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Abstract. We prove some multiplicity results for Neumann-type bound-
ary value problems associated with a Hamiltonian system. Such a system
can be seen as the weak coupling of two systems, the first of which has
some periodicity properties in the Hamiltonian function, the second one
presenting the existence of a well-ordered pair of lower/upper solutions.

1. Introduction

In the recent paper [11], the first author jointly with R. Ortega have obtained
a multiplicity result for a two-point boundary value problem associated with
a Hamiltonian system in R2Y. For simplicity in the exposition, let us recall
their result for a planar system

iE/ :ayH(t7xay)v y/ = _a:rH(tvxay)v (1)
with Neumann-type boundary conditions
yla) =0=y(b). (2)

Theorem 1 (Fonda—Ortega [11]). Let H : [a,b] x R? — R be a continuous
Sfunction with continuous partial derivatives with respect to x and y. Assume
moreover that H is T-periodic with respect to x, for some T > 0, and that
all solutions of (1) starting with y(a) = 0 are defined on [a,b]. Then, prob-
lem (1)-(2) has at least two geometrically distinct solutions.

Let us take a moment to explain what we mean by geometrically distinct
solutions. In view of the 7-periodicity of H in the x-variable, we can define
an equivalence relation in C1([a, b]) x C1([a,b]) as follows:

(x,y) ~ (2,9) < z—te7Z.
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We say that two solutions (z,y) and (&,§) of (1) are geometrically distinct if
they do not belong to the same equivalence class.

There are some similarities between Theorem 1 and the Poincaré-Birk-
hoff Theorem (cf. [15]) for the periodic problem associated with the Hamil-
tonian system (1). The main striking difference, however, lies in the fact that
no twist condition is needed in Theorem 1.

Although the Neumann problem for scalar second order equations has
been widely studied, there are only few papers in the literature proving mul-
tiplicity results for Neumann-type problems associated with systems of ordi-
nary differential equations. See, e.g., [2, 19].

We now consider a four-dimensional system of the form

' = 0yH(t,z,y) + 0y P(t,x,y,u,v),
y = —0.H(t,z,y) — 0. P(t,z,y,u,v),
u' = f(t, v) + 0, P(t,z,y,u,v),

v =g(t, u) — edy P(t, z,y,u,v),

with Neumann-type boundary conditions

{y(a) =0=1y(b),

v(a) =0=v(b). )

Here H : [a,b] x R? — R and P : [a,b] x R* — R are continuous functions,
with continuous partial derivatives with respect to the variables x, y, u, v ; the
functions f : [a,b] x R — R and g : [a,b] x R — R are continuous, and ¢ is a
small real parameter.

When ¢ = 0, problem (3)-(4) decouples into two planar problems, the
first one being (1)-(2), the second one being

u'=f(tv), v =gt u), ()

with the boundary conditions
v(a) =0 =v(b). (6)
Concerning problem (5)-(6), we will assume the existence of a pair of strict

well-ordered lower /upper solutions, the definition of which will be recalled in
Section 2.

Besides the regularity hypotheses stated above, here is the list of our
assumptions.
(A1) The function H = H(t,z,y) is 7-periodic in the variable z, for some
T>0.
(A2) All solutions (z,y) of (1) starting with y(a) = 0 are defined on [a, b] .
(A3) The function P = P(t,z,y,u,v) is 7-periodic in the variable x .
(A4) The function P = P(t,z,y,u,v) has a bounded gradient with respect
to z = (x,y, u,v), i.e., there exists C' > 0 such that

|V.P(t,2)] <C for every (t,2) € [a,b] x R*.
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(A5) There exist a strict lower solution « and a strict upper solution g for
problem (5)-(6) such that o < f3.

(A6) The function f has continuous partial derivative with respect to the
variable v and there exists A > 0 such that

Oy f(t, v) > X, for every (t,v) € [a,b] X R.

(A7) 0,P is independent of x and y, and locally Lipschitz continuous in v.

Let us state our main result.

Theorem 2. Let assumptions (A1) — (A7) hold true. Then, there exists € > 0
such that, when |e| <&, problem (3)-(4) has at least two solutions (x,y,u,v)
with a < u < S.

The proof is provided in Section 3. It relies on a Theorem by Szulkin [21],
which can be seen as an infinite-dimensional extension of the classical Lus-
ternik—Schnirelmann theory on the multiplicity of critical points.

Theorem 2 is the counterpart of the main result in [14] for the periodic
problem associated with system (3). In that paper, a further twist condition
was needed in order to apply an extension of the Poincaré—Birkhoff Theorem
due to the first author and P. Gidoni [7]. Surprisingly enough, in Theorem 2,
as for Theorem 1, no twist condition is needed.

In Sections 4 and 5 we will extend Theorem 2 to higher dimensions.
An analogue of system (3) will be considered in R?™ x R2E assuming peri-
odicity in the variables z1,...,z;. We will obtain the existence of at least
M +1 solutions to the related Neumann-type boundary value problem assum-
ing either the existence of a pair of well-ordered vector valued lower/upper
solutions (in Section 4), or a Hartman-type condition (in Section 5).

2. Lower and upper solutions

Let us recall the definitions of lower and upper solutions for planar systems
(cf. ]9, 12, 13]).

Definition 3. A C'-function « : [a,b] — R is a lower solution for problem (5)-
(6) if there exists a C*-function v, : [a,b] — R such that, for everyt € [a,b],

v<va(t) = ft,v) <d(t), X
v>ua(t) = f(t,v) >d (),
ve(t) > g(t, a(t)), (8)

and
va(a) > 0> v, (b) .

The lower solution « is strict if the strict inequality holds in (8), for every
t € [a,b].
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Definition 4. A C'-function 8 : [a,b] — R is an upper solution for prob-
lem (5)-(6) if there exists a C'-function vg : [a,b] — R such that, for every
t € la,b],

9)

vg(t) < g(t, B(t)), (10)
and

vg(a) <0 <wg(b).
The upper solution (3 is strict if the strict inequality holds in (10), for every
t € [a,b].

We will consider the case when the pair of lower/upper solutions is
well-ordered, i.e., such that a < . For an intuitive meaning of the previous
definitions, see Figure 1.

v
/>
1, N v =wvg(t)
™~ B e m— u
v = v4(t) <
w=a(t) u=B(t)

FI1GURE 1. A visual illustration of the above definitions from
a dynamical point of view. Horizontal arrows represent the
relative velocity u' of solutions of system (5) compared with
o/ and (', as stated in (7) and (9). Curved arrows indicate
the essence of conditions (8) and (10), comparing v’ with v),
and vj;.

Let us recall the following consequence of [12, Corollary 10].

Theorem 5. Let assumption (A6) hold true. If «, 8 is a well-ordered pair of
lower/upper solutions for problem (5)-(6), then there exists a solution (u,v)
of (5)-(6) such that o <u < .

