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Nous présentons une version multidimensionnelle du théoréme de Poincaré—Birkhoff
qui concerne les applications de Poincaré des systémes hamiltoniens. Les applica-
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convexe) ; d’autre part, la condition classique de torsion au bord est remplacée par
une condition d’évitement des rayons.
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1. Introduction

The Poincaré—Birkhoff theorem is a foundational result of symplectic topology, first inferred by Poincaré
shortly before his death [27], and proved in its full generality by Birkhoff some years later [5,6]. In broad
terms, it states the existence of at least two fixed points of an area-preserving homeomorphism of the
(closed) planar annulus, provided that it keeps both boundary circles invariant, while rotating them in
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opposite senses. It has been extended in different directions, and subsequently widely applied to the study
of the dynamics of (planar) Hamiltonian systems. See, e.g., [9] or [26, Ch. 2] for a more precise description
of this result, and [15,21] for two recent review papers, including corresponding lists of references.

The efforts to generalize this theorem to higher dimensions go back to Birkhoff himself [7], and have
been later continued in many works, including [2,8,13,16,20,25,26,32,34]. Out of these extensions, we shall
be particularly interested in the version due to Moser and Zehnder [26, Theorem 2.21, p. 135], which we
recall next. Let S C RY be a smooth, compact and convex hypersurface bounding some open region intS,
and let the smooth map P : RV x intS — RY x RY be given. It is assumed to be an exact symplectic
diffeomorphism into its image and to have the form

,P(:Cay) = ($ + 19(96,y),p(:c,y)), (xay) e RN x m, (1)

where both maps 1, p are 2m-periodic in each of the first IV variables x1, ..., zx. Suppose further that there
exists some ¢ € int S such that

(O(x,y),y —c) >0, forevery (z,y) € RY x S. (2)

Under the additional condition that P is either close to the identity or satisfies a monotone twist condition,
the Moser—Zehnder theorem ensures the existence of at least N + 1 geometrically distinct fixed points of P
in RV x int S. Incidentally, we observe that this result is also valid if the inequality (2) is reversed.

A natural question which appears here is how this theorem can be extended to nonconvex hypersurfaces
S. In this paper we answer to this question in the case that S is diffeomorphic to the sphere and P is the
Poincaré map associated to some time-periodic Hamiltonian system. In addition, we shall get rid of the
closeness to the identity/monotone twist requirements.

More precisely, we consider the Hamiltonian system

(HS) 2= JVH(t,z),

In
H = H(t,z) = H(t,z,y) is assumed to be T-periodic in the time variable ¢ and 27-periodic in the first N

where J = ( 70 I’OV ) denotes the standard 2N x 2N symplectic matrix. The Hamiltonian H : RxR?N — R,

state variables z1,...,zy. In addition, we shall also assume that H is continuous on R x R?" and has a
continuously defined gradient with respect z = (x,%), which we denote VH = V_H : R x R?N — R2V,

Once a T-periodic solution z(t) = (z(¢),y(t)) has been found, many others appear by just adding an
integer multiple of 27 to some of the components x;(t); for this reason, we will call geometrically distinct
two periodic solutions of (H.S) which can not be obtained from each other in this way. If the Hamiltonian
H = H(t, z) is C?-smooth with respect to z, the T-periodic solution z is called nondegenerate if 1 is not a
Floquet multiplier of the associated linearized equation.

Let S C RY be a (C'-smooth) embedded sphere, i.e., a C'-submanifold which is C*-diffeomorphic to the
standard sphere SV¥ 1, and let v : S — RY be the (continuously defined) unit outward normal vectorfield.
At a point y € S, the inward and outward rays are defined by

A_(y) = { — Av(y) : A2 0}, R (y) = {Mvly) : A= 0},

respectively. We shall say that the flow of the Hamiltonian system (H.S) satisfies the avoiding outward rays
condition relatively to S if every solution z(t) = (x(t),y(¢)) of (HS) with y(0) € int S is defined for every
t € 10,77, and if y(0) € S then

2(T) = 2(0) & Z+(y(0)). (3)

Please cite this article in press as: A. Fonda, A.J. Urena, A Poincaré—Birkhoff theorem for Hamiltonian flows on nonconvex
domains, J. Math. Pures Appl. (2018), https://doi.org/10.1016/j.matpur.2018.12.007




MATPUR:3064

A. Fonda, A.J. Urenia / J. Math. Pures Appl. ess (esee) see—see 3

The avoiding inward rays condition is defined by replacing % (y(0)) with Z_(y(0)) in the definition above.
The main result of this paper is the following:

Theorem 1.1. Let the flow of (HS) satisfy the avoiding outward (or inward) rays condition relatively to the
embedded sphere S. Then, (HS) has at least N + 1 geometrically distinct T-periodic solutions 20 2N
with 2 (0) € RY x int S, for k =0,...,N. In addition, if the Hamiltonian function H = H(t, z) is twice
continuously differentiable with respect to z and the T-periodic solutions with initial condition in RN xint S
are nondegenerate, then there are at least 2N of them.

We observe that, the Hamiltonian function H = H(t, z) being just continuously differentiable with respect
to z, uniqueness for initial value problems may fail and the Poincaré time-T" map P may be multivalued.
However, in case uniqueness for initial value problems holds, then P has the form (1) for some maps ¥, p
which are 27-periodic in each variable x;. Moreover, even if the embedded sphere S is convex, the avoiding
outward rays condition (3) is less restrictive than the Moser—Zehnder condition (2).

The avoiding rays conditions have implications on the Brouwer degree of the maps 9(z,-) : intS — RV,
Indeed, under the avoiding inward rays condition, deg (ﬁ(m, -),int S, 0) =1 for every € RY, while if the
avoiding outward rays condition holds, deg(ﬁ(m, -),int S,O) = (=1)¥ for every x € RY. This is easy to
check, since the maps ¥(z, ) : intS — RY can be connected by homotopies to other maps which coincide
on S with the outer normal vectorfield v (in the case of the avoiding inward rays condition) or the inner
normal vectorfield —v (in the case of the avoiding outward rays condition); subsequently, the degrees can
be computed, e.g., by using the main theorem of [1]. We do not know whether the avoiding rays conditions
in Theorem 1.1 can be replaced by these more general assumptions on the topological degrees.

