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Abstract. For a continuous function f, the set Vy made of those points where the lower
left derivative is strictly less than the upper right derivative is totally disconnected. Besides
continuity, alternative assumptions are proposed so to preserve this property. On the other
hand, for any given totally disconnected closed set A we construct a function f whose set
V} coincides with the entire domain, and f is continuous on A.

1 Introduction and main result

Dini derivatives take their names after Ulisse Dini, who introduced them in 1878, cf. [5]; let us
recall their standard notation

D f(x) = liminf w . DY f(x) = limsup w ’
- h—0+
D_f(z) = timinf LEEN ZI@)  po g g LEER = F@)
h—0— h b0 L

Here, and in the rest of the paper, we assume that f : I — R is defined on some open interval
I C R. A fundamental step in the study of Dini derivatives was achieved in the first quarter of the
twentieth century by Denjoy [4] for continuous functions, Young [15] for measurable functions,
and Saks [14] for arbitrary ones. The Denjoy—Young—Saks theorem states that at each point z,
except for a set of measure zero, one of the following four alternatives holds:

1. f has a finite derivative at z;

2. D_f(z) = D*f(x) €R, D~ f(a) = +o0, Dyf(x) = —oc;
3. D~ f(x) = D+ f(x) € B, D*f(x) = +50, D_f(x) = —oc;
1. D™ f(z) = D*f(x) = +00, D_f(x) = Dy f(x) = 0.

Denjoy also explicitly constructed some continuous functions realizing each of the previous four
conditions on a perfect set of positive Lebesgue measure. We refer to [2] for a more complete
historical account and to [10] for an extensive study on the possible pathological behaviours of
continuous functions.

In this paper, for any function f : I — R, we are interested in studying the set
Vii={zel:D_f(z) <D f(x)}.

It should be noticed that, in the above mentioned example by Denjoy, the set V; is totally
disconnected, i.e., it does not contain any nontrivial interval. The main question is: how large
can this set be?



We were mainly motivated in studying this problem when dealing with some ordinary differ-
ential equations [7]. One of the main tools in solving a given boundary value problem is provided
by the lower and upper solutions method. See the book [3] for a comprehensive exposition of
the theory for scalar second order equations. In particular, in [3, Definition I-2.1], the notion of
lower solution involves explicitly the set V; without properly analyzing its properties.

It is well known that there exist non-continuous functions f : R — R for which Vy = R (see
for instance [9], where the function f : R — R has a dense graph in R?). On the contrary, we
will prove that there are no continuous functions with such a property. To be more precise, let
us introduce the following class of functions.

Definition 1. We say that a function f : I — R is upper well behaved if for every compact
interval J contained in I there is a x5 € J such that f(x) = max f(J).

Clearly, every continuous function (as well as upper semicontinuous) is upper well behaved.
On the other hand, one can easily find examples of upper well behaved functions which are
nowhere continuous (e.g., the well known Dirichlet function).

Here is our first result.
Theorem 2. If f : I — R is upper well behaved, then the set V; is totally disconnected.

We will also show that the set V; can be preassigned, at least in the class of totally discon-
nected closed sets; taking, e.g., I = R, for any given totally disconnected closed set V C R there
exists a continuous function f : R — R such that Vy = V. This will be a consequence of Lemma 5
below.

Let us emphasize that, as proved in [16], there are functions f (e.g., the Weierstrass function)
such that the set Vy is of second Baire category (cf. [13]) and has full measure on any interval
I =]a,b[. See also [1, 6, 8, 11] for more recent similar investigations on Takagi’s function.

Let us now investigate the possibility for a function f : R — R to be such that V; = R and,
at the same time, to be continuous at some points of its domain. We will prove the following.

Theorem 3. For any totally disconnected closed set A C R, there exists a function f : R — R,
whose set of continuity points coincides with A, such that Vy =R, and more precisely

D_f(z)=—-00 and D"f(x)=+oo, foreveryx €R.

Recall that a Smith—Volterra—Cantor set is a totally disconnected closed set C', contained in
[0, 1], having any assigned Lebesgue measure u(C) € [0,1[. Iterating its construction on any
interval [n,n + 1], with n € Z, we could have a totally disconnected closed set A with “almost
full” measure.

