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Abstract

Dealing with a forced system ruled by a positively-(p, ¢)-homogeneous Hamiltonian function
and a friction term, we propose a nonresonance condition in order to generalize a classical
result by Frederickson and Lazer. We are thus able to treat both the periodic problem and the
boundedness problem. In particular, our results apply to scalar p-Laplacian equations with
asymmetric nonlinearities.
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1 Introduction and main results

We start considering the scalar equation

d
E(w’*z)&) +h(x) +pnaHP T )P =er), (1.1)
where xT = max{x, 0}, x~ = max{—x, 0}. Here p, u and v are positive constants, with

p > 1, while & and e are continuous and uniformly bounded functions.
In [9], Frederickson and Lazer have studied the above problem with p = 2 and u = v,
i.e., dealing with the equation
X+ h@x)+ pux =e(t).
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In the case when the function e(¢) is 277-periodic and u = N? for some N € N, the equation
can be seen as a perturbation of a resonant oscillator. Hence, in order to get the existence
of a 2 -periodic solution, some additional conditions have to be required. In that paper (see
also [11]), the authors provide an existence result under the assumption

2w
2[h(+00) — h(—00)] > / e(t)cos(Nt +0)dt, forevery 6 € [0,27],
0

where h(Z£00) denote the limits of the function 4 at £o0. They also proved that, when 4 is
assumed to be strictly increasing, this condition is indeed necessary and sufficient for the
existence of a 2w -periodic solution. Note that here and in the sequel we choose T = 2x
as the value of the period just in order to simplify the notations. Should the period T be
different, we can reduce to this case by a simple change of variable.

Our first aim in this paper is to generalize the above result by Frederickson and Lazer
to equation (1.1) by introducing a suitable nonresonance condition. We will also deal with
the problem of existence of bounded solutions when the function e(#) is not assumed to
be periodic. In this case we will need to accordingly modify the Frederickson-Lazer-type
nonresonance condition.

In order to explain our results in a more precise way, we remold equation (1.1) to the
equivalent planar system

=y =p@ P v )P R(ITTY) — e,
) _2 (1.2)
X =yl %y,
where (1/p) + (1/q) = 1. We are thus led to study a more general system,
Jz=VH@) +G(,2), (1.3)

0
where J = (1 0

R? - R to be continuously differentiable, and the function G : R x R?2 — R2 to be
continuous. Notice that in (1.2) we have

) denotes the standard symplectic matrix. We assume the function H :

1 1
H(x,y) = —|yl7 4+ = (ulxF1” +v[x717).
q p

Here are the main hypotheses for our results.

(A1) The function H : R? — R is positively-(p, ¢)-homogeneous and positive, meaning
that, for some p > 1 and ¢ > 1 with (1/p) + (1/¢g) = 1, we have

H(y%x,yPy) = yP* H(x,y) > 0, forevery (x,y) € R?\{0}and y > 0.
In this setting, the origin (0, 0) is an isochronous center for the planar autonomous system

i.e., besides the origin, all solutions of system (1.4) are periodic and have the same minimal
period, which we denote by 7. This fact is a consequence of [4, Lemma 2.1], since one can
see that the area a(E) of the set {z € R? : H(z) < E} is linear in E.

(A2) One has
lim ¥y~ G, yix, yPy) =0,

y—>+00

uniformly for x> + y> = 1 and t € R.
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It can be easily seen that in the above condition one could equivalently ask that the limit is
uniform for (x, y) belonging to compact subsets of R? \ {0}.

Let us first focus our attention on the periodic problem. We then need to introduce the
following assumption.

(A3) Denoting by ¥ (t) = (¥1(t), ¥2(¢)) a nontrivial solution of the autonomous sys-
tem (1.4), we assume that there exist d > —1 and C > 0 such that, for every t € R,
ael0,7],and y > 1,

y TG @y @, y Y@, (v T @,y @)= —c. @)

and, for every 6 € [0, 7],

2
/ 1iminfy"T”d(G(z,qul(z+s),ypwz(z+s)),
0 y—>+000

§—>

T+ ),y T+ 5)))dt > 0. (1.6)

Here is our main existence result for the periodic problem.