In a recent paper [16] we have shown a result which includes Theorem 1.1 when S is convex. The
strategy of the proof consisted roughly in modifying the Hamiltonian so that it becomes quadratic in a
neighborhood of infinity and subsequently applying some theorems by Szulkin [32,33]. A key step in this
procedure consisted in finding a smooth function h : RV — R with

h=0onintS, Vh(y) #0 for all y € ext S, h(y) = |y|? for |y| large enough.

We do not know whether such a function exists in general if S is a nonconvex embedded sphere. Instead, in
Section 2 we construct a function h (which we call a basket function) which satisfies the first two properties
above and has a finite limit at infinity. This leaves us outside the framework of [32,33], prompting us to
develop a new general result (Theorem 3.2) on the existence and multiplicity of periodic solutions for some
Hamiltonian systems (H.S) which are periodic in the z; variables and have a finite limit when |y| — 4o0.
Theorem 3.2, in its turn, will be deduced from an abstract critical point theorem for strongly indefinite
functionals (Theorem 4.4). Finally, the proof of Theorem 4.4 will be divided between Section 5 (for the
general, possibly degenerate case) and Sections 6—7 (for the nondegenerate case). We collect some known
material needed in Sections 5-6 in the Appendix (Section 8), at the end of the paper.

If the number of degrees of freedom is N = 1 then the embedded sphere S becomes a two-point set and
Theorem 1.1 becomes the particularization for Hamiltonian systems of the usual Poincaré—Birkhoff theorem,
see e.g. [9] (or [16, Theorem 1.1] if there is no uniqueness). For these reasons, throughout this paper we
shall be concerned only with dimensions N > 2.

2. Embedded spheres in RY

The goal of this section is to present a couple of elementary features of embedded spheres in R¥: a
regularization result and the existence of some associated functions which we call ‘basket functions’ We
begin with the regularization result; with this aim we choose some C'-smooth embedded sphere S C RV
and denote by v : S — R¥ to its outward normal vectorfield.
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Lemma 2.1. Let K C int S be a compact set and let € > 0 be given. Then, there exists a C°°-smooth embedded
sphere S, C RN, with associated outer normal vectorfield v, : S, — RN, satisfying

(i) K CintS, CintS, CintS.
(17) For any q € Si there is some p € S with |q¢ — p| < € and |v.(q) — v(p)| < €.

Proof. Using a regularization argument we can find a C'*-smooth vector field X : S — RY with | X (p)| =1
and (X (p),v(p)) > 0 for all p € S. Choose some C'-smooth diffeomorphism o : SV~ — S and consider the
map ¢ : SV x R — RY defined by

w(0,t) :==0(0) +tX(c(0)).

If t > 0 is small enough then S,(t) := (SN ~! x {t}) is a C'-smooth embedded sphere satisfying (i)-(7i),
and @(-,t) : SN=1 — S,(t) is a C'-diffeomorphism. The result follows by setting S, := ¢(SV~!) for some
C> map ¢ : SV~ — RV sufficiently close, in the C* sense, to (-,t). O

In [24], Morse proved a differentiable version of the Schoenflies Theorem which we recall below for the
reader’s convenience. We denote by BY and B to the open unit ball in RY and its closure, respectively.

Theorem 2.2 (Morse, [2/]). Given a C?-smooth embedded sphere S CRY there are open sets % > BN and
> intS, a point p € BN, and a homeomorphism F U — 7/ such that

F(SN-1Y =8, FBY) =intS, F: 52//\\{]9} — P\{F(p)} is a C* diffeomorphism.

We shall need a variant of this result in which the exterior of the standard sphere is mapped into the
exterior of an embedded sphere. This is the content of Lemma 2.3 below.

Lemma 2.3. Given a C?-smooth embedded sphere S C RY | there are open sets % D RN\BY and ¥ D ext S,
and a C%-smooth diffeomorphism F : % — ¥ such that F(SN~1) =8 and F(RY \ BY) = ext S.

Proof. There is no loss of generality in assuming that 0 € int S. We denote by .7 : RM\{0} — RM\{0}, y —
y/ ly|? to the inversion map and fix % ”1/ p and F as given by Theorem 2.2 for the embedded sphere
S = Z(S). An elementary argument' [14, §(16.26.8)] shows that for any open connected set G C RY and
any two points p, ¢ € G there exists a C*-smooth diffeomorphism of RY sending p into ¢ while leaving every
point in RN\ G fixed; applying this result to G = BY and G = int S we see that we can set p=0= ]?(p)
To conclude the construction we define % := ﬂ(?//\\{O}), V= J(%\{O}), and F:= I oFol U — V.
The proof is complete. O

Definition 2.4 (Basket functions for embedded spheres). Let S C RY be an embedded sphere (or any compact
hypersurface); by a basket functions for S we mean a C?-smooth function h : RN — [0, 1[ satisfying:

(a) h(y) =0, for every y € intS;
(b) Vh(y) # 0, for every y € ext S ;

. Vh(y)
1 = f :
(C) yel’HZ;% |Vh(y)| V<y0>7 or every Yo € Sa
(d) lim h(y)=1; lim Vh(y) =0; lim Hessh(y) =
ly|—o0 ly|—o0 ly|—o0

1 We are indebted to R. Ortega for pointing this reference to us.
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Lemma 2.5. Every embedded sphere S C RN of class C? admits a basket function.

Proof. Choose the open neighborhoods of infinity %/, 7 C RY and the C2-smooth diffeomorphism F : % —
¥ as given by Lemma 2.3. We consider the C2-smooth function f : # — R defined by

f)=1FwPP-1, ye7.