In the next section we provide the proofs of Theorem 2 and Theorem 3. They are based on
the knowledge that every monotone function is differentiable almost everywhere, and on some
simple properties of continued fractions.



2 Proofs

We denote by u be the Lebesgue measure on R.

Proof of Theorem 2. By contradiction, let [a,b] C Vy, with a < b. Let (z,), be a sequence in
[a,b] such that f(x,) — inf f([a,b]). Passing if necessary to a subsequence, we can assume that
Zp — &, for some & € [a,b]. We have two cases.

Case 1: @ € [a,b]. We will prove that f is increasing in ]&, b], hence almost everywhere differen-
tiable there, a contradiction.

By contradiction, let «, 8 in ]Z,b] be such that @ < 8 and f(a) > f(B). Being & < «
and f(a) > inf f([a,b]), there exists n such that z, < a and f(x,) < f(«). Since f is upper
well behaved, there is a & € [z, 8] such that f(£) = max f([xn,5]). Being f(2) > f(a) >
max{f(x,), f(B)}, it has to be & €]z,, B[, whence D_f(z) > 0 > D7 f(&), a contradiction,
since & € V.

Case 2: & = b. One proves in an analogous way that f is decreasing in [a,b[, hence almost
everywhere differentiable there, a contradiction.

The proof is thus completed. O

Remark 4. If we define a function f: I — R to be lower well behaved when (—f) is upper well
behaved, then it can be proved that the set

Aj:={zxel:D f(z)>Dif(x)}
is totally disconnected.

Let us now go for the proof of Theorem 3. In the following, we allow an interval to be reduced
to a single point. It will be useful to consider the function F' : R — [0, 1] defined as

F(x)—{2 z(l-z), ifzel0,1],

0, otherwise .

We first need to prove the following two lemmas.

Lemma 5. Let A be a totally disconnected closed set. Then, there exists a nonnegative contin-
uous function 04 : R — R such that:

o o4 is differentiable on R\ A;
o for allx € A one has D_o(x) = —o0 and DVoa(x) = +o0;
o ga(x) =0 if and only if x € A.

Proof. We first prove the result in the case when A is bounded. Without loss of generality we
can assume that A C]0,1[. Since A is closed, its complement in ]0,1[ can be written as an at
most countable union of pairwise disjoint open intervals U,, =]ay, b, [, with n > 1. We will treat
in detail only the case when there are infinitely many of them (in the other case A has only
finitely many points, and the proof is much easier). We can then write

A=10,1[\ | Un.

n>1



We define R; = [0, 1] and, for every n > 2,

n—1

Ry =[0,1]\ | JU;.

j=1
The following properties hold true:
e U, CR,, foreveryn>1;

® Ri DRy 2--- 2Ry 2+

o (| Ro=AU{0,1}.

n>1

Moreover, for n > 2 the set R,, is the union of n pairwise disjoint closed intervals
R, =8,1US,2U---USp .

We set S11 = Ry = [0,1]. For every n > 1 there exists an integer H(n) € {1,...,n} such that
Un C Sy, H(n)- For simplicity, let us introduce the notation

Pn = M(Sn,H(n)) .
Note that, since A is totally disconnected, we have
limp, =0. (1)
We define the function 64 : R — R as

&A(x)zg\/mzr<;_c;">.

n

Notice that, for each x € R, the above sum has at most one non-zero addend. It is clear that
ga(z) >0 for all z € R, and that

A={z€]0,1][: 5a(x) =0}.

If z €]0,1[\ A, then = € U, for some n, hence ¢4 is differentiable there. However, 6.4 (z) = 0 for
every x € R\]0,1[. We thus need to modify 54 outside some interval [0,1 — 4], with ¢ €]0, 1],
containing A in its interior. It is indeed possible to find a function o4 : R — R, which coincides
with 64 on [§,1 — §], and is continuously differentiable on | — oo, 8] U [1 — 4, +00[, being strictly
positive there, and

oa(z) =1 forevery z €] — 00,0l U [1, +o0].

This function o4 : R — R is differentiable on R\ A and it is such that
A={zxeR:04(x)=0}.

We would like to prove that, for any x € A, the function o4 is continuous at x, with D_o4(z) =

—o0 and DVoa(z) = +00.