Theorem 1.1 Assume the function G to be 2w -periodic in t, and that (A1) — (A3) hold true,
with
2w
T = N for some N € Z\ {0}.
Then system (1.3) has a 2m -periodic solution.

There is a large literature for the periodic problem associated with scalar second order dif-
ferential equations approaching resonance (see, e.g., [5, 14] and the references therein). Fewer
results are available when dealing with scalar equations ruled by the p-Laplacian. We refer,
e.g., to [3, 10], where some kind of Landesman-Lazer conditions have been implemented in
order to get existence results.

When no periodicity is assumed on the function G (¢, z), we can still look for the existence
of bounded solutions for (1.3), i.e., solutions z(z) for which

sup{|z(?)] : t € R} < 400.
To this aim, instead of (A3), we need the following condition.

(A4) Denoting by ¥ () = (¥1(¢), Y¥2(t)) a nontrivial solution of the autonomous sys-
tem (1.4), we assume that there exist d > —1 and C > 0 such that (1.5) holds,
and

T
/0 liminf inf y 3G, Y11 +9). yP Ul +5).
s—0

T+ 9,y T Yl +5))dt > 0, (1.7)
for every 6 € [0, 7].

Here is our existence result for bounded solutions.

Theorem 1.2 Assume that (A1), (A2), and (A4) hold true. Then system (1.3) has a bounded
solution.
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67 Page4of16 A.Fonda et al.

The search of bounded solutions for scalar equations or systems is an ancient problem
dating back to the beginning of the theory of dynamical systems. We just mention Lagrange
stability, KAM theory, and Conley—Wazewski theory as classical research line sources. Our
approach is somewhat related to the one in [12, § I1.8], where some techniques involving
the so-called bound sets and guiding functions are exploited in order to prove the existence
of compact invariant sets. Some results more related to Theorem 1.2 can be found in [1, 8,
15-17, 19].

The paper is organized as follows. In Sect. 2 we prove our results for a particular class
of perturbed linear systems. In Sect. 3 we introduce a symplectic change of variables which
permits us to transform a (p, g)-homogeneous Hamiltonian system into a linear one. The
proof of the main results in the general setting is then provided in Sect. 4. Examples of
applications are given in Sect. 5, and we conclude with some remarks in Sect. 6.

2 A perturbed linear system

In this section, we provide the proof of Theorems 1.1 and 1.2 in the simpler case when
1 2
H(z) = EN ||~

We are thus considering a Hamiltonian satisfying (A1) with p = g = 2.

2.1 Periodic solutions

We are dealing with the 27 -periodic problem associated with
Jz=Nz+G(t,2), 2.1

where N € N\ {0}, and the function G : R x R? — R? is continuous and 27 -periodic in ¢.
Let us introduce the function

¢ (1) = (sin(N1), cos(N1)).

Notice that it is a nontrivial solution of the autonomous system Jz = Nz.
Assumptions (A2) and (A3) can be rephrased as follow.

(A2") One has
lim A G, a2 =0,
—+00

uniformly for [z] = 1 and ¢ € R.

As already remarked above, in condition (A2") one could equivalently ask that the limit is
uniform for z belonging to compact subsets of R? \ {0}.

(A3') Thereexistd > —1 and C > O such that, foreveryr € R, € [0,27/N],and A > 1,
(G (1. (@), ple)) =n—C, 2.2)
and, for every 6 € [0, 27 /N],

2
/ liminf A%(G (1, A (t + 5)), (1 +5))dt > 0.
0 A—:&-@oo
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Now Theorem 1.1, in this setting, can be rephrased as follows.

Theorem 2.1 Assume that conditions (A2) and (A3') hold true. Then system (2.1) has a
27 -periodic solution.
Proof We need to prove the following a priori bound for the family of problems

2N +1
Z,

Jz=0[Nz+G({t,2)]+ (1 —0) 5 (2.3)

z(0) = z(2m),

parameterized by o € [0, 1].

Claim. There exists a 7 > 0 such that every solution z of (2.3) satisfies ||z]lco < 7.

