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Abstract

Dealing with a forced system ruled by a positively-(p, ¢)-homoge-
neous Hamiltonian function and a friction term, we propose a nonreso-
nance condition in order to generalize a classical result by Frederickson
and Lazer. We are thus able to treat both the periodic problem and
the boundedness problem. In particular, our results apply to scalar

p-Laplacian equations with asymmetric nonlinearities.

1 Introduction and main results

We start considering the scalar equation

d
T(ip=22) + (@) + ua "~ P =ew, (1)
where + = max{x,0}, z= = max{—z,0}. Here p, u and v are positive

constants, with p > 1, while h and e are continuous and uniformly bounded

functions.
In [9], Frederickson and Lazer have studied the above problem with p = 2
and u = v, i.e., dealing with the equation

E+ h(d) 4+ px =e(t).

In the case when the function e(t) is 27-periodic and u = N? for some
N € N| the equation can be seen as a perturbation of a resonant oscillator.

Hence, in order to get the existence of a 2w-periodic solution, some additional



conditions have to be required. In that paper (see also [11]), the authors

provide an existence result under the assumption
2
2[h(+00) — h(—00)] > / e(t)cos(Nt+6)dt, for every 6 € [0, 2],
0

where h(+00) denote the limits of the functions h at £oo. They also proved
that, when h is assumed to be strictly increasing, this condition is indeed
necessary and sufficient for the existence of a 2m-periodic solution. Note that
here and in the sequel we choose T' = 27 as the value of the period just in
order to simplify the notations. Should the period T be different, we can

reduce to this case by a simple change of variable.

Our first aim in this paper is to generalize the above result by Freder-
ickson and Lazer to equation (1.1) by introducing a suitable nonresonance
condition. We will also deal with the problem of existence of bounded solu-
tions when the function e(t) is not assumed to be periodic. In this case we
will need to accordingly modify the Frederickson—Lazer-type nonresonance

condition.
In order to explain our results in a more precise way, we remold equa-
tion (1.1) to the equivalent planar system
—y = p(a )P —v(@ )P+ [yl %y) - e(t), 12)
&= |yli%y,

where (1/p) + (1/q) = 1. We are thus led to study a more general system,

Jz=VH(z)+G(t,z), (1.3)

where J = <(1)

_01) denotes the standard symplectic matrix. We assume

the function H : R? — R to be continuously differentiable, and the function
G : R x R? — R? to be continuous. Notice that in (1.2) we have

H(xy) = ;Iqu + ; (et + vl P) -

Here are the main hypotheses for our results.

(A1) The function H : R? — R is positively-(p, q)-homogeneous and posi-
tive, meaning that, for some p > 1 and q > 1 with (1/p) + (1/q) = 1,

we have

H(y'z,~"y) = +"T9H(z,y) > 0, for every (z,y) € R*\{0} and v > 0.



In this setting, the origin (0,0) is an isochronous center for the planar

autonomous system

Jz=VH(z), (1.4)
i.e., besides the origin, all solutions of system (1.4) are periodic and have
the same minimal period, which we denote by 7. This fact is a consequence

of [4, Lemma 2.1], since one can see that the area a(FE) of the set {z € R? :
H(z) < E} is linear in E.

(A2) One has
lim 4~ "3 G(t,72,97y) =0,

Y—>+00

uniformly for x> +vy> =1 and t € R.

It can be easily seen that in the above condition one could equivalently ask

that the limit is uniform for (z,y) belonging to compact subsets of R?\ {0}.

Let us first focus our attention on the periodic problem. We then need

to introduce the following assumption.

(A3) Denoting by ¥(t) = (¥1(t),2(t)) a nontrivial solution of the au-
tonomous system (1.4), we assume that there exist d > —1 and C > 0
such that, for every T € R, a € [0,T], and v > 1,

P—q

VPTM%G(T,’Y(I%(OK),’Yp%/Jz(Oé))a(7%%(@)77  4a(a))) 2 ~C, (L5)

and, for every 6 € [0,7T],

27
/ lim inf 754G (11T (¢ + ), 7Pt + 5),
0 'y—>+0oo
5=

(Y2 (t + ), 7 T Yot + 5)))dt > 0. (1.6)

Here is our main existence result for the periodic problem.