Notice that f~1({0}) = & and f~1(]0, +oc[) = ext S. Moreover,

— \Y
Vf(y) #0Vy €extS, 1) =v(y) Yy eSS, lim f(y) = +oo.
Vi)l lyl—o0
Observe also that the level sets S, := f~!(r) are embedded spheres for all r > 0. We define

m : [0, +00[ =0, +oof,  m(r) = (r+ 1) max{|Vf(y)| + [[Hess f(y)[| : y € S-}.

Since m is continuous and positive, it is possible to find a C?-smooth function g : R — R with g(r) =
0 for r <0, ¢’(r) > 0 for r > 0, lim, 4o g(r) =1 and

]' 1" /! 1 .
— 0 fr>1. 4
m(r)2<g(r)< <g(r)<m(r), if r > (4)
Define h : RY — R by
0, ifyeintS
hy) ==

g(fly)), ifyecextS .

Since g(f(y)) = 0 on (intS) N ¥, the function h is well defined and C?-smooth. Properties (a), (b), (c),
as well as the first statement in (d) are now immediate. Concerning the second part of (d) we combine the
first two inequalities of (4) and the definition of m to get the estimates

; | < #
m(f(y)) T 14 1)

Finally, in order to check the last assertion of (d) we observe that, by the triangle inequality,

y € ext & = [Vh(y)| < IVi(y)

— 0 as |y| = c0.

y € ext Sy = |[Hess h(y)|| < |g" (fFW)IIVF W) + |g'(f(v))] [|Hess f(y)] .

which, in combination with (4) and the definition of m, gives

2 Hes 1 1
IV f(y) [[Hess f ()| < + —0as |yl = 0.

m(f(y)?  m(fly) — A+FW)?* 1+ F)

y € extS; = ||[Hess h(y)|| <

The proof is complete. O
3. Modifying the Hamiltonian
This section, which goes along the lines of Sections 4 and 5 of [16], is devoted to prove Theorem 1.1.

An important ingredient of the proof is Theorem 3.2 below. This result is reminiscent of some theorems by
Szulkin (cf. [32, Theorem 4.2] and [33, Theorem 8.1]) because, as him, we study existence and multiplicity
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of periodic solutions for some Hamiltonian systems H = H (¢, x,y) which are periodic in the z; variables. On
the other hand, Szulkin studied the case of H being quadratic in the y; directions while we are interested
in H having a finite limit as |y| — oc.

We assumed in the Introduction that H = H (¢, x,y) is periodic in the time variable ¢. It will be convenient
to relax this assumption now and consider instead Hamiltonians which are defined only for ¢ € [0,7] and
are not necessarily the restriction of a continuous, time-periodic function.

Definition 3.1 (Admissible Hamiltonians). The Hamiltonian function H : [0,7] x R?Y — R will be called
admissible if it is continuous and 27-periodic in the x; variables, and its first-order partial derivatives with
respect to z = (x,y) are continuously defined on [0, T] x R?V.

By some abuse of language, we shall also say that the solution z : [0,T] — R2¥ of (HS) is T-periodic
provided that z(0) = z(T).

Theorem 3.2. Let the Hamiltonian function H : [0, T] x R*N — R be admissible. Assume that

[H1] there exists Ry > 0 such that H(t,x,y) = h(y) does not depend on t,z if |y| > Ry,
[H2] h has a finite limit £ as |y| — oo; furthermore, h(y) # € for |y| > Ry,
[Hg] hm|y|—>oo Vh(y) =0.

Then, system (HS) has at least N + 1 geometrically distinct T-periodic solutions. If, in addition:

[H4] H is C%-smooth with respect to (x,y),
[Hs] limy|_,o Hess h(y) =0,
[Hg] the T-periodic solutions of (HS) are nondegenerate,

then (HS) has at least 2V geometrically different T-periodic solutions.

In this result, assumption [H1] looks too strong for applications, and it seems plausible that it could be
avoided if one replaces the limits in [H2 3 5] by their analogues referred to H(t,z,y), assumed uniform with
respect to (¢,x). However, this is what we shall need for the purposes of this paper.

The proof of Theorem 3.2 is postponed to next section. The remaining of this one is devoted to show
how it implies Theorem 1.1; with this aim, we need a reinforced version of Definition 3.1

Definition 3.3 (Strongly admissible Hamiltonians). The Hamiltonian function H : [0,7] x R2Y — R is said
to be strongly admissible (with respect to the embedded sphere S C RY) provided that it is admissible and
the following two conditions hold:

[1.] there exists a relatively open set V C [0,T] x RY, containing {0} x extS, such that H is C°°-smooth
with respect to z = (x,y) on the set Vy := {(t,z,y) : (t,y) € V, z € RV};
[2.] there exists some R > maxyes |y| such that H(t,z,y) =0, if |y| > R.

We shall start by observing that it suffices to prove Theorem 1.1 under the additional assumptions that
the embedded sphere S is C?-smooth and the Hamiltonian H is strongly admissible. With this aim, let the
admissible Hamiltonian H : [0, 7] x R?Y — R and the C'-smooth embedded sphere S C RY be given, and
assume that the flow of H satisfies the avoiding outward rays condition (3) (resp., the avoiding inward rays
condition) relative to S. In the result below we consider a modified Hamiltonian H and denote by (f[TS’) to
the associated Hamiltonian system.
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Lemma 3.4. Under the above, there exists a strongly admissible Hamiltonian H and a C?-smooth embedded
sphere S C int S, such that:

(<) H and H coincide on some relatively open set containing the graph of every T-periodic solution (Z,7)
of (HS) starting with y(0) € int S;
(k&) the flow of H satisfies the avoiding outward rays condition (resp., the avoiding inward rays condition)
relative to S.