Proof of the Claim. Assume by contradiction that for every positive integer n there exist
on € [0, 1] and a solution z, of (2.3), with 0 = o, such that ||z, ||cc > n. Passing to a

subsequence we can assume that (o,,), converges to some o € [0, 1]. Set w, = Hziﬁ
Then,
. G(t, |z w 2N +1
anZOnI:an'i‘M]“r‘(l_an) Wy ,
l1znlloo (2.4)

w, (0) = w, (27).

Since (wy,), is uniformly bounded, the differential equation in (2.4) implies that (w;), is
bounded in H!(0, 27), and so there exists a 27 -periodic function w € H 10, 27) such that
(up to a subsequence) w,, — w uniformly and w,—w weakly in H 10, 27). Therefore,
lw|loo = 1 and passing to the weak limit in (2.4), by using (A2’) we see that w solves

. _ 2N +1
Jw=ocNw+ (1 —-0)

w(0) = w2m).

w,

Hence, ithastobe o = 1, and Jw = Nw. In particular, w(t) # O for every ¢ € [0, 27 ], and
we can write w(t) = ¢ (¢t + 6) for some 0 € [0, 27t/ N]. Let us also write

() = ra () ¢t + xn (1)) 5

where r;, : [0,27] — R and yx, : [0,27] — R are continuous functions. Then, recalling
that z,, is a solution of (2.3),

(Zn ®), za (1))
7y (1)

= =0 (I Gt a4+ xa ) (0 + 1a()))

= =GBt + 10 (1)), D + xa(1)).

(1) =

Multiplying both sides by [r,(t)]¢ and integrating the above equation between 0 and 27,
since

2
/ a1 (1) dt = 0,
0

recalling that o,, # 0 for n large enough, we have that

2
/0 [rn(t)]d<G(t, (DGt + xa (D)), d(t + Xn(t))>dt =0.
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Now, thanks to (2.2), we can apply Fatou’s Lemma to obtain

2
[ tm it 1, 19(G 1 066+ 0. D00+ a0t <0,
0 n

Since w, — w uniformly, we have that r,, () — 400 and x, (t) — 6 for some 6 € R, both
limits being uniform in ¢. Without loss of generality we can assume that 8 € [0, 2w /N].
Hence,

tim inf [, (01(G (1, (D0 (¢ + xa (1), D + 70 (1)
> liminf A%(G(t, 2 (t +5)), (1 +5)),

A—+400
s—6
and integrating we get a contradiction with (A3’), thus ending the proof of the claim.
The proof of the theorem can be now completed by a standard application of the Leray—
Schauder topological degree theory. O

2.2 Bounded solutions

We now consider system (2.1) without assuming G(z, z) to be periodic in ¢. Instead of (A3'),
we consider the following assumption.

(A4") There existd > —1 and C > 0 such that (2.2) holds, and

2w /N .
/ liminf inf kd<G(r, rAD(t+5)), ¢t + s))dt >0,
0 A—>+0c>o teR
s>

for every 6 € [0, 27/ N].

Theorem 2.2 Assume that conditions (A2) and (A4) hold true. Then system (2.1) has a
bounded solution.

Proof We first need to prove the following a priori bound.

Claim. There exists R > 0 such that every solution z of system (2.1) satisfying z(p) = 0 for
some fy is such that |z(¢)| < R, for every ¢ > 1.

Proof of the Claim. Assume by contradiction that for every positive integer n there is a
solution z,, of system (2.1) satisfying z, (t,?) = 0 for a certain t,? € R and there is t, > t,?
such that |z, (t,)| = nand |z, (¢)| < n,forallt € [z,?, tl. Letz_,(l) > t,? be such that z,,(t_,?) =0
and z,(t) # O forevery t € ]t_,? , ty]. For those values of t we introduce the polar coordinates
Zn(t) = pu(t)$(0,(t)), where p and 0 are continuous functions. Then, since z, solves (2.1),

we have

Ou(t) =1+ (G(t, (P B (1)) , P(B(1)))- 2.5)

N pu(t)

By (A2'), for every ¢ €]0, 1[, we can find a sufficiently large R(¢) > 1 such that, if
za(1)| = R(¢), then '
l—e<0,(t)<1+e.

