1)-(4) of the present theorem when Q = B is the unit ball in RY,
a;j(x) = 0;5, i.e. L' = A, and we take the Dirichlet condition on 0B. In this case there is
a basis of ker L given by functions

w(|z)

pi(z) = z, ze€B,i=1,...,N

]

and
ény1(x) =v(|z]), z€B

where w, v: R — R are analytic functions such that
(6.3) w(0) =0, w'(0) # 0, v(0) #0, v'(0) =0.
We claim that
the functions ¢;¢;, 1 <i < j < N + 1, are linearly independent.

In fact, let p;;, 1 <i < j < N 41, be real numbers with

> pijio; =0.

1<i<j<N+1

Evaluating this expression at z = 0 and using (6.3) we obtain pyi1 y+1 = 0. Thus

2
w|<x|—g|02’> > pijxisz_M S piniazs forz #0.

1<i<j<N | 1<i<N

nee (lz])? (lzl)o ()
w\|xr wllxrl)v\\xr
5~ #0 and ——2——=%#0 for [z]small,

]

]
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it follows that
\ Z pi N+1%i| = o(|z|) for z — 0.

1<i<N
However, this implies that p; y4+1 =0 for¢=1, ..., N. Hence
Z p,-jxixj =0
1<i<j<N

which immediately implies that p;; = 0 for 1 <¢ < j < N. The claim is proved.

Now we can apply Lemma 5.1 with S = B, n = N+1 and ag, by given by the construction
in [14]. Following the terminology of Lemma 5.1, we claim that, if we choose a sufficiently
small €, then the corresponding operators L, = L' +a and L,y = L'+ a+bon D = W(S)
with Dirichlet boundary condition on 0D satisfy properties (1)—(4) of the present theorem.
First, we observe that, for a fixed invertible affine transformation W, on S we have

L (W(z))  Var (W(z))

Onr(W(2) Vatnsr (W (2))
GW(z) (Vi) (W (@)

B , 10
- : : °<0 DW(:):))'
Yn(W(z))  (Vin+)(W(a)

Since DW (z) is constant and invertible, we have that, if x € D = W(S), then
R, ..., ¥n41)(x) #0
(6.4) if and only if
R(1(W (), - w1 (W))W ) #0.

Let
Up:={r € B|R(¢1,...,¢n41)(x) # 0};

Up is open and by construction supp by C Up; take an open set U}, such that suppby C
Uy CC Uy and set U' := W(U)); then U’" C D is open and, since by definition b(z) =
p " 2bo(W~1(x)), it follows that suppb C U’. But now property 3) in Lemma 5.1 implies
that, if € is sufficiently small, then

R (W()), -, o1 (W () (x) # 0

for all x € U}, and hence, by (6.4),

R(1, .., ¥N41) # 0

for all x € U’. This proves the claim. The same argument shows that, if € is sufficiently
small, then the functions ;1;, 1 <i < j < N 41 are linearly independent.
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Summarising, we have obtained the following intermediate result: we have found open
sets U' CC D C Q and two C7(Q2) functions a,b: D — R, suppb C U’, such that:

(1) the operator L, = L’ + a satisfies the Pola¢ik condition on D, with Dirichlet
boundary condition on dD;

(2) R(¢1,...,¥Ny1) # 0forallz € U, where 91, ... , 1 is any L?(D)-orthonormal
basis of the kernel of L, on D with Dirichlet boundary condition on 9D;

(3) A < —« for every eigenvalue \ of the operator L, = L'+ a+b on D with Dirichlet
boundary condition on dD.

Moreover,

(6.5) for every basis 1, ..., ¥y41 of the kernel of L, on D with Dirichlet boundary
condition on @D the functions ¥;1;, 1 <7 < j < N + 1 are linearly independent.