Remark 6. As an immediate consequence of (7) and (9) we have, respectively,

fltva(t) =d/(t),  f(tvs(t) =B(), (11)



Multiplicity results for Hamiltonian systems 5

for every t € [a,b]. In view of Assumption (A6), these identities uniquely
determine the functions v, and vg.

Remark 7. In the case when f(t,v) = v, problem (5)-(6) is equivalent to the
Neumann problem

u'(a) =0=1u/(b).

In such a case a lower solution o will satisfy the usual conditions

{o/’(t) > g(t,alt)),

a'(a) > 0> d(b),
while for an upper solution B we will have

pr(t) < g(t, B(1)),
B'(a) <0< B'(b).

Indeed, in this case it is sufficient to choose v, = &' and vg = B'. These are
the classical definitions of lower/upper solutions dating back to the pioneering
works [17, 18, 20] (for a historical account, see [3]).

3. The proof of Theorem 2

In this section we will prove Theorem 2. Precisely, in Section 3.1 we modify the
problem and provide some useful lemmas. Then, in Section 3.2, we define the
function spaces where the variational problem will be settled. In Sections 3.3
and 3.4 we introduce the functional whose critical points correspond to the
solutions of the modified problem, the existence of which will follow from the
application of a theorem by Szulkin. Finally, we will show that such solutions
are indeed solutions of the original problem.

Without loss of generality, from now on, we will assume [a,b] = [0, 7].
Moreover, it is not restrictive to look for  in |0, 1].

3.1. Some preliminaries

In this section we provide some preliminary tools which will be useful for
proving the main result. First of all we remark that, since the inequalities
in (8) and (10) are assumed to be strict, by continuity there exists a § > 0
such that, if 0 < § < 6, then a(t) + ¢ and B(t) — J are still a well-ordered
pair of lower /upper solutions for problem (5)-(6), with the same associated
functions v, and vg. In what follows we replace a(t) with «(t) + d and 5(¢)
with 5(t) — 9.

Before stating the next lemma, we recall that, by assumption (A7), the
function 9, P does not depend on x and y.
Lemma 8. For every ¢ € R there exist some C'-functions a. and 3. such
that

(1) f(tva(t) + 20y P(t, ac(t), va(t)) = al(t),
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(i) f(tv5(D)) + 20, P(t, Be(), va (1) = A1),
(191) |a:(t) —a(t)] <eCm, and |B:(t) — B(t)| < eCm,

for every t € [0, w|, where the constant C' is defined in assumption (A4).
Proof. Let T': [0, 7] x R — R be the continuous function defined by
L(t,w) = 8, P(t, alt) + w, v, (1)),

and let w, : [0, 7] = R be a solution of the Cauchy problem

w =el(t,w),

w(0) =0.
Define

a(t) = at) + we(t).
Then, recalling (11), we get
f(t,valt) + €0y P(t, ac(t),va(t)) = o' (t) + wl(t) = al(t),
so that (4) is proved. Notice that
IT(¢t,w)| <C, forevery (t,w) € [0,7] xR,

with the constant C' provided by (A44). Hence, |w.(t)| < eCr, for every t €
[0, 7], thus proving the first part of (i7¢). An analogous argument applies
for proving the existence of the function [, satisfying (ié) and its property
in (#i). 0

Remark 9. Lemma 8 above is the analogue of [14, Lemma 3.1]. We observe
however that in [14] a different approach was chosen, i.e., the functions «
and 3 were kept the same for every €, while v, and vg varied. Our approach
here permits to avoid some regularity assumptions needed in [14].

Here after, we are going to modify system (3). Set

A=mina, B =max 3,
M = max{|g(t,s)|: t € [0, 7], s€ [A—1,B+1]}, (12)
and choose
d > max{(M + 1)7, ||vallsc, ||vgl|lec} + 1. (13)
We define f : [0, 7] x R — R by
F(t,v) = f(t, () + v =(v), (14)
where
—d, if v <—d,
y(v) =< v, if jv] < d,
d, ifvo>d,

and g. : [0, 7] x R = R by
J=(t,u) = g(t,me(t,u) —ne(t,u) +u,
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where
ac(t), if u < a(t),
Ne(t,u) = qu, if ac(t) <u < Be(t),
Bs(t) ’ ifu> ﬁs(t) :
In the above definition, o and (3. are the functions introduced in Lemma 8.
Concerning the function H, by assumption (A2) there exists a constant

D > 0 such that every solution (z, y) of the system (1), starting with y(0) = 0,
satisfies

ly(t)] < D, for every t € [0, 7], (15)
(see e.g. [5]). Let ¢ : R — R be a C*°-function such that

1, ifly<D+1,
) {o, ity > D+2. (16)

Then consider the function H : [0, 7] x R2 — R defined as

H(t,,’L‘7y) = C(y)H(t,.’L‘,y) )

so that the partial derivatives of I:T(Lx,y) with respect to = and y are
bounded.

We can now introduce the modified system

7 = 8yfl(~t,x,y) +edyP(t,x,y,u,v),
yl = _awH(t7 Z, y) - anp(ta z,Y,u, U) )

u' = f(t, v) +edyP(t,z,y,u,v), (17)
v = ge(t,u) — ed, P(t, x,y,u,v),
which can also be written as
= 8yl~(8(t,x,y,u, v),
y = fﬁzf(sﬁt,x,y,u,v) , (18)

u' =v+ 0K (t,x,y,u,v),
UI =u— auKE(tvxaya ’LL,’U) 5

where

K.(t,x,y,u,v) = H(t,z,y) — G=(t,u) + F(t,v) + eP(t,,y,u,v),  (19)

u

with F(t,v)—/ov (f(t,s)—s)ds, Ge(t,u):/o (§e(t,0) — o) do .

We will prove that, for |¢| small enough, the modified problem (17)-(4)
has at least two geometrically distinct solutions. These solutions will indeed
be the solutions of the original problem (3)-(4) we are looking for. In order
to show this, we first need to prove some preliminary lemmas.

Lemma 10. There exists € > 0 such that, if (z,y,u,v) is a solution of prob-
lem (17)-(4), with |e| <&, then |y(t)] < D + 1, for every t € [0,7].
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Proof. Assume, by contradiction, that, for all n > 1, there exists a solution
(Tns Yn, Un, Uy ) of problem (17)-(4), with € = 1/n, satisfying ||y, |lcc > D + 1.

By the periodicity of H and P in the variable z we can assume with-
out loss of generality that x,(0) € [0,7] for every n. Moreover, since, H
and P have bounded gradients, the sequences (z,,),, and (y,)n are uniformly
bounded, together with their derivatives, hence, by the Ascoli-Arzela Theo-
rem, they uniformly converge, up to a subsequence, to some functions xy and
Yo, respectively. We can write

() = 20(0) + /Ot (0, (s. 24 (5), ()

+ 10, P(s, 2 (5), yn(5), un(s),vn(s))> ds,
and
yn(t)z/ol( — 8wfl(s,xn(s),yn(s)) — %@P(s, mn(s),yn(s),un(s),vn(s))) ds.