In particular, we can find R; > O such that, if |z, (#)| > Rj, then 6, (t) > 1/2. So, z, rotates
clockwise around the origin when |z, ()| > R;. Moreover, since J¢ = N ¢, for the radial
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speed we have
1 .
pn(t) = _N<G(t’ Pn ()P (0 (1)), G (6 (1))). (2.6)

For n > Ry, we can select a time t,} with the following property: p, (t,%) = Ry and R; <
pn(t) < nforeveryt e ]t,l, tal.
‘We now show that ¢, — t,} — +o00. Indeed, from (2.6), using (A2'), we can find a positive

constant ¢ such that |, (f)| < cp, (¢) for every t € [t,}, t,], and so
on(t) = pn (ln)e_atn_t) = neCUn=0), 2.7

In particular, we get e‘»~') > n/R,, whence t, — t! — +00.

As a consequence, for n large, t, —t! > 47 /N and since 6, > 1/2 in the interval
[t!, #,], the solution z, performs more than one complete rotation there. So, there exists
sp €1ty —4m /N, t,[ such that z,, performs exactly one rotation around the origin in the time
interval [s,, t,]. Let o, € [0, 21/ N] be such that 6,,(s,) = o. S0, 2,(5n) = pPn(sn)@ (y)
and consequently we have z,,(t,) = pn(th)@ (0, + 27 /N) = ne (o, + 27/ N).

By (2.7), we have

lirrlnmin{,on(t) 1t € [sp, 1]} = 400,

hence, from (2.5) and (A2'), we deduce that §, — 1 uniformly.
By letting n = 6, (¢), for n large enough, we get

[on (sn)]d+l [on (tn)]d+l

R R
In
=- / [on (D)1 pu (1) dt
L R VA P O)) B .
= — PnlZn V7 (G (e s ’ J
N Ja, 5o Ty (GO - pu@ @), dn) d
L ettt N 1o, 07 ) » .
=5l Thayy MG @ o). dam) d

Hence, b){ the change of variable w = 1 — «,, setting A,(®w) = p,,(@,l_l(a) + «,)) and
bn(@) = 0,0, (0 + an)),

N [ (@)]? :
0= [ B int (6(r (@b + ). dle +an)) do.
Since, by (A4'), assumption (2.2) holds, we can apply Fatou’s Lemma so to get
21/N A d .
/0 lim inf % rirelgG(r, In(@@(@ + ), (o + ) do> < 0.

Being (&), in [0, 27/ N], we can assume that, up to a subsequence, o, — o € [0, 27/ N].
Recalling that 6, (1) — 1 uniformly in #, we see that b, (w) — 1 uniformly in w, hence

2 /N X
/ liminf A7 inf (G(7, A (@ + 5)), p(w + 5)) dw <0,
0 A——+00 teR

s—>a

thus contradicting (A4’). The claim is thus proved.
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Now, let us prove the existence of the bounded solution we are looking for. To this purpose,
let z,, be a solution of (2.1) such that z,(—n) = 0. By the above argument, we have that
|zn(t)] < R for all t > —n, and from (2.1) we see that the sequence (z,), is equibounded
and equicontinuous. So by the Ascoli—Arzela Theorem there exists a subsequence (zﬁll))nz 1
which converges uniformly on [—1, 1] to some function z, which is a solution of (2.1) on that
interval. Consider now the sequence (zfll))nzz. Again, there exists a subsequence (zﬁz))nzz
converging uniformly on [—2, 2] to some solution of (2.1), which we still denote by z. Indeed,
by the uniqueness of the limit, it is the extension of the previously found function z. In the

similar way, we define on each interval [—j, j] a subsequence (zf,j ))nz j which converges
uniformly to a solution of (2.1) on [—, j], which we still denote by z since it coincides with
the previously found functions on the domains [—k, k], with k < j. Hence, the diagonal

sequence (zj.j )).,-21 converges to a solution z of (2.1), uniformly on every compact subset of
R. Clearly enough, we have that |z(¢)| < R for all # € R, thus completing the proof. O

3 A symplectic change of variables

For the reader’s convenience, we report in this section the main ideas discussed in [7]. By
using (A1), we have that H(0, 0) = 0 and the generalized Euler Identity holds true, i.e.,