The proof of Lemma 3.4 follows from the combination of Lemma 2.1, a regularization argument and the
Ascoli-Arzela Theorem (see [16, Section 4]), and will be omitted. What remains of the proof of Theorem 1.1
is also very similar to [16, Section 5] with only some small changes (for instance, the set D appearing there
has to be replaced by int S). We sketch it below, for the reader’s convenience.

Proof of Theorem 1.1. We assume, to fix ideas, that the flow of (HS) satisfies the avoiding outward rays
condition (3) with respect to S. In view of Lemma 3.4 there is no loss of generality in further assuming that
the embedded sphere S is C?-smooth and the Hamiltonian is strongly admissible; thus, we let V,V; and
R > 0 be as given by Definition 3.3. Let the basket function h : RY — [0, 1] be given by Lemma 2.5 and
choose positive numbers 0 < 7 < T and o > 0 small enough so that

[0,7] x {n € B : dist(n,extS) < o} C V. (5)

By combining the boundedness of VH, the avoiding rays condition (3) and item (c¢) in Definition 2.4 we see
that if 7 and p are chosen small enough, then the following implications hold for solutions z(t) = (x(t),y(t))
of (HS):

t€[0,7] = ly(t) —y(0)] < o, (6)
dist(y(0),S) < o = z(T) — 2(0) ¢ {AVh(y(0)) : A > 0} . (7)

(We denote by B to the closed ball of radius R in RY.) We consider the sets
A= ([0,7’] X extS s) U ([o,T] X (RN\ER)) L Ay={(t.En) €[0,T] xR : () € A}

Following the construction in [16, Lemma 5.2] one can find a C2-smooth function r : [0,7] x RY — R
and some Ry > R satisfying

(*) r(tvgz) =0, if (tﬂ?) ¢ A,
(%) 7 [y r(t.n)dt = h(n), for every n € R,
(x %) r(t,m) = h(n), if [n] = Ro.

Let (X(t;€,m),Y(t;€,n)) be the value at time ¢ of the solution of (HS) starting from (£,7) € R2N
at time t = 0. In view of (5)—(6) and requirements [1.]-[2.] in Definition 3.3, the map 3(t;&,7n) =
(t; X(t:€,m),Y(t;€,m)) defines a C*° diffeomorphism between Ay and its image, which is contained into
ViU ([0, 7] x RN x (RM\Bg)). This allows us to consider the functions 74, R : [0, 7] x R* — R defined by

r(37H(t 7)), i (8 2) € 3(Ay),

0, otherwise .

rg(t,&m) =rt,n),  R(t,z) = {
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Both of them are CZ-smooth. Let the modified Hamiltonian H : [0,7] x R*N — R be defined by
H(t,z) ;== H(t,z) — AR(t, z), where A > 0 is some constant. We observe that, for |y| > Ry,

H(taxay) = _)‘R(tax7y) = —)\T(t,y) = _Ah(y%

and one easily checks that for A > 0 large enough, H lies under the framework of Theorem 3.2. Applying this
result we obtain at least N + 1 geometrically distinct T-periodic solutions of the associated Hamiltonian
system (HTS’), or 2V geometrically distinct T-periodic solutions if the Hamiltonian is twice continuously
differentiable with respect to (x,y) and the solutions are nondegenerate.

To end the argument one can use (7) to show that, if A > 0 is large enough system (fTS) does not have
T-periodic solutions z = (z,y) starting with y(0) € extS. On the other hand, the Hamiltonian systems
(HS) and (ﬁ:ﬁ') have the same solutions starting with y(0) € int S, see [16, Section 5] for the details. The
proof is complete. O

4. Critical point theory

Let V be a compact manifold without boundary of class C?, and let f : V — R be a function of class
C'. The maximum and the minimum of f on V are critical values of f; in particular, f has at least two
different critical points. However, if one assumes some additional complexity in the topology of V, in some
cases it is possible to combine algebraic topology with critical point theory methods to predict the existence
of more critical points. For instance, it is well known that if V = (R/27Z)Y is the N-torus then every C*
function f :V — R has at least N + 1 different critical points, and 2V if f is C? and the critical points are
nondegenerate.

More generally, to any compact manifold V one can associate the integers cl(V) and sb(V), called, respec-
tively, the cuplength and the sum of the Betti numbers of V. The first one, cl(V), is the largest integer k for
which there are elements a; € H%(V), j =1,...,k (the singular cohomology vector spaces with real coef-
ficients), such that ¢; > 1 and the cup product aq u... uay does not vanish. The second one, sb(V), is the
sum of the dimensions of the singular homology vector spaces with real coefficients H,,(}). Any C'-smooth
function on V has at least cl(V) + 1 critical points, and any C?-smooth function on V has at least sb())
critical points provided that they are all nondegenerate. These statements are respective consequences of
the Lusternik—Schnirelmann theorem and the Morse inequality; see, e.g. [12, Section 5.2.2], [31, Chapter
V] or [3, Section 3.4] for more details. In the case of the N-torus V = (R/27Z)" one has cl(V) = N and
sb(V) =2V,

We shall develop results of the kind described above for a class of functionals defined on the product M =
E x V, the Hilbert space E being possibly infinite-dimensional. Our functionals will display a ‘saddle-like’
geometry in the first variable, in line with other results which were amply studied in the literature some 30
years ago, see e.g. [10,19,22,32,33]. However, these references treat cases in which the (global) Palais—-Smale
condition holds, and we are here interested in allowing the existence of degenerate directions along which
compactness may fail.

Precisely, let E be a real Hilbert space, endowed with the scalar product (-,-) and the associated norm
|| - ||. Let L : E — E be a bounded selfadjoint linear operator, and assume that E splits as the orthogonal
direct sum

E=E_&FEy®E,, (8)

where Ey = ker L # {0} is finite-dimensional and E are closed subspaces which are invariant for L. We
further assume that L is positive definite on E; and negative definite on F_, i.e., there is some constant
go > 0 such that
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(Le_,e_) < —golle—||?, foreverye_ € E_,
(9)

(Ley,eq) > eolles||?,  forevery e, € Ey .