Theorem 1.1. Assume the function G to be 2m-periodic int, and that (Al)—
(A3) hold true, with

7-22%, for some N € Z\ {0}.

Then system (1.3) has a 2mw-periodic solution.



There is a large literature for the periodic problem associated with scalar
second order differential equations approaching resonance (see, e.g., |5, 14|
and the references therein). Fewer results are available when dealing with
scalar equations ruled by the p-Laplacian. We refer, e.g., to |3, 10|, where
some kind of Landesman—Lazer conditions have been implemented in order

to get existence results.

When no periodicity is assumed on the function G(¢, z), we can still look

for the existence of bounded solutions for (1.3), i.e., solutions z(¢) for which
sup{|z(t)] : t e R} < 400.
To this aim, instead of (A3), we need the following condition.

(A4) Denoting by ¥(t) = (¥1(t),¢2(t)) a nontrivial solution of the au-
tonomous system (1.4), we assume that there exist d > —1 and C > 0
such that (1.5) holds, and

.
/ liminf inf "2 4(G(7, 771 (t + 5), Pba(t + 5)),
0 fy*>+eoo TER
5—

(Y2 1t + 8),7 T a(t + 5)))dt > 0, (1.7)
for every 0 € [0, T].
Here is our existence result for bounded solutions.

Theorem 1.2. Assume that (Al), (A2), and (A4) hold true. Then sys-

tem (1.3) has a bounded solution.

The search of bounded solutions for scalar equations or systems is an
ancient problem dating back to the beginning of the theory of dynamical
systems. We just mention Lagrange stability, KAM theory, and Conley—
Wazewski theory as classical research line sources. Our approach is some-
what related to the one in {12, § I1.8|, where some techniques involving the
so-called bound sets and guiding functions are exploited in order to prove
the existence of compact invariant sets. Some results more related to Theo-
rem 1.2 can be found in [1, 8, 15, 16, 17, 19].

The paper is organized as follows. In Section 2 we prove our results for

a particular class of perturbed linear systems. In Section 3 we introduce



a symplectic change of variables which permits us to transform a (p,q)-
homogeneous Hamiltonian system into a linear one. The proof of the main
results in the general setting is then provided in Section 4. Examples of
applications are given in Section 5, and we conclude with some remarks in

Section 6.

2 A perturbed linear system

In this section, we provide the proof of Theorems 1.1 and 1.2 in the simpler

case when .
H(z)= §N]z\2.

We are thus considering a Hamiltonian satisfying (A1) with p = ¢ = 2.

2.1 Periodic solutions

We are dealing with the 2m-periodic problem associated with
Ji=Nz+G(t,z), (2.1)

where N € N\ {0}, and the function G : R x R? — R? is continuous and
2m-periodic in t.

Let us introduce the function
¢(t) = (sin(Nt),cos(Nt)) .

Notice that it is a nontrivial solution of the autonomous system Jz = Nz.

Assumptions (A2) and (A3) can be rephrased as follow.

(A2") One has
lim A 'G(t,\2) =0,

A—+00

uniformly for |z =1 and t € R.

As already remarked above, in condition (A2') one could equivalently ask

that the limit is uniform for z belonging to compact subsets of R?\ {0}.

(A3") There exist d > —1 and C > 0 such that, for every 7 € R, a €
[0,27/N], and A > 1,

M(G(r,\p(a)), e)) > —C, (2.2)



and, for every 6 € (0,27 /N],

A——+00
s—0

21
/ liminf XX(G(t, A\p(t + 5)), ¢(t + 8))dt > 0.
0

Now Theorem 1.1, in this setting, can be rephrased as follows.

Theorem 2.1. Assume that conditions (A2') and (A3') hold true. Then

system (2.1) has a 2w-periodic solution.

Proof. We need to prove the following a priori bound for the family of prob-

lems
2N +1
Z?