Xy
VH(x,y),\ =, =) ) = Hx, ). (G.1
P q
Choose the positive constant

T:min{LH(z):l §|z|§2} , (3.2)
|z|?

and let n : R — R be a C*°-function such that n'(s) < 0 for all s € R and
I, if s<1,
1) = io, if 5> 2.
For z = (x, y), set
Hz) =n(zDYlzl* + 1 = (2D H().
and consider the new system
J:=VH(). 3.3)

Notice that H 0) = 0, and H (z) # O for every z # 0. This implies that every non-zero
solution of system (3.3) does not pass through the origin. Moreover, for every z # 0, we
have

n' (Iz])

|z]

VA() = (Tn/(lzl)lzl +27Tn(2) — H(Z))z + (1= n(|z)VH ().

Then, using (3.1) and (3.2), if z = (x, y) is such that 1 < |z]| < 2, we have

- 2 2 1
<VH(z>, (f, X)> = n/(|z|)|z|<x— + y—)(T — —H©)
P q p q ]

K22
+2n(lzD Y > + v + (1 =n(z)H(z) > 0. 34
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This implies that VH(z) #0,forl < |z] < 2. On the other hand, for 0 < |z| < 1 the
Hamlltonlan function H is quadratic, so that VH (z) # 0. Lastly, for |z| > 2, we have
VH(z) V H(z), and it is clear from (3.1) that VH (z) # 0. Hence VH(z) # 0 for every
z # 0, and the Poincaré—Bendixson theory guarantees that all the solutions of system (3.3)
are periodic. Thus, the origin is still a global center for system (3.3).

Now for any zg € R2 \ {0}, we denote by ?(Z()) the minimal period of the solution of (3.3)
passing through zp. We notice here that this solution is unique, even if we are not assuming
V H to be locally Lipschitz continuous, cf. [18]. The function T :R2 \ {0} — R thus defined
is continuously differentiable (see [2]).

Define

= [0, +oo[x{0},
and a function & :]0, +oo[ — ]0, +oo[ as follows: for every E > 0, the level line {z € RZ:
ﬁ(z) = E}Aintersects 8* at the point (£(E), 0). Such a point is unique, since by (3.4) we
have that %(5, 0) > O when & > 0.
Now, choose Ey > max{H (z) : |z| < 2} and define K :R? > Ras

(RGN
K(z) = T T(¢(E),0)dE + Ej.
In particular, setting
& =1{zeR?: H(z) > Eo}, 3.5)
we have
I/(\(z) = ﬁ(z) = H(z), foreveryz € &. 3.6)

The function K is continuously differentiable, and

VK(z) = AilVH@)

Hence, the origin is an isochronous center for the system
JZ2=VK(2), (3.7
since all solutions except the equilibrium O are periodic with minimal period 7. Moreover,

~ T
K(z)==|z>, iflz] <1.
(2) lel if |z] <

Now, for every zg € R2 \ {0}, let ¢ (¢ ; zo) be the solution of system (3.7) satisfying £ (0 ; zg) =
20, and define 6(zg) € [0, 2 [ as the minimum time for which

;( - %e(zo) ; zo) €.

As shown in [2], the restricted function 6 : R? \ 8* — ]0, 27| is continuously differentiable,
and its gradient V@ can be continuously extended to R? \ {0}. We will still denote this
extension by V@ : R? \ {0} — R2.

Hence, by [2, Proposition 2.2], there exists a symplectic diffeomorphism A : R? — R?

defined by
Nl 0 in g ifz #0
A =1V (2)(cosB(z), —sinf(z)), ifz#0, (3.8)
0, ifz=0,
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such that, by the change of variable w = A(z), system (3.7) is changed to

. 2
Jw=—w,
T

i.e., to Juw = Nw. The function A satisfies the following relation
[N @1I A () =T, (3.9)
for every z € R2, where A’ (z) represents the Jacobian matrix of A. Thus, we see that
VK (2) = NIA' (1" AG), (3.10)

for every z € R2.