The functions in the integrals are bounded, hence by the dominated conver-
gence theorem we can take the limits and obtain

ro(t) = 70(0) + / 0, (s, 20(5). yo(5)) ds
- / 0, H (s, 20(5), yo(5)) ds .

Therefore, (20, yo) is a solution of system (1), with H replaced by H, starting
with yo(0) = 0, satisfying ||yo]lec > D + 1. Such a solution will solve the
original system (1) on some maximal interval [0,w] C [0, 7]. By the estimate
n (15), it has to be w = 7 and ||yo|lcc < D, a contradiction. O

In what follows we will always assume 0 < € < é, where the constant
C' is the one introduced in assumption (A4).

Lemma 11. Reducing if necessary the constant g, if || <&, then,

{v <valt) = f(t,0) + €0, Pt ac(t),v) < al(t), (20)
v>0a(t) = f(tv) +0, Pt ac(t),v) > al(t),
v<uvg(t) = f( ) + 0, P(t, B (1),v) < BL(L), (21)
v>wvg(t) = f(t,v) +e0,P(t,B:(t),v) > BL(t),
{ L(8) > Ge(t,ac(t) — 20, P(t, v,y e (b), va(t) )
B(t) < Ge(t, B(t)) — €0u P(t, 2y, Be(t), vs (1)) ,
S

for every (t,z,y,v) € [0,7] x R3.

Proof. We start by proving the second inequality in (20). Fix ¢ € [0, 7], and
assume v > v,(t). We need to consider two cases: the first when v, (t) <v <
d, and the second when v > d.
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Case 1 : v,(t) < v < d. Using in the order (14), Lemma 8(i), assumptions
(A6) and (A4), we get

ft,v) + 20 P(t, ac(t),v) — o(t)
= f(t,v) + €0, P(t, oc(t),v) — al(t)
= f(t,v) = f(t,0a(t) + €[00 P(t, ac(t),v) — Oy P(t, ac(t), va(t))]
> AMv — v (t)) — 2Ce].

Ifv—uva(t)> 3> 2(’;'5‘7 then
AV —v4(t)) —2Ce| > 0.
Conversely, if 0 < v — v, (t) < % , then by assumption (A7) we get
F(t,0) + 20, P(t, 0c (), v) = aL(t) = A(v = va(t)) = [e|Cv = va (1)) ,
where C is the Lipschitz constant such that
|00 P(t,u,v) — 0, P(t,u,v4 ()] < Clo — va(t)],
for every (t,u) € [0,7] x [A — 1, B + 1]. Choosing |e| < A\/C, we get
f(t,v) + €0, P(t, ac(t),v) — al(t) > 0.

Case 2 : v > d. Similarly as above, if |e| is small enough, we get

f(t,v) +e0,P(t, a-(t),v) — aL(t)
= f(t,d)+ (v —d) + €0, P(t, ac(t),v) — al(t)
> f(t,d) — f(t,va(t)) + [0y P(t, ac(t),v) — Op P(t, e (t),v4 ()]
> Ad —va(t)) —2C|el > A =2C|e| >0,
completing the proof of the second inequality in (20).

The proofs of the first inequality in (20) and of the two inequalities
in (21) are carried out similarly.

We now establish the first inequality in (22), a similar argument holding
for the proof of the latter. Recalling (8) and the fact that « is a strict lower
solution, let € > 0 be such that

v (t) — g(t,a(t)) >2€>0, forevery t € [0,7]. (23)

(03

Reducing z if necessary, recalling (7i¢) in Lemma 8, by the continuity of g we
have

lg(t, a(t)) = Ge(t, e (1)) = g(t, (b)) — g(t, 0= (1)) <€, (24)
when |e| < &. Combining (23) and (24), we obtain
Ua(t) = 9e(t, ac(t)) = vl (t) — g(t, a(t)) + g(t, a(t) — ge(t,a(t) > €,
for all ¢ € [0, 7]. So, for || sufficiently small,
VL () — Ge(t, e (b)) + €0y P(t, 2, y, e (t), v0(t)) > € — |e|]C >0,

«

thus completing the proof. ([l
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Let us fix now ¢ satisfying || < . We define some open sets in the space

[0, 7] x R? and study some invariance properties of them with respect to the
solutions of system (17). We set

Ane ={(t,u,v) 1 t €

Asg = {(t,u ’U) te

Asw ={(t,u,v): t €

Anw = {(t,u,v) 1t e

The following three lemmas are consequences of Lemma 11. We avoid giving

the detailed proofs as they essentially follow the arguments in [12]; see also [8,
9, 14].

Lemma 12. Let (x,y,u,v) be a solution of (17) defined at a point to € [0, 7].
We have:

Zf (to, (to),’l}(to)) € ANE , then (t,u(t) ( ) € AnNE for all t > to;
if (to,u(to),v(to)) € Asg, then (t,u(t),v(t)) € Agg for allt < ty;
if (to, u(to), v(to)) € Asw , then (t,u(t),v(t)) € Asw for allt > to;
if (to,u(to),v(to)) € Anw , then (t,u(t),v(t)) € Anw for allt <tg.

Lemma 13. Let (z,y,u,v) be a solution of (17) defined at a point ty € [0, 7].
We have:
(1) if u(to) > Be(to) and v(to) = vg(to), then v'(to) > vi(to);
(12) if u(to) < ae(to) and v(to) = va(to), then v'(tg) < vl (to) .
Lemma 14. Let (x,y,u,v) be a solution of problem (17)-(4). Then, a.(t) <
u(t) < Be(t), for every t € [0,7].
By Lemma 10, the definition of M in (12), and the choice € < é, we

can finally state the following a priori bound.

Proposition 15. Let (z,y,u,v) be a solution of problem (17)-(4). Then,
ag(t) <u(t) < Be(t), @ <M+Dr,  |y@) <D+1,

for every t € [0, 7). In particular it is a solution of problem (3)-(4), too.

Recalling now the preliminary remark at the beginning of this subsec-
tion, going back to the original lower and upper solutions o and 3, by (#i7)
in Lemma 8 we can conclude that, if eC'w < §, then a < u < .

3.2. The function spaces

In this section we provide the functional spaces needed in our variational
setting. We refer to [11] for a detailed exposition.

For any 1 €]0, 1], we define X, as the set of those real valued functions
7 € L?(0,7) such that

o0
Z os mt

m=1
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where (Z,)m>1 is a sequence in R satisfying
o0
Z m?E2, < oco.
m=1

The space X, is endowed with the inner product and the norm

o0
(& M)x, = > M Emilm,  ||E]x, =

m=1

We denote with C*([0,7]) the set of C-functions having zero mean in [0, 7).