Suppose then x € A, and so o4(z) = 0. For every n > 1 we can find an index N(z,n) €
{1,...,n} such that € S,, n(4,n)- Let us first focus our attention on a right neighborhood of .
We consider two cases.



Case 1: inf{ly € A : y > 2} > . Then z = a,, for a certain index n. In particular, U, U
{z} = [an,by[ is a right neighborhood of z, and it is easily seen that lim,_,,+ ca(y) = 0 and
Dt oa(z) = +o0.

Case 2: inf{y € A : y >z} = 2. In this case, S, n(s,n) contains a right neighborhood of z, for
every n > 1, and
Sn,N(r,n) N {y E]%l[: Y ¢ A} = U Uj ,
Jj€Jn
where J, is an infinite set of integers, such that
lim (min J,,) = +00. (2)

We first prove that o4 is continuous from the right at . Fix e > 0. By (1) and (2), there

exists n > 1 such that

n > = p;j<e? foreveryj€ J,. (3)

For any y € S5 n(2,7)0]

n
x, 1] we have that, either y € A, hence ca(y) =0, or y € U; for a certain
j € Js; in this case, by (3),

UA(:U):\//T]‘F< )sm«.

y—aj
bj — aj
We have thus proved that 0 < o4(y) < € for every y in a right neighborhood of z, and so
lim,_,,+oa(y) =0.
We now prove that DV o 4(z) = +o0o. We claim that there exists a strictly increasing sequence
(nk)r of positive integers such that
Snle(nk) = Sﬂk,N(I,nk) : (4)

Indeed, set n; = 1. Then, for some m > 2 we know that it will be

SQ,N($,2) = SS,N(.@,S) = """ = Pm,N(z,m) 7& Sm+1,N(z,m+1)

if and only if the sets Uy, Uz, ..., Uy—1 have an empty intersection with S5 n(;,2), while
Un C S2,N(x,2)- We see that in this case Sy, g(m) = Sm,N(z,m); such an m is denoted by na.
Then, one proceeds inductively: assume that nj; has been defined, for a certain k > 2; for some
m > ny + 1 it will be

Snk—i-l,N(.r,nk-&-l) = Snk+2,N(£,nk.+2) =" = Om,N(z,m) 7& S7n+1,N(rc,m+1)

if and only if the sets Uy, , Un, 41, - - ., Un—1 have an empty intersection with Sy, 11 N (zn,+1);
while Uy, € Sy, 41, N(@,np+1)- We see that Sy, g(m) = Sm, N(x,m); Such an m is denoted by ng41.

We have thus defined the sequence (ng)j for which (4) holds. Denote by Z,, the midpoints
of the intervals U, . Since, by (4),

HS Snk.,N(x,nk) = SnkH(nk) and ‘%nk € Unk Cc Snk,H(nk.) ’
it has to be [z, Zy,,] € Sy, H(n,), hence &, — 2 < py,. Then, by (1),

An - . n . ]-
GA(QCA’“) 74(7) > lim Pr = lim =+00.

LTpy, — T k Py, k vV Pr

A similar argument shows that lim,_,,- 04(y) = 0 and D_o4(x) = —o0, so that the proof is
completed, in the case when A is bounded.

Dtoa(x) > lilgn



Let us now consider the case when A is unbounded both from below and from above. We
can define a bilateral sequence (x,,)ncz of points, not belonging to A, such that 2,11 —z, > 1
for every n € Z. Define A,, = AN [z, Tpi1], for every n € Z. Notice that A, is closed, totally
disconnected and bounded, for every n € Z. Applying the above procedure with A,, instead of A,
we obtain the corresponding functions o 4, , which we denote by o,,. Notice that, by construction,
for every n we have that

on(zn) =1, op(xps1)=1, and o, (x,) =0l (vpni1)=0.
We define the function 04 : R — R as
oa(x) =on(x), forevery n€Z and x € [z, Tnt1],

It is readily verified that o4 well-defined, continuous on all R, and differentiable on R\ A.

The cases when A is unbounded only from below or only from above can be obtained adapting
the procedure adopted in the previous two cases. ]

Lemma 6. Let ¢ : R — R be a non-negative continuous function, and define f(z) = ¢ (x) - Z(x),
where
1, ifr=0o0orzeR\Q,
%(x) = 1 . Do
2—5, if x € Q\ {0} and\x|=§wzth ged (p,q) =1.