4 Proofs of the main results

Let A~ = (Y1, ¥y) and set Fo = A(&y), where &y was introduced in (3.5).
Proposition 4.1 If (u, v) € Fy, then
U (Au, Av) = A%\l—'l(u, v), Wo(Au, Av) = )\%\Dz(u, v),

forevery A > 1.
Proof Since H is (p, ¢)-homogeneous, for y = )\%, we have

HG7x, 30 y) = H(y%x, yPy) = yPUH(x, y) = A2H (x, y).
Recalling (3.6) for A > 1, we have

Rix 2iy) = PRy,

when z = (x, y) € &. It has been proved in [7, Sect. 3.2] that the function 0 satisfies

O(yix,yPy) =0(x,y). 4.1)
Thus (3.8) implies that

2 2 T —~
AGrxy) = || =22R . y)(cos(e(x, ), —sin(6(x, y))) — AA(x, ).

Hence, writing A = (A1, Ay), for every A > 1 we have
MG x.ATy) = AL ). Aa(Px, AT y) = AAa(x. y).
Setting u = A1 (x, y) and v = Az (x, y), this implies (u, v) € Fp and
G, ki y) = A7 Gt Av) = (W1 G, v) . Wa(hut, Av)) |
and the proof is easily completed. O

Let us consider a solution z of (1.3) and define w(t) = A(z(¢)). If z(¢t) € & for t in
a certain interval /, then w(t) € Fop, so using (3.9) and recalling (3.6) and (3.10), in that
interval we have

Jw =JA 2z
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= (A2

=[N @) T [VH () + G (1, 2)]

= Nw+[(A'@)17'G(t. 2)

= Nw+[(A"Y )" G, A7 (w)).

Define ~
Gt,w) =AY WITG, A7 (w)),

and consider the following modified system
Jw = Nw+ G(t, w). (4.2)

Given a nontrivial solution ¥ of the autonomous system (1.4) satisfying ¥ (t) € &,
cf. (3.5), let ¢ = Q(W). Then ¢ # 0 and J¢p = N¢. Now we need the following result
concerning G and G.

Lemma 4.1 If ¥ (a) € &y for some «, then, foreveryy > 1l andt € R,
q=p - P=q -
(G, yTYi(@), y ¥ (@), (v 2 Yi(a),y 2 ¥a(a)))
~ +q .
=(G(z,y " p(@), (@)
Proof Recalling (3.6), the computations in [7, Sect. 3.2] show that for every z = (x, y) € &

we have
ai1(z) al2(Z)i|

a21(z)  axn(z)

AN = [

where, by denoting c(z) = cos8(z) and s(z) = sin0(z),

T ([ 0:H
an() = \/; ( © ) —¢H(z>axe<z>s(z>>,

2J/H(z)
an(z) = \E (233’2% (@) — J%aw(z)s(z)) :
a () = %( - zaf% 5(2) — \/%axe(z)cw) :
an(z) = %( —~ 28 yf% 5(2) — \/%aﬁ(z)c(z)).

Recalling that A is symplectic, so det A’(z) = 1, the inverse matrix is

(A () = [ ax(z) —alz(z)] .

—a21(z) a1 (@)

The following identities have been proved in [6]:
oH oH oH oH
—ix Y’y =y"—xy), —@ixyPy)=yi—x, ).
ax ax ay ay

In addition, it has been proved in [7, Sect. 3.2] that the function 6 satisfies

uWO(yix, yPy)y? =0,0(x,y),  0,0(yix, yPy)y? = 3,0(x, y).
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Thus, by using all the above together with (4.1), we have

r=q a=p
anix,yPy)=y 7 anlx,y), an@ix,y’y)=y 7 ank,y),

r=q ap
an(yix,yPy) =y 7 an(x,y), anyix,y’y)=y 7 an(x,y).