Let V be a finite-dimensional compact C2-smooth manifold without boundary, let M := E x V, and let
1 € C1(M) be given. We shall be interested in the associated functional ®, : M — R, defined by

Py (e,v) = 2(Le,e) + (e, v). (10)

Definition 4.1 (Class <7 ). We shall say that 1) belongs to the class o/ provided that:

[1,] ¢ is bounded, there exists some ¢ € R such that ¢ (e,v) # ¢ for every (e,v) € M, and

lim (eg +b,v) =10, (11)
lleoll—o00
eg€Ey

uniformly with respect to b belonging to bounded subsets of F and v € V;
[v5] The partial gradient map Vg is globally compact (i.e., its image is relatively compact in F), and

lim Vgy(eg+b,v) =0, (12)

lleoll—oc0
eo€ o

uniformly with respect to b belonging to bounded subsets of F and v € V.

Definition 4.2 (Class <7+ ). We shall say that the C2-smooth functional ¢ belongs to the class &/ * provided
that it not only belongs to the class .7, but also satisfies:

[1h3] There exists R > 0 such that Vatp(ep,v) € Ey whenever (eg,v) € Eg X V, |leg] > R;
[¢4] The partial Hessian map Hessgt) : M — Z(E) is bounded and satisfies

lim Hessgy(eg +b,v) =0, (13)
lleoll—o0
eo€Ey

uniformly with respect to b belonging to bounded subsets of F and v € V;
[¢5] all critical points of ®,, are nondegenerate.

In view of (9) and [#,], the functional ®, has a (possibly strongly indefinite) global saddle geometry.
The following observation will play an important role in our discussion.

Lemma 4.3. If ¢ € o/, then ®y, satisfies the Palais—Smale condition (PS). for every level ¢ # {.

The proof of this statement, which depends on the fact that Vg is globally compact, follows standard
arguments and will be omitted. We shall show the following:

Theorem 4.4. (a). Assume that 1) belongs to the class < ; then, ®, has at least cl(V) + 1 critical points.
(b). If ¥ belongs to the class &/, then @y has at least sb(V) critical points.

The two parts of this theorem will be proved, respectively, in Sections 5 and 6. In this context, there are
two additional assumptions which can be introduced without loss of generality and will simplify the proof
of Theorem 4.4. From now on we denote by m_, my and 7y to the orthogonal projections of E into E_, Fjy
and E, respectively.
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o Firstly, we notice that by an observation made in [4, Remark 1.10] (see also [32, p. 732]), we may assume
that

L:7T+—7T_. (14)

Indeed, < e,e’ »=:= ((Lwy — Lw_ + mg)e, ') defines an equivalent scalar product on E and (Le,e) =
< (my —7m_)e,e > Ve€ E.

e Secondly, we observe that after possibly changing the signs of ¢, L and £, there is no loss of generality
in further assuming that

P(e,v) < L, for every (e,v) € Ex V. (15)

A couple of remarks will help preparing the proof of Theorem 3.2. To begin with, we observe that a
rescaling argument allows us to assume 7' = 1. Secondly, without loss of generality we may strengthen
assumption [H ] as follows:

[H3] h has a finite limit £ as |y| — oo; furthermore, H(t,x,y) # £ for all (t,z,y) € [0,7] x R2V.

Indeed, under assumptions [H;_3] and assuming, to fix ideas, that h(y) < ¢ for |y| > Ry, we may replace
H by the Hamiltonian

o H(t,l’,y), if |y| SR(),
H(t,z,y) =
a(h(y)), iflyl > Ro,

where o : R — R is a C%-smooth function with

a(p) =pif p < max h, a'(p) >0 forall p e R, a(l)> sup H.
lyl=Ro [0,T] xR2N

This new Hamiltonian inherits [H1_3] (or [H1_¢]) from H, and further satisfies the reinforced assumption
[H3]. Finally, one easily checks that the corresponding Hamiltonian system has the same periodic solutions.

Let us conclude this section by showing how Theorem 3.2 follows from the abstract Theorem 4.4. To
do so we need to write the 1-periodic solutions of our spatially-periodic Hamiltonian system (HS) as the
critical points of a suitable functional defined on the cartesian product of a Hilbert space E and the N-torus
(R/27Z)N = V. The arguments are mostly well-known (see, e.g. [28, Chapter 6] or [32, Section 4]); for this
reason we describe them only briefly.

Proof of Theorem 3.2. Let us denote by H2(R/Z,RY) to the closed subspace of Hz(R/Z, RN)-functions
with zero mean. We consider the Hilbert space E = Hz (R/Z,RY) x Hz(R/Z,RN) and set M := E x
(R/27Z)N . One identifies each element z = (z,y) € Hz(R/Z,RN) x Hz(R/Z,RY) with ((Z,y),7) € M,
where

1
z = /x(t)dt mod 27ZY € (R/27xZ)N and i:=x-Z¢€ ﬁ%(R/Z,RN),
0

so that z(t) = (Z + Z(t),y(t)). Then, the search of geometrically distinct 1-periodic solutions of (HS) is
equivalent to finding critical points of the action functional
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1 1
MR,  O(Fy)7) = /(2(1&),Jz(t))dt—l—/H(t,z(t))dt.
0 0

| —

It can be shown [28, Section 6] that there exists a bounded selfadjoint linear operator L : E — E such
that fol(,é(t)],]z(t)) dt = (L(%,y),(Z,y)) . Moreover, the Hilbert space E splits in the form (8) for some
infinite-dimensional closed subspaces E4 satisfying (9) and Ep := {0} x RY. Thus, ® = ®,,, where

v M—=R, v((z,y),7) = /H(t,x + Z(t), y(t))dt

is the Nemytskii functional associated to H.