Now we procede as in the proof of Th. 4.4 in [17]: let H := L*(Q), V := H}(Q) if we
are working with Dirichlet boundary condition on 09, V := H 1(Q) if we are working with
Neumann boundary condition on 0f2; if d: Q2 — R with d € C7(Q2), define g4: V x V — R
by

ga(u,v) = / G(x)Vu-Vvdx+/ duv dz,
Q Q

where G(z) := (ai;j(x)); ;. Regularity theory of PDEs implies that, both for Dirichlet and
Neumann boundary condition, A is an eigenvalue of Ly = L’ 4+ d and u is a corresponding
eigenvector if and only if A is a proper value of g4 and u is a corresponding proper vector.
(In fact, every proper vector of gg lies in C?7(Q).) Let c:RY — R be of class C” and such
that c¢(x) = 0 for 2 € D and ¢(x) > 0 for = ¢ D. Furthermore, let (3x)ren be an arbitrary
sequence of positive numbers tending to co. Finally, for k € N let ¢;: RY — R be a C7(Q)
function such that sup,cq |cx(x) — c(x)| < 1/kpk.

Let Ly := La+tgycr> 9k = Gatprc, and let goo be the restriction of g, to H} (D). We are
now in a position to apply Theorem 4.4: for k € N let (\*),,cn be the repeated sequence of
proper values of g; and (u”),cy be an H-orthonormal sequence of corresponding proper
vectors of gi. Moreover, let (p,)nen be the repeated sequence of proper values of guo.

Then, using Theorem 4.4 and passing to a subsequence if necessary we may assume that
there is a sequence (vy,)nen in HE(D) such that for every n € N, v, is a proper vector of
goo corresponding to p,, (A\¥)ren converges to u, and (uF)en converges to v,™ in V, as
k — oo. Set p = N + 1. There are numbers v; 72 € R, M, n € R, and | € Ny, such that,
setting pg = —oo, we have

0<y—7 <M,

<y —4n <m <0= 1 = puyp < v2 <72+ 40 < fligpia.
For h € C°(Q) let By, € Lsym(H, H) be the map

(Bu)(x) = h(x)u(z), weH,ze.
Note that

(6.6) |Brlcca,my = [hlco@)-
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Let G be the set of all By, with h € C°(Q). Tt follows that G is a closed linear subspace of
Lsym(H, H). Now (6.5) easily implies that the operator T:G — S,

B ((B(0:™),0;™))is
is surjective. By the open mapping theorem there is a 6 > 0 such that
T(B1) D By.
For k € Nlet T,: G — S, be the map
B = ((Buf, uf))s;.
Then T}, — T in £(G,S,) so it is easy to see that
Tr(B1) DBy for k large enough.
Moreover, setting A\ = —o0, we have
(6.7) )\f <y —4dn<m < )\;“’4_1 < )\ﬁ_p <y <72 +4n < )\fﬂ)“, k large enough.

Let ag = a(p, M,n,0) be as in Theorem 4.2. For all large k, there is an aj > 0 such

that |)\fﬂ-| <ap <agforj=1,...,pand ap — 0 as K — 0. Thus by Theorem 4.2
(with A := Ly, pj =0, N4, = )\ﬁj for y =1, ..., p and D equal to the set of all By

where h is a C7(Q) function) there exists, for each large k, a C7(Q) function hy: Q — R
such that |h[cog, < (1/2)fay and such that if (AF)nen denotes the repeated sequence
of eigenvalues of Lyyn, +8.c0, (45)nen is an H-orthogonal sequence of the corresponding

eigenfunctions and 5\13 := —o00, then

(6.8) M<y—3n<m—n< 5\{11 §5\{er < T +n<v+3n< Xfﬂrp“
and

(6.9) No=0, j=1,...,p

Now the assumptions of Theorem 4.4 are satisfied with ¢ replaced by (1/8k)hr + ck.
Therefore using Theorem 4.4 again and passing to a subsequence if necessary we may
assume that there is a sequence (9,,)nen in H (D) such that for every n € N, 9, is a
proper vector of goo corresponding to jin, (A¥)ren converges to u, and (4F)zen converges
to 0,~ in V, as k — oo.