Now, for every A > 1,
(G, 2 (@), dl@))
= (A @) Gz, A7 Gp (@), (@)
= (6@ A7 (g @), (AT Cp@)1d(@)
= (6@ A7 G@), A (AT G @I d(@). (4.3)
Setting y = A7 > 1, by Proposition 4.1, we have
(@) = (V10 @), B200 @)
= (M1 @, 27 @)
= (r'n@. r" @),
This implies that
(v (s 0p@)] = [A( W,y @) ]

_| rTanw@)  —rTan@@)
- Ta21<1/f(a>) v an (¥ (@)

hence
—1 . —pP . p— . T
(A (a7 00@)] d@ = (v T i@,y @)
where we use the fact that v = [A’ ()]~ ¢. This, together with (4.3), implies that

(G(r. 10 @). $(@) = (G(r. v @,y ¥2@). (v 1@, 7T a@).

The observation )
y = APE &S A= yT = yT

completes the proof of the lemma. O

After these preliminary considerations, we now complete the proof of Theorems 1.1
and 1.2. Let us focus on the first one.

We prove that (A2) implies (A2’) with G replaced by G. It has been proved in [7, Sect.
3.2] that (A=Y (w) is bounded for every w € R2, j.e., there exists C; > O such that for
every w € R2, we have

A=) )] < €.

Let w belong to a compact subset K of R2 \ {0} and let (x, y) = A~ (w). Since A(0) =0,
also the image A(K) is a compact subset of R? \ {0}. Recalling Proposition 4.1, we get
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2 2 ~
A~'(aw) = (AP x, A4 y), when A is sufficiently large. So, by using the definition of G, for
ptq

A=y 2 >1wehave

+q

ANG @ aw) <y 2

A=Y G166 A7 )
< Ciy TGy x Py,

Hence, (A2') follows from (A2).
Now, we show that (A3) implies (A3’) with G replaced by G. Indeed, taking A = y
large enough, by Lemma 4.1, we have

rtq
2

—q

Y TG y Ty (4 9), Y Pt +9), T+ ), y T + 5))
=2UG (1, 2t + 5)), d(t +5)).

Hence, we can apply Theorem 2.1, so problem (4.2) has a 277 -periodic solution w. Since A
is a diffeomorphism, by the inverse change of variables z = A~ (w) we obtain a 27 -periodic
solution of system (1.3), as desired. The proof of Theorem 1.1 is thus completed.

Concerning Theorem 1.2, proceeding as above we see that (A4) implies (A4’) with G
replaced by G. We can then apply Theorem 2.2, so to obtain a bounded solution w of
system (4.2). By the inverse change of variables z = A~!(w), we obtain a bounded solution
z of system (1.3). The proof of Theorem 1.2 is thus completed, as well. O

5 Some possible examples

Concerning an application of Theorem 1.1, we propose a periodic problem associated with
the following asymmetric scalar equation

d .. . _ e
E(m" 28) + h(E) + pa P — )P = e, 5.1
with p > 1, where x* = max{x, 0}, x~ = max{—x,0},h : R - Rande : R — R are
continuous. We assume that the positive constants u, v satisfy
“1p 41y = 2X
Tp(u VP vy = 22 (5.2)
N
for a certain positive integer N, where
1
2(p—Dr
= — 7

P — s (T
psin(y)
The scalar equation (5.1) corresponds to the system (1.3), where

q 2.\ _
H(z) = % + %(u[ﬁ]p +ulx 1), Gl = (h(lyl" g) e(t)) ’

with (1/p) + (1/g) = 1. The function H is positively-(p, g)-homogeneous and positive.
The nontrivial solutions of the equation

S (P28 + P v =0
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are of the form x(¢) = cy1 (t — 0), with ¢ > 0, 0 € [0, 27 /N], and ¥ is the function, with
minimal period 27t/ N, defined on the interval [0, 27/ N] as
o w-l/p sinp(,ufl/”t) ift € [O, ﬂl,u’l/p],
1 = -1 . _ b4 . 1
v /psmp (v 1/p (t—ﬁ)) 1fte[7rpu /p,ZJT/N],
extended by periodicity to the whole real line. Concerning the behaviour of sin, (t), we refer
the reader to [13]. So, all the solutions of system Jz = V H (z) are periodic with the same

minimal period 7 = 2w /N (see [13, 20]).
We assume the existence of the finite limits

h(£oo) = lim h(u).
u—£00

The following corollary generalizes the result in [9]; it is a consequence of Theorem 1.1.