Since Hz (R/Z,RN) C L2(R/Z,RY) and the inclusion is (completely) continuous, one promptly checks
that if the admissible Hamiltonian H is bounded then & is continuous, if VH is bounded then v is of class
C', and if H is twice continuously differentiable with respect to z = (x,y) and its associated Hessian map
Hess, 1 is bounded, then 1 is of class C2. In addition, assumptions [H_3]-[H3] imply that ¢ belongs to
the class <7, while assumptions [H1_g]-[H3] imply that 1) belongs to the class &/ . It completes the proof
of Theorem 3.2. 0O

5. Relative category in infinite dimensions

The notion of relative category was introduced by Reeken [29] and Fournier and Willem [18] in order to
study critical points of functionals which are not bounded from below. Subsequently, Szulkin [32] (see also
[17]) made the necessary modifications to deal with strongly indefinite functionals. This section follows the
lines of [32] to prove the first part of Theorem 4.4.

Let the Hilbert space E = E_ & Eg @& E., the finite-dimensional manifold V, and the linear operator
L : E — F be as required in the previous section. In addition, fix some functional ¥ : M := F xV — R
in the class &7, and write, for simplicity, ® := ®,. Let = = {2 € M : Vy(®(z) = 0} be the set of critical
points of ®. By a pseudogradient vector field V associated to ® we mean a locally Lipschitz-continuous map
V =(W,V2): M\E — E x TV satisfying

Va(z) €TV, [V <2IVM@E)I (Va®(2),V(2) > 5lIVaM®(2)]?,

for every z = (p,v) € M\Z. It can be seen [32, pp. 730-731] that a pseudogradient vector field V = (V1, V3)
can be found with first component of the form

Vi(e,v) = Le + W{(e,v), (16)

where W : M\ 5 — E completely continuous and bounded.

By a deformation of M we mean a continuous map 7 : [0,1] x M — M with n(0,m) = m for every
m € M. The set of all deformations of M is, in some sense, too big to be useful, and for this reason we
introduce a class of deformations below.

Definition 5.1 (Class D). A deformation n of M belongs to the class D provided that

(®) for every m € M\ =, the curve n(-,m) moves forward along the integral curves of V, in the sense
that for any t; < to in [0, 1], there are 71 < 79 in the domain [0,w][ of the integral curve v with
~v(0) = m, such that n(t;,m) = v(m1) and n(tz, m) = v(12);
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(©®) Setting n(t,e,v) = (m1(t, e,v),m2(t, e,v)), one has

m(t,e,v) =q_(t,e,v)m_(e) + q+(t,e,v)my(e) + K(t,e,v), (t,e,v)€[0,1] x ExV, (17)

for some continuous functions ¢+ : [0,1] x M — R which are bounded on bounded sets and satisfy
q+(0,e,v) =1, and a completely continuous map K : [0,1] x M — E with K(0,e,v) = mo(e).

Our class D is similar to the homonymous one considered by Szulkin in [32]; however, we have slightly
relaxed some of his requirements for simplicity. Thus, our class contains more deformations than Szulkin’s;
however, we will keep the essential properties of his relative category.

Having delimited the family of allowed deformations, we are now ready to construct an associated notion
of relative category. The definition below is due to Szulkin [32].

Definition 5.2 (Relative category with respect to the class D). Given two closed sets A, N C M we shall say

that A is of category k > 0 relative to N and D, written cat}\),(’ ~(A) = k, provided that k is the smallest
integer such that

A=AgUA 1 U...UA,, Ag, ..., Ay closed and Ay, ..., Ay contractible in M, (18)
and there exists a deformation ny € D satisfying
mo({1} x A) C N, and 7o(0,1] x N) C N (19)
If no such a k exists, catﬁ’N(A) = 400.

Let us collect some selected properties of the relative category with respect to D. We denote by ®¢ =
{z € M : ®(z) < ¢} to the sublevel sets of ®. The closed set N3 C M is called invariant for the class D if
n([0,1] x N1) C N; for any n € D.

Lemma 5.3. The following hold:

(i) catiy y(Az) < catly (A1), for any closed sets Ay C Ay C M.

(i) Let Ny C Ny C M be closed and assume that Ny is invariant for the class D. Then, cat%\)47N1(A) <
catyy n, (A), for any closed set A C M.

(iii) Let the levels a < b be such that the Palais—Smale condition (PS). holds for every c € [a,b]. Then, ®
has at least caty go (®°) critical points in ®~*([a,b]).

Proof. (i) and (7i) are immediate from the definitions. To check (7i7) it suffices to transcribe the proof of [32,

Proposition 3.2], in which the Palais—Smale condition is assumed for all levels and not only for the candidate

critical ones. O

A key step in our argument towards the proof of Theorem 4.4(a) will be a refinement of [32, Proposi-
tion 3.6] which we examine next. We set

AR)=Bj xV, N(R):=((E_\ByL )+Ey+E;)xV.

Lemma 5.4. Cat%(,N(R) (A(R)) = cl(V) + 1, for any R > 0.
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Proof. Using a contradiction argument, assume the existence of some R > 0 such that
catlhyy n(r) (A(R)) <k :=cl(V).

It means that there are closed sets Ag, Aj,..., Ay € M and a deformation ny € D satisfying (18)—(19)
for A = A(R) and N = N(R). We write 19 = (11, 72), with n; having the form (17) for some continuous
functions g4 : [0,1] x M — R with ¢+(0,e,v) = 1, and a completely continuous map K : [0,1] x M — F
with K (0, e,v) = mg(e), for every (e,v) € M.