Proposition 16. The space X,, is continuously embedded in L*(0,7) and is

made of functions with zero mean on [0,7]. The set C*([0,7]) is a dense
subset of X,.

For any v €]0,1[, we define Y,, as the set of those real valued functions
y € L?(0,7) such that

o0
y(t) ~ Z Ym sin(mt) ,
m=1
where (ym)m>1 18 a sequence in R satisfying
o0
Z m*y2, < oco.
m=1

The space Y, is endowed with the inner product and the norm

oo
W, Py, = > ™ Ympm . ylly, =

m=1

We denote with Cg([0,]) the set of C'-functions y satisfying y(0) = 0 =
y(m).

Proposition 17. The space Y, is continuously embedded in L?(0,m) and if
v > 1 it is continuously embedded in C([0,7]). The set C}([0,7]) is a dense
subset of Y, .

We will look for solutions of problem (17)-(4) by decomposing them as
x(t) =T+ Z(t), and wu(t)=u+a(t),
where

™
0

E:l/x(t)dt and ﬂ:l/u(t)dt.
T
0

We choose two positive numbers p < % < v such that y+v = 1, and consider
the space £ = X, x Y, x (R x X,) xY,. It is a separable Hilbert space
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endowed with the scalar product
<(£7y7ﬂ7ﬂ7/v)7 (X7Y7ﬁ7ﬁ’v)>E
= <'ia )’Z>XH + <ya Y>Yu +ﬂU+ <€L, [7>XM + <U7 V>Yu )

and the corresponding norm

I(Z,y,u,a,v)||z = \/Iliflliu +Hwllg, +7° +lal, +[lvlf, -

Recalling that the function K. in (19) is 7-periodic in z, we can assume
7 € S' = R/(7Z) and look for critical points

(z,f) = ((f,y,ﬂ,ﬂ,v),f) € E xSt
of a suitable functional ¢ : E x S' — R.
Let us briefly describe the rest of the proof of Theorem 2, to be carried

out in the next sections. In Section 3.4 we will introduce a bounded selfadjoint
invertible operator L € L(FE) so to define the functional

o= %) = (L2 2) + (=), (25)
where ¢ : E x S! — R is given by
U(z,7) =¢((&,y,7,q,v),T)
- /OW Ro(t, 7+ 2(t),y(t),u+ alt),o(t)) dt. (26)

In Section 3.3 we will prove that di)(E x S*') is relatively compact. Then, in
Section 3.4 we will verify that the critical points of ¢ are indeed solutions
of problem (17)-(4). The existence of such critical points will be provided by
the application of the following theorem, which is a particular case of [21,
Theorem 3.8].

Theorem 18 (Szulkin). If p : E x S' — R is as in (25), where dy)(E x S*) is
relatively compact and L : E — E is a bounded selfadjoint invertible operator,
then there exist at least two critical points of .

Finally, in view of Proposition 15, we will conclude that such solutions
also solve problem (3)-(4), thus completing the proof of Theorem 2.

3.3. The functional 1)

With the aim of applying Szulkin’s Theorem, in this section we prove that
the functional ¢ defined in (26) is continuously differentiable, with Fréchet
differential dv, and the image di)(E x S!) is relatively compact in the dual
space L(E xS, R). The proof essentially follows the arguments of [11, Section
2.2]. For sake of simplicity, in this section we replace S! with the linear space
R. The function 1 is defined in the same way.

Proposition 19. The functional v : E x R — R is continuously differentiable.
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Proof. Fix any point (zg,Zg) = ((imyo,ﬂo,ﬁo,vo),fo)) € F x R. For every
(2,7) = ((:fc, Y, U, U, v),f) € E x R we compute the directional derivative

dob(20, To) (2, F) = m%(wzo + 52,T0 + 5T) — (70, T0))

_ /Oﬂ(axf[(t,xo—i—io(t),yo(t)) (7+2(0)) +0, (1, To+70(1), yo(1)) y(1) ) dt
— /O (ge (¢, 10 + o (t)) — (To + ﬁo(t))) (u+ a(t)) dt

/0 ( (t,v0(t)) — vo(t)) o(t) dt

+
™
N

/~ ™
QJ
"U
—
=
8|
[e=]
+
=
[e=]

o
\_/
QQ
S
=~
S~—
<
S
+
I
o
=~
S—
<
S
—
=
S—
8|
+
IS
=~
S—
SN—

(In the above computations, the dominated convergence theorem has been
used, since all the quantities inside the integrals are uniformly bounded.) We
verify now that the Gateaux differential dgv) : E x R — L(E x R,R) is
continuous at (29, 7). The function 7 : E x R — [L?(0, )], defined by

T ((Z0, o, o, o, v0), To) = (To + Fo, Yo, Uo + o, Vo) ,

is continuous, as the spaces X, and Y, are continuously embedded into
L2(0, 7). The Nemytskii operator N : [L%(0,7)]* — [L?(0,7)]*, defined by

N (20, yo, w0, v0)(t) =
= (0 H (1, 20(8), 90(1)) + €0, P (t,0(t), o (1), w0 (1), vo(1))
Ay H (t,20(t), y0(t)) + €9y P (t, 20(t), yo(t), uo(t), vo(t)) ,
— G (t,uo(t)) +uo(t) + €0y P(t, 20(t), yo(t), uo(t), vo(t)) ,
F(t,00(8)) = vo(t) + 0, P (£, 0 (t), yo(0), o (1), vo(1)) )

is continuous, since all the functions involved are continuous and bounded.
Finally, the linear map ® : [L2(0,7)]* — L(E x R,R), defined by

q)(hl, hQ, h37 h4)(((£f, y,ﬂ, ’l~1,, U),f))
- /O (hl(t) (T + &(t)) + ha(t) y(t) + ha(t) (T + alt)) + ha(t) v(t)) dt

is bounded, hence continuous. As dgy = ® o N o T, we conclude that dgt is
continuous and 1 is Fréchet differentiable, and diy = dg. O

We verify now that the set dy)(E x R) is relatively compact in L(E X
R). We need to recall the Hausdorff-Young-type inequality proved in [11,
Proposition 2.2].
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Proposition 20. Assume that | 1 < p<2<querify (1/p) + (1/q) = 1. Let
® € LP(0,) be such that Jo @(t)dt =0, with

D(t) ~ Z ®,, cos(mt) .

m=1

S i< (2 [ dopa)’

For all m > 1, we set

Then,

m

- 1 I
ek (t) = por cos(mt), er(t) = p— sin(mt) ,

en]m = (€4,,0,0,0,0,0), efgm = (0,€;,,0,0,0,0), ez = (0,0,1,0,0,0),
efa),m = (0,0,0,€,,0,0), ez, = (0,0,0,0,€;,,0), e =(0,0,0,0,0,1),
and consider the orthonormal basis B in E x R defined by

B = {€[1],m; €[21,m> €[3]> €[4],m> €[5],m> €[] : M = 1}.