Corollary 5.1 In the above setting, assume moreover that e(t) is 27 -periodic and

2
psm<p>[h(+oo) h(—oo)]>/ e(Y1(t +0)dt (5.3)
0

forevery 0 € [0,2n/N]. Then (5.1) has a 2m-periodic solution.

Proof We need to prove that (A2) and (A3) hold so to be able to apply Theorem 1.1. From
the boundedness of G, it is easy to see that assumption (A2) holds. Let us set ¢ = (Y1, ¥2)
with > = 11772 andtake d = (p = q)/(p+q) = =1+ § > —1.
We see that
e

y UGz, y I @), v P @), (v 2 v @), v T @)
= [h(y"d1(@) — e(]¥1(@). (5.4)
This quantity is bounded, hence (1.5) holds. Moreover, recalling (5.2),
2” ule

/  jidi=N @
{1 >0}

—*T[pU

= N(p—1)7 (w7 +v7/7) = psin <z> ’
14

. T—%ﬂ[,v*]/l’ i T
/ l/fl(t)dt:Nf 1//1(t)dt:—psin<—).
{§1<0} sapuip p

From the above computations we can deduce that (1.6) is equivalent to (5.3). Hence (A3)
holds and the proof is completed. O

and similarly

Concerning an application of Theorem 1.2, we propose the asymmetric scalar equa-
tion (5.1), where 4 : R — R and ¢ : R — R are continuous and uniformly bounded.
The positive constants p, v satisfy (5.2). Proceeding as in the first example, we have the
following result.

Corollary 5.2 In the above setting, assume moreover that e(t) is bounded and

h(4+00) — h(—00) > supe(t) — 1nf e(t). (5.5)
teR

Then (5.1) has a bounded solution.
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Proof Without loss of generality we can assume sup, g e(t) = — inf;cr e(t), simply replac-
inghbyh— %(sup,eR e(t)+inf;cRr e(t)). Following the lines of the previous proof, it remains
to verify the validity of (1.7) in order to successfully apply Theorem 1.2. Once 6 € [0, 27t/ N]
is fixed, by (5.4) we have

2w /N
/ lim inf inf [h(yqﬂ,bl(t )L+ 5) — e (F + s)]
0

)»—>+OO TeR
—0

= [ tmint [ G el 6+ 5)
(1 (- +6)>0) 4> Fe0

+/, lim inf [/ 191t + )00+ 5) + lellooti ¢ +5) Jar
{1(-+6)<0) A2 F00

=f. [1F00)1 (1 +0) = llellocti (¢ +6) ds
¥ (- +6)>0}
+/, (=001t +6) + llelloctin t +) |ds
{1 (- +0) <0}

= L psin (p) [14+00) — h(—00) — 2lelec].

So, we deduce (1.7) from (5.5). ]

6 Final remarks

We conclude the paper with some remarks, and suggesting some open problems.
1. Concerning the statement of Theorem 1.1, in assumption (A3) we can replace (1.5)
and (1.6) respectively by

Y UG, y i @), yPYa(@), (v 2 Y1),y T @) < C, 6.1)

and

2 g
/ timsup y TG, y 191 (¢ + ). y Yt +5)),
0 y—>+eoo

§S—

2@+ 5), y T e+ 5)))dr < 0.

2. Correspondingly, concerning Theorem 1.2, in assumption (A4) we can replace (1.5)
and (1.7) respectively by (6.1) and

T
f limsup sup y “24(G(z, YTy (t + ), yP¥a(t +5)) |
0 )/—>—&-900 TeR
s>

@21 +9), v T ot +9)))dt <0,

3.1In [9], the existence of almost periodic solutions was also considered. It would be interesting
to prove an analogue result in the setting of this paper.

4. It would be desirable to extend the results by Yang [20] to our setting, by introducing some
kind of generalized Landesman—Lazer conditions.
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5. Theorems 1.1 and 1.2 could possibly be adapted to systems in higher dimensions, coupling
planar systems ruled by some positively-(p, g)-homogeneous and positive Hamiltonians.

6. The possible interaction of Frederickson—Lazer-type conditions with a Landesman—Lazer-
type condition remains a field for further investigation.
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