Ji=0[Nz+G(t2)] + (1 - 0) = (2.3)

2(0) = z(27),

parameterized by o € [0, 1].
Claim. There exists a 7 > 0 such that every solution z of (2.3) satisfies

|2]loe < 7

Proof of the Claim. Assume by contradiction that for every positive integer
n there exist o, € [0,1] and a solution z, of (2.3), with o = o,,, such that

llzn|loo > n. Passing to a subsequence we can assume that (o), converges

to some & € [0, 1]. Set w,, = 0=+ Then,
Gl ON +1
|2l oo 2 (2.4)

wp(0) = wy(27) .

Since (wp,)y is uniformly bounded, the differential equation in (2.4) implies
that (wy, ), is bounded in H'(0,27), and so there exists a 27-periodic function
w € HY0,27) such that (up to a subsequence) w, — w uniformly and
wy, — w weakly in H'(0,27). Therefore, |w|| = 1 and passing to the weak

limit in (2.4), by using (A2") we see that w solves

2N +1
Juw=cNw+ (1-7) 2+

w 9

w(0) = w(2m).
Hence, it has to be @ = 1, and Jw = Nw. In particular, w(t) # 0 for every
t € [0,27], and we can write w(t) = ¢(t + 0) for some 6 € [0,27/N]. Let us

also write
2n(t) = n(t) @(t + xn(1)) ,



where 7, : [0,27] — R and x4, : [0,27] — R are continuous functions. Then,

recalling that z, is a solution of (2.3),

(2 (0), 20 (1))
(1)
= —ou(JG(E (Bt + (1)) Ot +xa(1)))

=~ (Gt a0t + X)), (E + xa(®)))

Pa(t) =

Multiplying both sides by [r,(¢)]¢ and integrating the above equation be-

tween 0 and 27, since

/ ” [rn ()] % (t) dt =0,
0

recalling that o,, # 0 for n large enough, we have that

2
@6t rae1000 + 0 6). 660+ xale) )t =0.

Now, thanks to (2.2), we can apply Fatou’s Lemma to obtain

n

27
/0 tim inf [ (1)) Gt ()0(1 + X0 (£), 3¢ + xu(£)) ) dt < 0.

Since w;,, — w uniformly, we have that r,(t) — +o0 and x,(t) — 6 for some
0 € R, both limits being uniform in . Without loss of generality we can
assume that 6 € [0,27/N]. Hence,

lim inf [rn(t)]d<G(t, ()Pt + xn(t)), Gt + xn(t))>
> liminf AYG(t, A§(t + 5)), d(t+3)) |

A——+o00
s—0

and integrating we get a contradiction with (A3'), thus ending the proof of

the claim.

The proof of the theorem can be now completed by a standard application
of the Leray—Schauder topological degree theory. O
2.2 Bounded solutions

We now consider system (2.1) without assuming G(t, z) to be periodic in t.

Instead of (A3'), we consider the following assumption.



(A4’) There exist d > —1 and C > 0 such that (2.2) holds, and

2w /N .
/ liminf inf X(G(r, Ao(t + 5), (1 +5))dt >0,
0

A—+oo TE
S—
for every 6 € [0, 2w /N].

Theorem 2.2. Assume that conditions (A2') and (A4") hold true. Then

system (2.1) has a bounded solution.

Proof. We first need to prove the following a priori bound.

Claim. There exists R > 0 such that every solution z of system (2.1) satis-

fying z(tp) = 0 for some ¢ is such that |z(t)| < R, for every t > tg.

Proof of the Claim. Assume by contradiction that for every positive integer
n there is a solution 2, of system (2.1) satisfying 2,(t})) = 0 for a certain
t2 € R and there is t, > t2 such that |2,(t,)| = n and |2,(t)| < n, for
all t € [tY t,[. Let £ > t0 be such that 2,(t2) = 0 and z,(t) # 0 for
every t €0 t,]. For those values of ¢+ we introduce the polar coordinates
zn(t) = pn(t)d(0n(t)), where p and 6 are continuous functions. Then, since

zn, solves (2.1), we have

(1) = 1+ o (G(Lpu(DO0.(1) . 600)) - (25)

By (A2'), for every € €]0,1[, we can find a sufficiently large R(¢) > 1 such
that, if |2, (¢)| > R(¢), then

l—e<B,(t)<1+e.