The map K being completely continuous, there are finite-dimensional subspaces Fy C E., and a con-
tinuous map C': [0,1] x M — F := F_ @ Ey @ F,, with

|K(t,e,v) = C(t,e,v)|| < 3, forevery (t,e,v) €[0,1] x A(R). (20)

Furthermore, since K(0,e,v) = my(e), after possibly replacing C(¢,e,v) by C(t,e,v) — C(0,e,v) 4+ mo(e), we
see that C' can be taken with C'(0,e,v) = mo(e), for every (e,v) € M. We consider the sets

M =F_xV, Ny:=S"xV, N1::<B§/‘2\Bff2>xv, A* = A(R) N M* =BF- x V,

and A7 = A; N M*, for j =0,1,..., k. Observe that A* = AgU A7 U---U A}, and Aj is either empty or

contractible in M*, for every j =1,..., k. We define n* : [0, 1] x M* — M* by the rule

0t ) = (4= Sy 0) =+ 7 (Ol -, 0)) s malts f-,v) )
Notice that N5 is a strong deformation retract of Ny relative to M and n* is a deformation of M™* satisfying
n*([0,1] x N2) € Ny, and n*({1} x A5) C N;.

Thus, Lemma 8.1(i) in the Appendix implies that catan,(A*) < k = cl(V). This contradicts
Lemma 8.1 (7) and completes the proof. O

Proof of Theorem 4.4(a). Since Vi and the vector field W in (16) are bounded, there exists some R > 0
such that N(R) is invariant for the class D. Using now the boundedness of ® one can find some level a < £

such that ®* C N(R). An easy argument shows that sup ® < ¢, allowing us to choose a second level b
E_xV

with max{a,supy ., ®} < b < £. Then, A(R) C ®°, and, by Lemma 5.3 (%),
cat%h@a(q)b) > cat?,[,q)a(A(R)),
while, N(R) being invariant for the class D, Lemma 5.3 (%) gives
cty g (A(R)) > caty ) (A(R)).
and combining these inequalities with Lemma 5.4, we obtain
catjl\),hq),,,(q)b) >cl(V)+1.

Since the Palais—Smale condition holds at all levels ¢ € [a,b] (by Lemma 4.3), Lemma 5.3 (74) provides the
existence of at least cl(V) 4 1 critical points of ® and concludes the proof. O
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6. Morse theory and multiplicity of nondegenerate critical points

The aim of the next two sections is to prove Theorem 4.4(b): if 1) belongs to the class &/ T, then it has at
least sb(V) critical points. Our approach will be divided into two steps. In this section we shall define a new
class &* of functionals 1, which will be contained in &, and we shall prove a version of Theorem 4.4(b)
for functionals 1 in this subclass. The second step, in Section 7, will consist in showing that, given some
functional ¢ in the class &/, then there exists another functional ¢* in the class @/* such that the associated
functionals ®,, and ®,+ have exactly the same number of critical points. This will be shown provided only
that ®, has finitely many critical points, and after that, the proof of Theorem 4.4 will be complete.

In order to keep the notation within reasonable limits, we define, for every R > 0,

B = (By +Eo+Ey)xV, Bfi= (B +E+Bg")xV.

Correspondingly, we denote B_;z = (ng + Eo + E+> XV, B_;,E = (E_ + FEo + Bg*) x V, and 0By =
(SE+Eo+ By) x V.

Pick now some functional ¥ : M — R in class & T; by combining (14) and the boundedness of Vg1 we
may choose R; > 0 so that

(e,v) e M\Byp, = (Le+ Vgi(e,v),m_(e)) <0, o)
(e;v) e M\Bf, = (Le+ Vgi(e,v),my(e)) > 0.

Definition 6.1 (Class <7*). We shall say that 1 belongs to the class «/* provided that the space E is
finite-dimensional and there exists a compact set K C FEj satisfying:

(i) all critical points of ®, belong to C := (E_ + K + E{) x V;
(i) b:= SUPCAB, by < 1

(iii) K is a strong deformation retract of Ey; more precisely, there exists a deformation m of Ey with
m(t,k)=kifke K, m({1} x Eo) =K, (m(t (e,v))) < (e v) if (e,v) € M,
where M is the deformation of M given by
m(t, (e,v)) := (m—(e) +m(t,mo(e)) + w4 (€),v), (t,(e,v)) €10,1] x M. (22)
Proposition 6.2. If i) belongs to the class o/*, then ®, has at least sb(V) critical points.

Proof. Remembering that ¢ is bounded and writing for simplicity ® := ®,, we fix R > R; and a € R so
that SUPpt \Bj, d <a< infB};1 ®. Since B, NCN BEl # 0 it follows that a < b. Combining the fact

that ® satisfies the Palais—Smale condition at all levels ¢ € [a,b] (by Lemma 4.3) with Lemma 8.4 in the
Appendix, we only have to check that sh(®®, ) > sh(V).

Claim I: H,(®% @) = H,(®* N BEl,Qa N Bgl\Bgz). To see this we consider the deformation 7; of ®°
defined by

m(t, (e,v)) == ((1 — e +tr1(e),v> :

where ri(e) = r_(n_(e)) + mo(e) + (w4 (e)) and ry : By — E. are defined by
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. (Ro/Ri)e_  if |e_|| < Ru
e if lles|| < Ri . ’
ri(eq) = . r—(e-):=q Roe_/lle—| if Ri <lle_| < Ra,
Riey/|les| otherwise,

e_ if le_|| > R2.

Now, Claim I follows from Lemma 8.2 in the Appendix (set M := ®° A := & M’ := &' N BEI, and
A =92 N BEI\B§2).

Claim II: H,(®* N B}, ,®*N B} \Bg,) = H.(®*N B} NBg,, ®*N B NOBE,). To check this statement
we consider the deformation 7, of ®° N BEl defined by

(L, (e, 0)) := ((1 = t)e +tra(e),v),

where ro(e) = p(m_(e)) + mo(e) + 74+ (e) and

e if e[| < Rz,
ple-) ==

Roe_/|le—|| otherwise.

The claim follows again from Lemma 8.2 with M := ®* N Bf, , M' := ®* N B} N By , A:= 9N B}, \Bg,
and A’ = ®* N Bf; NIB,.