We need the following result.

Proposition 21. For all € > 0 there exists mg > 1 such that, for all (29,Tg) €
E xR, we have

[e.°]

> (120, 70) e m) P + Idib(z0, o) (efa)m)I? + |1 (20, To) (e1a,m)

m=my
+ |d1/)(207fo)(6[5],m)|2> < €.
Proof. Let R be a constant satisfying
IV Hlloo + [V Plloc + 1 (t,0) = olloc + [|e(t:0) = ol < R (27)
Fix (20,Zo) € E x R and expand the function
B(t) = 0, H (t,To + Fo(t), yo(t)) + 20 P (¢, To + Fo(t), yo(t), To + (1), vo (1))
in a Fourier series as ®(t) ~ ®g + >, D) cos(kt). We have

_ T s T 1
Ao, 7o) enm) = | SO0 &= T,
Pick p > 2 such that 2up > 1 and set
Swo = (2 7m)”
m=mygo

Let p’ be the conjugate exponent of p, satisfying 1/p + 1/p’ = 1. By the
Holder inequality, we have
(oo} 1 o0 1
2 ° 2
ZmQ;Lq)mS(ZmQup) <Z|¢) |P)

m=mo m=mo m=mygo

\\H
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In the following computation we apply the Hausdorff-Young inequality of
Proposition 20 to ®(t) = ®(t) — ®g. Moreover, we observe that |®(t) — ®g| <
2R, where R is the constant defined in (27). We get

[e’e} B . 7T2 o0 1 ) < ﬂ_QS [o'e} @ 2p/ i
> a0 F) el = T D o @2 < Sy (X 10
m=mygo m=my m=mgo

2 2 s oy 2p/_1 2 ) )
< lSmo (*/ |®(t) — <I)0|2p2/p,1 dt) < lgmo 040’ —1 p2p"
4 T Jo 4

Since lim S,,, = 0 we conclude that there exists mg such that
mo—r00

= _ €
> 1dg(z0,To) (epm)l® < 7

m=mgo

for all (29,Zp) € E x R. Similar computations allow to take mg such that

= _ € = _ €
Z |d¢(207$0)(€[2],m)|2 < Z? Z |d¢(zo7$0)(€[4],m)|2 < 17
m=myo m=myao
= €
Z |d¢(zoafo)(e[5],m)|2 < 1
m=mqg
hence the claim is proved. ([l

Proposition 22. The image di)(E x R) is relatively compact in L(E x R, R).

Proof. To verify that diyy(E x R) is bounded in L(E x R, R), take any (z,T) =
(Z,y,3,0,v,T) € E x R with unitary norm and compute

|di)(20,70)(2,7)|

< < > (|d¢(zo’fo)(€[1],m)|2 + | (20, To) (ef2),m) | + de (20, Fo) (€[4),m )]

m=1

1
2

+ |d¢(zo,50)(6[5]ym)|2) + |dip (20, To) (eg3))|* + |dip (20, To) (egg)) |
(28)
‘We note that both

dy)(z0,To)(e[3)) /O7T (%FI(LTO + Zo(t), yo(t))

+ 20, P (t,To + Fo(t), yo(t), To + o (£), vo(t))) dt

and
d’l/}(zo,fo)(ek;]) = /OTr (— Ge (t,ﬂo + ﬂo(t)) — (ﬂo + ao(t))

+ €0 P (t, To + Fo(t), yo(t), T + iio(t), vo(t)) ) dt
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are uniformly bounded. Moreover, by Proposition 21, the series in the right-
hand side of (28) is also uniformly bounded, hence we conclude that dy)(ExR)
is bounded.

To verify compactness, pick any sequence (dz/;(z{f,fg))n in dy(E x R),
where 2§ = (27,8, 0y, af, vf). Since diy(E x R) is bounded, we may assume
that the sequence weakly converges to some h € L(E x R/R). We aim to
prove that the sequence strongly converges to h.

We set h[l],m = h(e[l],m)v h/[2]7m = h(Q[Q],m), h[3] = h(e[g]), h[4],m, =
h(€[4]7m), h[5]7m = h(e[s],m) and h[ﬁ] = h(E[ﬁ]), so that,

HhHQL(ExR,]R) = Z (h[21],m + h[22],m + h[24],m + h[25],m) + h[23] + h[26] < 0.
m=1
(29)

Fix € > 0. By Proposition 21, there is mq > 1, such that, for all (29, Tg) €
E x R, we have

o0

> (Idz/)(Zmfo)(em,m)l2 + [dip (20, To) (epz1,m)[* + |dep (20, To) (epay m) |

m=my

+ |dw(ZO,T0)(€[5]7m)|2> < €.
(30)

By (29), we may further assume that

Z (h[21],m + h[22]1m + h[24],m + h[25],m> <€ (31)

m=myo

From the weak convergence of the sequence (di)(zf, f{}))n, we can take ng €
N large enough such that, for all n > ng, for all m > 1, with m < mg—1, we
have

|d¢(z(7)lafg)(e[l],m) - h[l],m|2 + |d¢(z(7)laf(r)l)(e[2],m) - h[2],m|2

_ n — €
+ [d (28, T ) (eqag,m) — Ppagm|® + [dU (25, Z6) (ef5),m) — hs)m) | <

mo — 1
(32)

and furthermore

ld (2, Ty ) (egz)) — syl + | (20, T6) (ege)) — hig)|> < e (33)
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Then we compute, using (30), (31), (32), and (33),
|y (25, 75) (2, T) — h(z,T)[?

mol

<Z(\dwzo,xo>< m) = Bt ml? + 14 (25, 78 ef2),m) — hiap

(28, T €)= hiagml + |4 (8, T6) (epm) = hisgm) ?)
+dy (=5, T5) (ers) — hi)|* + |dv (=5, T5) (efe) — hig)l?

b Y (18T ) P+ (T e )

m=mg

e (5, 75 (e m) 2+ 10 (5,75 (eg5m) 2

2 2 2 2
+ > (W + Ay + Bl + his )
m=mygo
mofl

<y

m=1

+ €+ e+ € =4e.
m()—].

We just proved that the sequence (dip(z(’f7 Tg))n strongly converges to h. This
shows that the set di)(E x R) is relatively compact in L(E x R, R). O

3.4. The operator L

In this section we are going to introduce the operator L which is in force in
the application of Theorem 18.