In particular, we can find R; > 0 such that, if |z, (t)| > Ry, then 6,,(¢) > 1/2.
So, z, rotates clockwise around the origin when |z, (t)| > R;. Moreover, since
J¢ = N¢, for the radial speed we have

) 1 ;
pn(t) = = (Gt pu()0(0n(1)) , 6O (1)) - (2.6)
For n > Ry, we can select a time ¢}, with the following property: p,(t.) = Ry
and Ry < pn(t) < n for every t €]tL,t,[.
We now show that t,, — tL — +oco. Indeed, from (2.6), using (A42'), we
can find a positive constant € such that |p,(t)| < €pn(t) for every t € [t1, ],

and so
pult) = pa(ta)e 00 = ne=2ln =), (2.7)



In particular, we get Cltn=tn) > n/Ry, whence t,, — t} — +o0.

As a consequence, for n large, t, — t} > 47 /N and since 6, > 1/2 in the
interval [tL,t,], the solution z, performs more than one complete rotation
there. So, there exists s,, € |t,, —47/N, t,[ such that z, performs exactly one
rotation around the origin in the time interval [s,,t,]. Let a, € [0,27/N]
be such that 6,,(sp) = an. S0, zn(sn) = pn(sn)P(ar) and consequently we
have 2,,(tn) = pn(tn)d(an + 27 /N) = né(ay, + 27 /N).

By (2.7), we have

lim min{p,(t) : t € [sn,tn]} = +00,
n

hence, from (2.5) and (A2'), we deduce that 6,, — 1 uniformly.
By letting n = 6,,(t), for n large enough, we get

> [pn(sn)]CHl o [pn(tn)]dJrl
- d+1 d+1

=~ [ loaten it

Lo a6, ()

0

(GO ), a6 ()6()) () )

"N, (0, (n))
Lot 20N [ (0 ()] ) .
A w7 vt A Gl O EREONED

Hence, by the change of variable w = 7—a,, setting A\, (w) = pn (0, H(w+an))
and b, (w) = 0,(0; (w + an)),

2w /N W)d '
0> /0 [)Z:L(w))] ;Ielﬂf% <G(7’, An(w)op(w + an)),¢(w + Oén)> dw .

Since, by (A4'), assumption (2.2) holds, we can apply Fatou’s Lemma so to
get

2 /N LY .
/0 limninf [)Z:L((w))] 71161]% <G(T, M (W)d(w + an)), d(w + an)> dw <0.

Being (o), in [0,27/N], we can assume that, up to a subsequence, «;,, —
o € [0,27/N]. Recalling that 6,,(t) — 1 uniformly in ¢, we see that b, (w) — 1
uniformly in w, hence
21 /N
/o lim inf A? inf <G(T, A¢(w+s)),é(w+s)> dw <0,

A——+00 TER
s—a

thus contradicting (A4’). The claim is thus proved.



Now, let us prove the existence of the bounded solution we are looking
for. To this purpose, let z, be a solution of (2.1) such that z,(—n) = 0. By
the above argument, we have that |z,(t)| < R for all ¢ > —n, and from (2.1)
we see that the sequence (zy,), is equibounded and equicontinuous. So by the
Ascoli-Arzela Theorem there exists a subsequence (zg))nzl which converges
uniformly on [—1,1] to some function z, which is a solution of (2.1) on

(1)

that interval. Consider now the sequence (2 ’)p>2. Again, there exists
a subsequence (zg))nzg converging uniformly on [—2,2] to some solution
of (2.1), which we still denote by z. Indeed, by the uniqueness of the limit,
it is the extension of the previously found function z. In the similar way,
we define on each interval [—j, j] a subsequence (27(1] ))nzj which converges
uniformly to a solution of (2.1) on [—j, j], which we still denote by z since it
coincides with the previously found functions on the domains [—k, k], with
k < j. Hence, the diagonal sequence (z§j ))jzl converges to a solution z
of (2.1), uniformly on every compact subset of R. Clearly enough, we have

that |z(¢)| < R for all ¢t € R, thus completing the proof. O]

3 A symplectic change of variables

For the reader’s convenience, we report in this section the main ideas dis-

cussed in [7].