Then, the set of continuity points of f coincides with the set of zeros of 1; moreover,
e if (x) #0, then D_f(x) = —c0 and DT f(x) = +o0;
e if (x) =0, then D_f(x) =2D_+(z) and DT f(x) = 2DT(z).

Proof. The result is proved by means of the theory of continued fractions, for which we refer
o [12]. We fix z € R and consider two cases.

Case 1: ¢(x) # 0. It is easy to prove that f is not continuous at these points.

If  €]0,400[\Q), let (¢n(z))nen be the sequence of convergents of the continued fraction
representing x. Define
+ a2n

X, = o = con(x),

- a2n+1
n = bL = cant1 ().

2n-+1
The sequence (z;}), converges to the right while (x; ), converges to the left to . Since the
fractions ¢, (z) are in lowest terms, we have

1
R s
f(mt)i(): 2nc2n(x)_x — fo0,

because the numerator tends to () > 0 as n — +oo. Analogously,

(2 - )w(62n+1($)) — ()

a2n+41

Jey) = f@) _ .

Tnp — X Cont1(x) —

Hence, D f(x) = 400 and D_ f(x) = —o0.



If 2 €]0,400[NQ), let 2 = o with ged(p, q) = 1, and define, for every n € N,

N P N 1 _ anqnfl + 1 - _ B B 1 _ anqnfl -1
"oq (29" 2ign T T (2 2ngn

For every n > 2, the fractions are reduced to lowest terms, while their numerators tend to infinity
as n — +oo. So,

Fyil) — @) _ <2‘W1—1+1>¢<yi>— (2—;)%@

yr —x (29)~"

Y

— +00,

because the numerator tends to %w(x) > 0 as n — +o00. Analogously,

)~ f@) _ (2 B qull) v () - (2 - ;) ¥ (2)
Yn — T (2¢)~"

— —0OQ.

Hence, DT f(x) = +oo and D_ f(x) = —oo. We have thus proved the conclusion, in this case,
for every = > 0.

A similar argument leads to the conclusion when x < 0. Finally, if x = 0, we define, for every
n>1,
n+1 _ n+1

+ _ —
Zn - TLQ bl Zn - 2 bl

so that

9 -
f(z@—éfm)_( 1) .

since 1(0) > 0, hence proving again that D% f(0) = 400 and D_ f(0) = —ooc.

Case 2: ¢(x) = 0. The continuity of f at x is trivial, since

Y(y) < fly) <2¢(y),  forevery y € R. (5)

The function

ra(y) = y—z Y
is continuous in its domain R\ {z}, and
rs(y)(y —x) >0, for every y € R\ {z}. (6)
Moreover,
DT p(x) = limsupr,(y), D_+(z) = liminf r,(y).
y—at y—rxT
Correspondingly, we can find two sequences of irrational numbers (¢, ), in | — oo, z[ and (§),

in |z, +oo[ such that lim, £ = x and

limr, (&) = D*(x),  limr,(&) = D_v(x).



We now assume 2 > 0. Recalling the notation (¢, (¢)), for the sequence of the convergents of

the continued fraction representing ¢ ¢ Q, we can find two sequences of positive rational numbers
(¢F),, such that

- -\ _ In d ¢t = +) = ﬂ
Cn - CQH(H)+1(£n) - o an Cn - CQN(TL)(gn) - 5;{ ’

where the choice k(n) > n is such that |¢X — ¢F| < n™Y, |re (&) — ro(¢F)| < 71, and 4F > n.
In particular, we can ensure that lim,, ¥ = 2 and

limr, () = Dp(z),  limr,(¢,) = D_t(z).

Finally,
+y _ + +
=T Tl (2 ) 250 S apvyqa),
()16 (1Y UG g

Hence, Dt f(xz) = 2D (x) and D_ f(z) = 2D_4(x), taking into account (5) and (6).
The cases when z < 0 or = 0 can be carried out similarly. The proof is thus completed. O

The proof of Theorem 3 is now an immediate consequence of Lemma 6, taking as v the
function o 4 provided by Lemma 5.
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