Let us first introduce a continuous symmetric bilinear form B:DxD —
R, where

D = CY([0,7]) x CL([0,7]) x R x C'(]0,7]) x C&(]0,7]).
Given z = (z,y,4, G,v) and Z = (X’,Y,U, ﬂ',V) in D we define

8. 2) = [ [Y0X 0 +00F0 - F0Y() - 7OV

FuOV () — @+ ) (T + U(t))} dt,

which is equivalent to

B(z,2) = /OW [Y’(t)fs(t) + V' (Wa(t) — X' (t)y(t) — U (t)v(t)

+ V() — [T+ T0) (@ + a(t))} dt,

recalling the boundary conditions y(0) = 0 = y(x), v(0) = 0 = v(m), Y(0) =
0 =Y (x),and V(0) = 0 = V(n). Then, since D is a dense subspace of E (see
Propositions 16 and 17) we can extend B to a continuous bilinear symmetric
foom B: E x E — R.
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Now, we can introduce the bounded selfadjoint operator L : E — E
generated by B: we define L such that, for every 2,7 € F,

B(z,Z2)=(Lz, Z).
Lemma 23. The operator L is invertible with continuous inverse.

Proof. At first notice that we can decompose B as follows
B(Z, Z) = Bl (('%a y)7 (5(17 Y)) + EBQ ((ﬂv 17,, U)a (ﬁ7 (7’ V)) 5

where

B (0.0, (X.1) = [ WO -F0vi)]a,

Consequently we will have

L(i'vyvﬂaﬁ»y) = (Ll({i'vy)vlé(ﬂvﬂvy)) ’

where

B, ((jv y)v (X7 Y)) = <L1(1~;7 y) s (Xa Y)> s
and
By (@, @,v), (U,U,V)) = (La(a@, @,0) , (U,U,V)).
Arguing as in [11, Proposition 2.13] we can prove that
- T

IL1(@, 9)llx,xv, = 5 1@ y)llx,xv, - (34)

Now, we are going to prove that there are two constants c1,co > 0 such that
el (@, @, v) [rx x, xv, < [ L2(T, 4, v)|[|[rxx,xv, < c2ll(@, %, v)[[rxx,xv,
(35)

for every (u,u,v) € R x X, x Y. To this aim, let (p,p,q) € R x X, XY, be
such that

<L2(ﬂa ’INL, 'U), (Uv U7 V)>R><X,L><Y,,

for every (U,U,V) € R x X,, x Y,,. Setting

o0 (oo}
P~ Z Dm cos(mt) qn~ Z Gm sin(mt) ,
m=1

m=1

o0 o0
U~ Z Uy, cos(mt) v~ Z U, sin(mt) ,
m=1 m=1
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and choosing in (36) at first V = 0, and next U + U = 0 we get the identities

T? = _WU7
pmm2u = %<_um + mvm) 5 (37)
Q'rnmzy = %(mum + Um) .
In particular
Pt = T (4 m) g = T m? +um ™)

so that, using the Young inequality,
2

™
p2m* 4 g2 m* = T [ufnmm(l +m™ M) 402 m? (1 +m™)

— 2(Um™) (Vyym” ) (m ™2 — m ™) (38)

< 72 [ufan" + vfnmz”} .

Hence, from the first identity in (37) we get

1L2(@, @ 0) e x, v, =B + IB]%, + l4ll%,

so that we can choose ¢o = 7 in (35).

We now provide the value ¢;. At first notice that (38) in the case m =1

reads as

2

prtar = 2(ui +0i) (39)
For m > 2, since (m™2* —m™2) < m~% < (3)?*, from (38) we get, using
again the Young inequality,
2
™
p2 m 4+ g2 m* > T [ufnm2“ +v2m* — 2|umm“vmm”|(%)z“}

2
> T (1= (1) [um® + o2m®].

Finally we get, from the first estimate in (37) and (39),

[L2(@, @, 0) s x, xv, =P + [Bl%, + llall3,
2 o0
-0 (@ X s )

m=1

%

71-2

7 = @)@ @ 0)lfxx, xv, »

%
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providing the constant ¢; = 54/1 — (). Hence, (35) holds.

Summing up, from (34) and (35), since ¢; < § < ¢z, we deduce that

allzlle < 1L(2)lle < e2llzlle,

in particular L is continuous and ker L = {0}. A classical reasoning (cf. [11,
Proposition 2.13]) shows that the image of L is closed and, since L is self-
adjoint, we conclude that it is bijective and admits a continuous inverse
L':E-SE. Il
Proposition 24. If ((560 , Yo , To , Up, Vo) ,TO) is a critical point of p, then
(To + Zo , Yo , Uo + o, o) 15 a solution of problem (17)-(4).

Proof. Let (zo ,fo) = ((:EO , Yo, To , Up, Vg) ,EO) € E x R be a critical point of
. Then, for any (z,f) = ((i,y,ﬂ,ﬁ,v),f) € E x R, we have

0 = dy(z0,70)(2,T) = B(20, 2) + d)(20,T0) (2, T). (40)

1

Let us consider v € C'([0,7]) and write v = @ + @, with w = 1 [ u(t) dt.
Choosing (z,f) = ((0,0 U, 0,0), 0) in (40), we obtain

U

0:/ (—a’ vo—(u+a) (Wo+1o)+0u K (t, To+T0, Yo, Uo+To, Vo) (ﬂ+ﬂ)) dt,
0

that is, as v’ = @/,

™ ™
,\/ u’fuodt:/ ((ﬂ0+ﬂ0) f8uKs(t,f0+i0,y0,ﬂ0+ﬂo,vo))udt.
0 0
Therefore, in the sense of distributions, we have
UIO = (ﬂo + ’ao) - 6UKE(t7jO + 507 yOaﬁO + ﬂ'Oa UO)?

which is the fourth equation in (18). In particular, vg € W12(0,7) and there-
fore it is continuous. With a similar reasoning, choosing, respectively,

(,7) = ((0,4,0,0,0),0), (z,%) = ((#,0,0,0,0),0),

and
(z,f) = ((0,0,0,0,U),O)

in formula (40), we see that the functions To+Zo, yo and T+ are continuous
and, in the sense of distributions, satisfy the other three equations in (18).
From the equations in (18), we also deduce that (ZTo + Zo , Yo , o + Uo, Vo) €
C1([0,7])*, so that the equations are satisfied in the classical sense. Therefore
(To + Zo, Yo , Uo + o, Vo) is a solution of problem (17). Since yo, v € Y, the
boundary conditions (4) are also satisfied and the conclusion follows. (]
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4. The higher dimensional case
For z = (z,y,u,v) € RN we write
r=(21,...,20) ERM, y=(y1,...,ym) € RM,
uw=(ug,...,ur) €ERE, v=(vy,...,vp) € RL.
We now consider the higher dimensional system
o' =VyH(t,z,y) +eVyP(t,z,y,u,v),
y ==V, H(t z,y) — eV, P(t,x,y,u,v),

41
u;’:fj(tvvj)+561)jp(t7x7yau7v)7 jil,...,L, ( )
U;’:gj(t7uj)_Eaujp(ta'r7y7u7v)7 j:17”~7L7

with Neumann-type boundary conditions
= = b
y(a) =0 =y(b), "
v(a) =0=v(b).