By using (Al), we have that H(0,0) = 0 and the generalized Euler
Identity holds true, i.e.,

<VH(9c,y), (”3 y)> = H(z,y). (3.1)

P q

Choose the positive constant

T:min{ ! H(z):1g|zyg2}, (3.2)

J2?
and let n: R — R be a C°°-function such that 7'(s) <0 for all s € R and

1, if s<1,

0, if s>2.

n(s) =

For z = (x,y), set
H(z) = n(|z)) Y|z + (1 — n(|2)H(2),

10



and consider the new system
Ji=VH(z). (3.3)

Notice that H(0) = 0, and H(z) # 0 for every z # 0. This implies that
every non-zero solution of system (3.3) does not pass through the origin.

Moreover, for every z # 0, we have

n'(2])
2]

Then, using (3.1) and (3.2), if z = (x,y) is such that 1 < |z| <2, we have

(v, (21)) = (el (5 + L) (1 - (2

ZEQ 2
T 20(]2)) T(p n yq) () HE) > 0. (3.4)

V() = (Yo (122l + 2Tn(e]) = L H() ) 2+ (1= (=) VH(2).

This implies that VH(z) # 0, for 1 < |z| < 2. On the other hand, for
0 < |z| < 1 the Hamiltonian function H is quadratic, so that VH(z) # 0.
Lastly, for |z| > 2, we have Vﬁ(z) = VH(z), and it is clear from (3.1) that
VH(z) # 0. Hence VH(z) # 0 for every z # 0, and the Poincaré-Bendixson
theory guarantees that all the solutions of system (3.3) are periodic. Thus,

the origin is still a global center for system (3.3).

Now for any zy € R?\ {0}, we denote by T(zo) the minimal period of
the solution of (3.3) passing through zy. We notice here that this solution
is unique, even if we are not assuming VH to be locally Lipschitz contin-
uous, cf. [18]. The function T : R\ {0} — R thus defined is continuously
differentiable (see [2]).

Define
6% = [0, +o00[x {0},
and a function ¢ :]0, +o00[—]0, +00[ as follows: for every E > 0, the level
line {z € R?: H(z) = E} intersects 6* at the point (£(E),0). Such a point
is unique, since by (3.4) we have that %—Ij(ﬁ, 0) > 0 when & > 0.
Now, choose Eg > max{H (z) : |z| <2} and define K : R — R as
1 [HGE

K(z) = /E T(£(E),0)dE + Ey .

11



In particular, setting
& ={z€R?: H(2) > Ey}, (3.5)

we have
K(z)=H(z) = H(z), foreveryzeé&. (3.6)

The function K is continuously differentiable, and

~ T ~
VK(z) = ;Z)VH(z) :
Hence, the origin is an isochronous center for the system
Ji=VK(z), (3.7)

since all solutions except the equilibrium 0 are periodic with minimal pe-
riod 7. Moreover,
N 7r
K(z) = =z, if|z|<1.
()= 21, it el <

Now, for every zg € R?\ {0}, let ((t;20) be the solution of system (3.7)
satisfying ((0;20) = 2o, and define 0(z9) € [0, 27| as the minimum time for
which

C( - %9(20) ; zo) S

As shown in [2], the restricted function 6 : R? \ 6* —]0, 27| is continuously
differentiable, and its gradient V6 can be continuously extended to R?\ {0}.
We will still denote this extension by V@ : R?\ {0} — R2.

Hence, by |2, Proposition 2.2], there exists a symplectic diffeomorphism
A : R? — R? defined by

T = ‘ .
A(z) = ;K(Z)(Cow(z), —sinf(z)), ifz#0,

0, if z=0,

(3.8)

such that, by the change of variable w = A(z), system (3.7) is changed to
2
Juw = iw,

T
i.e., to Jw = Nw. The function A satisfies the following relation

N ()TIN () = J, (3.9)

for every z € R2, where A’(z) represents the Jacobian matrix of A. Thus, we
see that
VK (z) = N[N (2)]TA(z) (3.10)

for every z € R?.