Finally, by Theorem 4.5, (4%|D)yen converges to 9, in CL (D) as k — oo. It fol-
lows that, if U C D is an open set, suppb C U CC U’, then, for all k large enough,
R(aﬁl, . ,ﬁﬁp)(a@) # 0 for all z € U. In order to complete the proof, we apply again
Theorem 4.4: if k is sufficiently large, all the eigenvalues of L' +a+ hy + Srcp +b are < —k;

so, for every such k, a + hy + Brci is a C7(Q2) function and the conclusion follows with a
replaced by a + hg + Brci. This proves the theorem. [



REALIZATION... 27

7. THE ALGEBRAIC INDEPENDENCE CONDITION

Let © C R? be a bounded domain with C?7 boundary. Let aijzﬁ — R, 4,5 =1,2, be
of class CY7, a;; = aji, 1,5 = 1,2, and

2
Y ay(@)&ig; > €, 1€Q, (R
4,j=1

for some ¢ > 0. Let us consider the differential operator

2
i,j=1
In this section we want to prove that, both for Dirichlet and Neumann boundary condition
on 0f), we can construct a potential a: 2 — R of class C'*° such that the operator

2
(7.2) L="L'+a(x) =) 9(aij(x)d;) + a(x)

i,j=1
has a kernel of a prescribed dimension n, spanned by eigenfunctions satisfying the algebraic
independence condition (IC) in Section 4.1 up to a prescribed order k with an appropriate
w € R2. We will prove the following:

Theorem 7.1. Let L' as above and let n,k € N. Then, both for Dirichlet and Neumann
boundary condition on O0S), there exists a potential a:Q) — R of class C*°(Q2) with the
following properties:

(1) the operator L in (7.2) has an n-dimensional kernel;

(2) there exists a vector w € R? and an L*(Q)-orthonormal basis uy, ..., u, of the
kernel of L such that the algebraic independence condition (IC) in Section 4.1 is
satisfied up to the order k.

Proof. As in the proof of Theorem 6.1, our starting point is the existence (extablished in
[16]) of such a potential for a suitable smooth bounded domain when a;;(x) = 6,5, i.e.
L' = A, and with w = (0,1). So we can always take a bounded smooth domain S and a
smooth potential ag: S — R such that:

(1) the operator A + ag(x) on S with Dirichlet boundary condition on 0S has an
n-dimensional kernel;

(2) there is an L?(S)-orthonormal basis ¢1, ..., ¢, of the kernel of A + ag(z) such
that (IC) is satisfied up to the order k with @ = (0,1), i.e. forevery Il =1, ..., k
and every ¢, 1 < q <, the functions

1
E —¢5—7+Ey¢7
= (B —)! Y
lv|=q

are linearly independent.



28 MARTINO PRIZZI

Moreover, the functions ¢;¢;, 1 <14 < j < n are linearly independent. Now, as in the proof
of Theorem 6.1, we apply Lemma 5.1; following the terminology of Lemma 5.1, we obtain
that, if we choose a sufficiently small €, then, for some smooth potential a, the kernel of
L + a on D with Dirichlet condition on dD is spanned by L?(D)-orthonormal functions
Y1, ..., ¥y, such that for every [ =1, ..., k, and for every ¢, 1 < q <[, the functions

e —— ) L O

(B =
’YS_/B
Ivl=q i=lm
1Bl=t
are linearly independent on S. Since, for i =1, ... n,

Li(W())y = (Vi) (W(.)) - =,

where @ is the second column of the (constant) matrix DW (-), we reach that, for every
l=1, ..., kand for every ¢, 1 < g <, the functions

1
Yo T
(B =)
v<pB ( )
= j=1,...n
|B]=l

are linearly independent. Moreover, the functions ¥;;, 1 < i < j < n are linearly
independent on D. Finally, we conclude arguing exactly as in the proof of Theorem 6.1,
applying Theorem 4.4, Theorem 4.5 and Theorem 4.2. []

Remark. The present result generalizes naturally to any space dimension N > 2 (see [12]).
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