Here H : [a,b] x R*M — R, P: [a,b] x R?M*+2L 5 R and f; : [a,b] x R = R
are continuous functions, with continuous partial derivatives with respect to
the variables x,y, u, v, for every j =1, ..., L; the functions g; : [a,b] xR — R
are continuous, and ¢ is a small real parameter.

We recall the definition of lower and upper solution for the system

u; = fi(t,v;), v =gi(t,u;), j=1,...,L, (43)
with Neumann-type boundary conditions
v(a) =0=wv(b). (44)

Definition 25. A C'-function « : [a,b] — R¥ is a lower solution for prob-
lem (43)-(44) if there exists a Cl-function v, : [a,b] — RL such that, for
every t € [a,b] and j=1,...,L,

9 (t, a5(t)) (45)
and

U(x,j(a) > 0 > Ua,j(b) .
The lower solution is strict if the strict inequalities in (45) hold, for every
te€la,b] and j=1,...,L.
Definition 26. A C'-function B : [a,b] — R¥ is an upper solution for prob-
lem (43)-(44) if there exists a C*-function vg : [a,b] — RE such that, for
every t € [a,b] and j=1,...,L,

9;(t: B;(#)) (46)
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and
vg.i(a) <0 <vg;(b).
The upper solution is strict if the strict inequalities in (46) hold, for every
tela,b andj=1,...,L.
In the sequel, inequalities of n-tuples will be meant component-wise.
Here is the list of our assumptions.
(A1’) The function H = H(t,z,y) is 7j-periodic in the variable z;, for some
75 >0, forevery j=1,...,M.
(A2) All solutions (z,y) of system
o' =V, H(tz,y), y =-V.H(tzy)
starting with y(a) = 0 are defined on [a, b] .
(A3") The function P = P(t,z,y,u,v) is 7;-periodic in the variable z;, for
every j=1,..., M.
(A4’) The function P = P(t,x,y,u,v) has a bounded gradient with respect
to z = (z,y,u,v).
(A5") There exist a strict lower solution « and a strict upper solution 3 for
problem (43)-(44) such that o < .
(A6") There exists A > 0 such that 0, f;(t, s) > A, for every (t,s) € [a,b] xR
and j=1,...,L.
(AT') For every j = 1,..., L, the partial derivative 9,, P depends only on ¢, u
and v; and is locally Lipschitz continuous with respect to v;.

Let us state our main theorem.

Theorem 27. Let assumptions (A1")~(A7") hold true. Then, there exists€ > 0
such that, when || < Z, problem (41)-(42) has at least M + 1 solutions
(z,y,u,v) with a <u < S.

Proof. Arguing as in Lemma 8, for every ¢ € R and j = 1,..., L there exist
some C'-functions ac ; : [a,b] = R and B:; : [a,b] — R such that

[
fi(t,va,j (1) + €00, P(t, ac(t), va(t)) = af ;(t),
13t 05.5(8)) + €00, Pt B (1), 05 (1)) = B5(1)
lae () — ()] < eCm, and |B: ;(t) — B;(t)| < eCr,
for every t € [a, b], where ||V, P|lc < C, from assumption (A44’).

Proceeding with the same strategy as in Section 3.1, we get the following
modified system associated with system (41),
= Vyfi:(t, z,y) +eVyP(t, z,y,u,v),
y ==V, H(t,z,y) — eV, P(t,z,y,u,v), i7
u’-:fj(t,vj)—i-saij(t,x,y,u,v), j=1,...,L, (47)
Vi = Ge j(t,uz) — €0y, P(t,z,y,u,v) j=1,...,L.

In system (47),
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e forevery j=1,...,L, fj : [a,b] x R — R is defined by

fi(t05) = § fi(t,v5), if [v;| < dj,
it dj) +vj —dj, if v; > dj,
where d = (dy,. .., d;) is defined similarly as in (13).
e forevery j=1,...,L, go; : [a,b] x RE — R is defined by

gt ae (1) — e j(t) +uy,  ifuy <ac(t),
g€,j(t7uj) = g](t7uj)7 if a&,j(t) S u] S /Ba,j(t)7
gj (t7 Bs,j (t)) - 5s,j (t) +uj, if Uj > ﬂs,j (t) .
o H:la,b] x R2M — R is defined by

ﬁ(t’ z,y) = C(ly)H(t 2,y),
where ( is given in (16).

System (47) can also be written as

= Vyf?g(t,x,y,um),
y/ = _VZEKE(t)I7y7uaU)7
u;_vj+6ijE(t7xayau7’U)7 jzla"'aL7

v}zuj—aqus(t,ﬂc,%U,U)y jzla"'aLv

where

L
f(a(t,x,y,u,v) H(txy)+5Ptxy,uv —I—Z S(t,v) — Ej(t,uj)),
j=1
v;

with Fj(t, 'Uj) = / (fj(t, S) - 8) ds, Gs’j(t’ ’LLj) = Auj (f]g’j(t,a) - O') do.
0

Arguing as in Lemma 11, we can verify that a. and S. are indeed lower
and upper solutions for the modified problem.

We will consider functions = and y belonging to the spaces
M M
Xu =X, x---xX,, YV =Y, x---xY,.
Proposition 16 and Proposition 17 which are taken from [11] hold here also.

The existence of M + 1 solutions of problem (41) with Neumann bound-
ary conditions (42) will be given through the application of the following
theorem.

Theorem 28 (Szulkin). If ¢ : ExTM — R is as in (25), where diyp(ExTM) is
relatively compact and L : E — E is a bounded selfadjoint invertible operator,
then there exist at least M + 1 critical points of .
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In the above theorem, T™ denotes the torus
™ = (R/7Z) x --- x (R/T;7Z).

We will apply it with L defined with the same strategy adopted in Section 3.4,
the functionals ¢ and ¢ defined by (25) and (26), respectively. All the hy-
potheses of Szulkin’s theorem are verified, providing the existence of M + 1
solutions of the modified problem.

The lemmas stated in Section 3.1 are also true for the higher dimen-
sional situation. Specifically, Proposition 15 in the higher dimensional setting
assures that all the M + 1 distinct solutions of (47)-(42) are also solutions of
problem (41)-(42). This completes the proof. O

5. A further result in higher dimension

Finally we want to deal with a system of a different type, i.e.,
' =V, H(t,z,y) +eV,P(t,z,y,u),
y/ = —VxH(t,z,y) —SVxP(t,x,y,u), (49>
W =v, vV=V,GEtu)—eV,Pt xy,u),

with Neumann-type boundary conditions

{y(a) =0=1y(b),

v(a) =0=wv(b). (50)

Here H : [a,b] x R*M — R, P: [a,b] x R2M*L 5 R and G : [a,b] x RF = R
are continuous functions, with continuous partial derivatives with respect to
the variables z,y, u. Here is our result.
Theorem 29. Let assumptions (A1")~(A4’) hold true. Moreover, let R > 0 be
such that

lu=R = (V.G(t,u),u)>0. (51)
Then, there exists € > 0 such that, when |e| < &, problem (49)-(50) has at
least M + 1 solutions (x,y,u,v) with |u(t)| < R, for every t € [a,b].