12



4 Proofs of the main results
Let A=! = (¥, ¥y) and set Fy = A(&p), where & was introduced in (3.5).
Proposition 4.1. If (u,v) € Fy, then

Uy (Au, Av) = )\%\Ifl(u,v), Ua(Au, Av) = )\E\Ifg(u, v),
for every A > 1.
Proof. Since H is (p, q)-homogeneous, for v = )\%, we have

H(\ra, \iy) = H(y',1Py) = 7" H(z,y) = N’H(z,y).
Recalling (3.6) for A > 1, we have

R\, \iy) = MK (x,y)

when z = (z,y) € &. It has been proved in |7, Section 3.2] that the func-

tion 0 satisfies
0(v'z,7"y) = 0(x,y) - (4.1)
Thus (3.8) implies that
2 2 T.. =
APz, Aiy) = | XK (2,) (cos(0(z,9), —sin(0(x,))) = M(z,y).
T

Hence, writing A = (A1, Ag), for every A > 1 we have

AI(A%wvA%y) :AAl(x7y)7 A2()‘%x7)‘§y> :)\A2<1’,y)
Setting u = A1(x,y) and v = As(x,y), this implies (u,v) € Fy and

()\%x,)\gy) = A", ) = (W1 (A, W), Ua(Au, W),
and the proof is easily completed. ]

Let us consider a solution z of (1.3) and define w(t) = A(z(t)). If z(t) € &
for ¢ in a certain interval I, then w(t) € Fo, so using (3.9) and recalling (3.6)

and (3.10), in that interval we have

Juw = JA'(z)z'

(A'(2)"]7'G(t,2)

)

= [(A (Z))T] [VH(2) + G(1, 2)]
+1
AT (@) Gt AT (W)

13



Define
G(t,w) = (A7) (w)]"G(t, A7 (w)),

and consider the following modified system
Jib = Nw + G(t,w) . (4.2)

Given a nontrivial solution v of the autonomous system (1.4) satisfying
U(t) € &, cf. (3.5), let ¢ = A(1)). Then ¢ # 0 and Jd = N¢. Now we need
the following result concerning G' and G.

Lemma 4.2. If ¢(«a) € & for some «, then, for every v > 1 and T € R,
(G(r, 71 (@), 7" ¥a(a)), (772 Y1 (@), 7T tha(a)))
= (G(r,7"%" 6(0)), () .

Proof. Recalling (3.6), the computations in |7, Section 3.2] show that for

every z = (x,y) € & we have

n() =T (- 2k s - VAGIOHGI) )

= I —8H(Z)$Z— z Z)Cc\Z
onte) = T (= 2L s - VEGIOAC)).

Recalling that A is symplectic, so det A’(z) = 1, the inverse matrix is

(N(2))! = [ azz(2) —alz(Z)] _

—agl(z) CLH(Z)

The following identities have been proved in [6]:

OH OH O oH
Qe AP\ — AP kO Py — 02"
e (Ylz,APy) =~ e (z,v), By (Ylx,yPy) =~ oy (z,y).



In addition, it has been proved in |7, Section 3.2| that the function 0 satisfies
Qb(Ylw, APy = 0:0(x,y), 00w, Y)Y’ = 0,0(x,y).
Thus, by using all the above together with (4.1), we have
a1 (Y1, APy) =7 ann(z,y),  a(y?@Py) =7 ans(z,y),
an(Y'x,2Py) =77 an(w,y),  an(yw,qPy) =77 an(@y).
Now, for every A > 1,
(G(r, A()), d()
= (A ()]G, A7 (A(0))), dla) )
= (G(r, A7 (@), (AT (Ao(a))]d(a))
= (G A (A6(0)), VAT (@) M) (43)

Setting v = A7 > 1, by Proposition 4.1, we have
A (M) = (21000(), W2 (Aé(a)) )
_ (A%¢1(a),/\%¢2(a))
= (v1(0), 77 n(a) ).

This implies that

(a7 00))] = [¥ (5a(@), APun(e))]

72" g (1h() —v%”am(w(a))]
—" % ag (¥(a)) vFan (@) |

hence
T

(AT 00@))] d@) = (1 @) T @)

where we use the fact that 1) = [A’(1))] "'¢. This, together with (4.3), implies
that

(G(rA0(@), dle)) = (G (. p1(0):742(@)), (72 (), 7 F () ) -

The observation
2

completes the proof of the lemma. O

15



After these preliminary considerations, we now complete the proof of
Theorems 1.1 and 1.2. Let us focus on the first one.

We prove that (A2) implies (A2') with G replaced by G. It has been
proved in |7, Section 3.2] that (A~!)/(w) is bounded for every w € R?, i.e.,
there exists C'; > 0 such that for every w € R?, we have

1A (W)l < Gy

Let w belong to a compact subset K of R?\ {0} and let (z,y) = A~!(w). Since
A(0) = 0, also the image A(K) is a compact subset of R? \ {0}. Recalling
Proposition 4.1, we get A~ (A\w) = ()\%3:, )\gy), when A is sufficiently large.
So, by using the definition of é, for A = 'y% > 1 we have

ptq

G Mw)] <7 AT Qo)) |G AT )]

pte
< Ciy™ = [G(t,y"z,77y)] -
Hence, (A2') follows from (A2).
Now, we show that (A3) implies (A43') with G replaced by G. Indeed,

p+
2

taking A =~y ! large enough, by Lemma 4.2, we have

ptag

VUG (T, A1 (4 8), VPt + 5)), (VT Ur(t+ )77 Z Yot + 5)))
= XY{G(T, Ap(t + 5)), d(t + 5)) -

Hence, we can apply Theorem 2.1, so problem (4.2) has a 2m-periodic
solution w. Since A is a diffeomorphism, by the inverse change of variables
2z = A~!'(w) we obtain a 27-periodic solution of system (1.3), as desired.

The proof of Theorem 1.1 is thus completed.

Concerning Theorem 1.2, proceeding as above we see that (A4) implies
(A4") with G replaced by G. We can then apply Theorem 2.2, so to obtain
a bounded solution w of system (4.2). By the inverse change of variables
z = A1 (w), we obtain a bounded solution z of system (1.3). The proof of

Theorem 1.2 is thus completed, as well. O

5 Some possible examples

Concerning an application of Theorem 1.1, we propose a periodic problem

associated with the following asymmetric scalar equation

C(1#720) +h(@) P v P =elt),  (5)
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with p > 1, where 7 = max{z,0}, = = max{—=z,0}, h : R — R and
e : R — R are continuous. We assume that the positive constants u, v
satisfy

2m

mp(u P v P) = N (5:2)

for a certain positive integer N, where
1
2(p— 1)~
= -7
P sin(7)
The scalar equation (5.1) corresponds to the system (1.3), where

H) = ey o). G = (’“’y'q_ v)~ €<t>> ,

q p 0

with (1/p)+(1/q) = 1. The function H is positively-(p, ¢)-homogeneous and
positive. The nontrivial solutions of the equation

d .o, _ o

D (p=2i) + uayt - vyt =0
are of the form x(t) = cy(t — 0) with ¢ > 0, § € [0,27/N], and 1) is the
function, with minimal period 27 /N, defined on the interval [0, 27 /N] as

p P sing, (= /Pt) if t € [0, ﬂpu_l/p] ,

t) =
valt) vy Up sin,, (V’l/p (t — JI’;I,) ) ift e [ﬂpufl/p, 27r/N] ,

extended by periodicity to the whole real line. Concerning the behaviour
of sin,(t), we refer the reader to [13|. So, all the solutions of system JZ =
V H(z) are periodic with the same minimal period 7 = 27 /N (see [13, 20]).

We assume the existence of the finite limits

h(xoo) = lim h(u).

u—300

The following corollary generalizes the result in [9]; it is a consequence of
Theorem 1.1.