Proof. We modify the function H exactly as above. Moreover, we also modify
G as follows. From the Hartman’s condition (51) and the continuity of the
inner product, there exists € > 0 and A > 0 such that

R<|lul<R+ée = (V,G(t,u),u)>\. (52)
Without loss of generality we can assume that
R<|u/<R+e = G(t,u) <0, foreverytE€ [a,b]. (53)
Define the function G : [a,b] x RE — R by

G(t,u) =n(IUI)G(t7u)+%Iu\2(1 —n(lul)), (54)
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where 7 : R — R is a C*°-function such that
1, if r<R,
n(r) = {o, if r>R+e,
and
n'(r) <0, when R<r<R-+e. (55)
We consider the modified system
2 = VyH(t2,y) + e Vy P(t2,9,u),
y ==V, H(t,z,y) —eV.P(t,x,y,u), (56)
' =v, vV=V,Gtu)—eV,Pt,z,y,u).
We are in force to apply Szulkin’s Theorem 28, which provides us at least
M + 1 solutions for problem (56)-(50).
We now need to show that the solutions of problem (56)-(50) satisfy
lu(t)| < R, for every t € [a,b],

so that they are also solutions of problem (49)-(50). In order to show this,
we argue by contradiction. Suppose there is ¢y € [a, b] such that

[u(to)| = max{|u(t)| : t € [a,b]} > R.
Let f(t) = |u(t)|*; we have f'(t) = 2(u(t),u'(t)), and
FU(E) =20’ (8), u' (1)) + 2u(t), w”(1))
= 20u/(t)|* + 2(u(t), v'(¢)) (57)
= 2|/ (1) + 2(u(t), VuG(t, u(t)) — & Vo P(t, (t), y(1), u(t)))

Assume first that tg €]a, b[. Then, since f(¢) has a maximum point at t = ¢,
we have

f'(to)) =0 and f"(to) <0. (58)
On the other hand, if ¢y = a, then necessarily f'(a) = 2(u(a),v(a)) = 0,
hence also in this case it has to be f”(a) < 0. The same if ¢y = b; it will be
11(b) = 2{u(b),v(b)) =0, hence f”(b) < 0. We thus conclude that (58) holds
in any case of ¢y € [a, b].
Let us now analyze two distinct cases.

The first case is when |u(to)| > R+é. From (57) and (54), if we apply the
Cauchy—Schwarz inequality and the fact that |V, P(t,z(t),y(t),u(t))| < C,
we get

" (to)

\%

2(u(to), u(to) — e VuP(to, z(to), y(to), u(to)))
2

> 2lu(to)|* = 2lel [u(to)] [VuP(to, 2(to), y(to), ulto))]
= 2fu(to)][ulto)] ~ |el [VuP(to, 2(to), y(to), ulto))|
> 2R[R — [e|C] >0,

when |e| is small, a contradiction.
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The other case is when R < |u(to)] < R+ €. Then, we compute

£/(t0) = 2{uto). 1 (u(to)) E 2 G, u(t))

t

—2(u( o)l (fu(to)]))

+2(ulto), n(|u(to) ) VuGlto, ulto)) + u(to) (1 — n(|u(to)))))
= 2(ulto), £ VuP(to, 2(to), y(to), ulto)) )
> 2[u(to)|n' (Ju(to)])G (to, u(to))

|u
u(to), 3u(to)u(t

E;
+ 2n(|Ju(to)]){ulto), VuG(to, u(to))) + 2(1 = n(|u(to)]))|u(to)[?
Eq
— [u(to)’n (lu(to)]) — 2elu(to)||VuP(to, x(to), y(to), ulto))| -

From (53) and (55), we have that E; > 0. Again from (55), it follows that
E5 < 0. From (52) and |u(tg)| > R, we have

By = 2(An(Ju(to)]) + (1= n(lu(to)))R?) = 2min{A, £} > 0.

Finally,
Ey <2[e|(R +€)|Vy P(to, 2(to), y(to), u(to))] -

Combining all the above facts, for |¢| sufficiently small we get f”(tg) > 0, a
contradiction.

This completes the proof. ([

Remark 30. The assumption (51) was introduced by Hartman [16] for the
periodic problem (see also [4]). Notice that, when L = 1, it is equivalent to
asking that the constant functions « = —R and f = R are a strict lower
solution and a strict upper solution, respectively.

6. Examples and final remarks

As an illustrative example of application of Theorem 2, we consider the prob-
lem
" = h(z)+ 0, P(t,x,u),
v’ = g(u) +€0,P(t,z,u), (59)
'(a) =0=2a'(b), u'(a) =0=1u/(b),
where the functions h, g : R — R are continuous and P : [0,7] x R* — R is
continuous and has bounded continuous partial derivatives 9, P(t,z,u) and
OuP(t,z,u). The functions h and P are 27-periodic in z, with f027r h(s)ds = 0.
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Concerning the function g we assume the existence of some constants o <
such that g(a) < 0 < g(f).

A typical example for the function h in the first equation in (59) might
be h(x) = —sinz, in which case we have a perturbed pendulum equation.
Another choice would be the saw-tooth function h(x) = arcsin(sinz). Con-
cerning the second equation, possible examples for the function g are

arctanu, wu®, sinw, sinu?, u’sinu,

For the higher dimensional cases, similar examples can be constructed.

Let us now mention some possible further developments and open prob-
lems.

1. The assumption in (A5) requiring that the lower and upper solutions are
strict could probably be avoided by an approximation procedure, but in the
limit process we may loose the multiplicity of solutions.

2. The possibility of considering systems without a small parameter ¢ will be
analyzed elsewhere.

3. We wonder whether assumptions (A6) and (A7), and their corresponding
higher dimensional versions, could be weakened.

4. We have treated here only the case when the lower and upper solutions are
well-ordered. It would be interesting to know if the results may be extended
to the non-well-ordered case.

5. In this paper we dealt with C'*-smooth lower and upper solutions. Following
the ideas developed in [9], one might consider weaker regularity assumptions.
6. In view of the results in [10], concerning the radial solutions for an elliptic

problem with Neumann boundary conditions, one could try to deal with a
coupled system, where the fourth equation in (3) is replaced by

" =" g(t,u) — €0, P(t, 2, y,u,0)] tel0,R].

7. It would be interesting to extend the results of this paper to an infinite-
dimensional setting (see [1] for the periodic problem).
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