Corollary 5.1. In the above setting, assume moreover that e(t) is 2m-peri-

odic and

2T

psin <7;> [h(+00) — h(—00)] > / e(t)y1(t+0)dt, (5.3)
0

for every 6 € (0,27 /N]. Then (5.1) has a 2m-periodic solution.
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Proof. We need to prove that (A2) and (A3) hold so to be able to apply
Theorem 1.1. From the boundedness of G, it is easy to see that assumption
(A2) holds. Let us set ¢ = (11, 1s) with ¥y = |¢1[P~2¢; and take d =

P-q)/(p+q)=-1+2>-1
We see that

pt+q

’YTd<G(T, 7q¢1(a),ryp¢2(a)), (7%@51(&)’7%1&2@0»
= [h(y%1(a)) — e(m)]¥1(a). (5.4)

This quantity is bounded, hence (1.5) holds. Moreover, recalling (5.2),

—1/p

*Wpﬂ
/ fdt=N / ) dt
{1/"1>0} Wpl’_l/p
=N(p-— 1)5 (u= 1P 4 v71/P) = psin <7T> :
p

and similarly

. Tﬁ%ﬂpu 1/p . T

/_ P1(t)dt =N Y1(t) dt = —psin (> .
{¥1<0} %ﬂ'pufl/P p

From the above computations we can deduce that (1.6) is equivalent to (5.3).

Hence (A3) holds and the proof is completed. O

Concerning an application of Theorem 1.2, we propose the asymmetric
scalar equation (5.1), where h : R — R and e : R — R are continuous and
uniformly bounded. The positive constants p, v satisfy (5.2). Proceeding as

in the first example, we have the following result.

Corollary 5.2. In the above setting, assume moreover that e(t) is bounded

and

h(400) — h(—00) > supe(t) — 2nﬂ£e(t) : (5.5)
teR €

Then (5.1) has a bounded solution.
Proof. Without loss of generality we can assume sup,cg e(t) = — inficp e(?),
simply replacing h by h — & (supeg e(t) + infier e(t)). Following the lines

of the previous proof, it remains to verify the validity of (1.7) in order to
successfully apply Theorem 1.2. Once 6 € [0,27/N] is fixed, by (5.4) we
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have

2w /N . . .
/ timinf inf (A% (¢ + 8))ba (¢ + ) — e(r)i ¢+ )] db
0 )\?:000 TER

= / | timinf [ {7461 (¢ + $)br (¢ + 5) = lelloothr(t + 5)] |t
{1(- +90)

>0} A—=+o0
s—0

+ /{W'H) liminf [ [B(y9551 (¢ + 8))ib1 (¢ + 8) + lelloothr(t + 5)] |t

O
:/_ [[1(+o0)in (e +0) = llelloothr (¢ + 0)] | at
{¥1(- +6)>0}
+ / [[h(—oo)d}l(wr 0) + [lellootn (t + Q)Hdt
{¥1(- +6)<0}
= ypsin (5 ) Bro0) = h(-00) ~2lell]

N p
So, we deduce (1.7) from (5.5). O

6 Final remarks

We conclude the paper with some remarks, and suggesting some open prob-

lems.
1. Concerning the statement of Theorem 1.1, in assumption (A3) we can
replace (1.5) and (1.6) respectively by

UG A1 (0),772(0), (72 1 ()7 T a()) <€, (6)
and

27
/ lim sup v%ﬂd@(t, Ylp1(t + 5), Y (t + 5)),
0

y—+00
s—0

(V2 gt + )77 alt +9)))dt < 0.

2. Correspondingly, concerning Theorem 1.2, in assumption (A4) we can
replace (1.5) and (1.7) respectively by (6.1) and

-
/ lim sup sup VL?WG(T, Y1 (t + 8),7Pa(t + 5)),
0 yY——+00 TeER
s—0

(Y2 1 (t +5),7"2 ot + 5)))dt < 0.
3. In [9], the existence of almost periodic solutions was also considered. It

would be interesting to prove an analogue result in the setting of this paper.
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4. It would be desirable to extend the results by Yang [20] to our setting, by

introducing some kind of generalized Landesman—Lazer conditions.

5. Theorems 1.1 and 1.2 could possibly be adapted to systems in higher
dimensions, coupling planar systems ruled by some positively-(p, ¢)-homoge-

neous and positive Hamiltonians.

6. The possible interaction of Frederickson—Lazer-type conditions with a

Landesman—Lazer-type condition remains a field for further investigation.
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