Claim III: H,(®* N B}, N By, ®*NBE N0Bg,) = H.(By, x K xBy",Si. x K x By,"). To check this

claim we observe that the homotopy m (defined as in (22)), can be seen as a deformation of ®*N BEI NBpg,-
The result follows from Lemma 8.2 with M = @bﬂBEI NBg,, A= @“ﬂBEl NOBg,, M’ = Bg; + Ko —HB%%:“,
and A’ =Sy + Ky + Bp'.

The end of the proof. By the Kiinneth formula (Lemma 8.3), for n = 0,1,2,... we have

H,(By, x K xV,Sp. x K x V) = [[[H:i(By, xV.Sh, x V)@ Hyi(K)],
i=0
and hence, the corresponding Betti numbers satisfy

dim H,((Bp,, + K) x V,(Sp, +K) x V) > dim H, (By,- x V, S x V).

Using again the Kiinneth formula (and combining it with Lemma 8.5), we get

follows. O
7. From the class o/ to the class «7*

Going back to the general framework established in Section 4, we fix some (possibly infinite-dimensional)
Hilbert space E = E_® Ey® E,, some compact finite-dimensional manifold V, and some functional ¢ : M =
E xV — R in the class AT. Through this section we shall further assume that ®,, has finitely many critical
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points, as otherwise there is nothing to prove. To simplify the notation we shall write F := F_ @ Ey @ Fy
and M* := F x V. The goal of this section is to show the following:

Proposition 7.1. There are finite-dimensional subspaces Fr C Ey and a functional ¢* : M* — R in the
class A* such that @ : M — R and ®y- : M* — R have the same number of critical points.

First Step: Approximation by a finite-dimensional problem.

We start by showing that it suffices to prove Theorem 4.4(b) when the space E is finite-dimensional.
With this goal we use a finite-dimensional reduction procedure which goes back to Conley and Zehnder [13].

Lemma 7.2. There are finite-dimensional subspaces F+ C E4+ and a C' map G : M* — F* such that,
letting

ToM M, (f) e (G0, B=gol 4 (IG,G): M R, (%)

then QZ € C%(M*) belongs again to the class @/ and Y establishes a 1 : 1 correspondence between the
critical points of <I>1Z and the critical points of ®@.

Proof. In view of assumption [¢,], the map Vgi : M — FE is Lipschitz continuous in its first variable;
we denote by a > 0 to an associated Lipschitz constant. By assumption [1,], the set R := {Vgi(e1,v) —
VEe(ea,v) :e1,eq € E, v € V} C Eisrelatively compact; therefore, there exist finite-dimensional subspaces
F. C E; such that maxgeg dist(k, F) < 5= (vecall that F := F_ @ Ey®Fy). In addition, Ljpr = (Ljps)"":
F+ — Ft is non-expansive, by (14). It follows that, letting 7 : E — F be the orthogonal projection, the
map

(Lipr) to(dg —m)op: ExV = F*

is contractive in the first variable, with associated Lipschitz constant 1/2.
We use the splitting F = F @ F! to rewrite the points of E as pairs (f, g), where f € F and g € F*. In
this way, the critical points of ®,, correspond to the solutions (f, g,v) of the system

Lf +x[Ved(f+g.v)]=0,
g+ (Lype) 1 Ad = ) [Ved(f + g,0)] =0,
Vvl/)(f +g,'U) =0.
The Banach Contraction Theorem ensures that for any given (f,v) € F' x V, the middle equation of this

system has a unique solution g = G(f,v) on F*. Moreover, G : F x V — F~+ is C'-smooth (by the Implicit
Function Theorem), and satisfies

lim G(ep+b,v)=0, lim Gr(eg+b,v)=0.
lleoll—o0 lleol|—o0
eg€EQ eg€Eq

Let T and 1 be defined as in (23) and set 5(fv) = LS +9(f,v), (f,v) € M*. Then, 5 =PyoT.
Moreover,

Ve =mo(Vep)oT,  Vyp=(Vy)oT,

so that 7,5 is actually C?-smooth and the following hold:
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Vs = (Vam@y)oT, Hessp® ;(f,v) = Hessp®y (Y(f,v)) o T'(f,v).

It is now easy to check that zz satisfies assumptions [1; _5] and the critical points of ® ; are in a one-to-one
correspondence (given by T) with the critical points of ®,. It completes the proof of Lemma 7.2 and
concludes the discussion of the first step. O

Second Step: Intensifying the saddle geometry.

In view of Lemma 7.2 from now on we shall assume, without loss of generality, that £ = F is finite-
dimensional. We write F := E_ @ E, and use the splitting £ = Ey & E to rewrite the points of E in the
form e = eg + &, where eq = mo(e) € Eg and é = 7_(e) + 74 (e) € E.

Lemma 7.3. There exists some R > 0 such that V z®y(eg + €,v) # 0 if |leo|| > R and € # 0.

Proof. Choose R > 0 as in assumption [¢4]. After possibly replacing R by a bigger number we may further
assume that

[Hesspt(eo + &,v)|| < 5, if eg € Bo\BE° and & € By, | (24)

the constant Ry > 0 being given as in (21). By (14), ||Lé|| = ||é|| for any é € E, and by [t5], V 5¢(e0,v) = 0
whenever ey € EO\]B%gU. The triangle inequality gives

IVE®y (o +&0)l| = [lell = [V gileo + & v) = Vgib(eo, v)| - (25)

In view of (24), the map & — V z1)(eo + €,v) is contractive on IB%‘;RI, and (25) implies that V z®y(eo +
é,v) # 0 provided that ||eg|| > R and 0 < ||é|| < 2R;. In combination with (21) this yields the result. O

Lemma 7.4. There exists a functional ¥* : M — R in the class &/* such that ®, and Py« have the same
critical points.

Proof. Choose R > 0 large enough so that it satisfies both Lemma 7.3 and assumption [t)5]. Since we
further assumed (at the beginning of this section) that the number of critical points of ®,, is finite, after
possibly replacing R by some bigger constant, we will have

0 # V @y (e0,v) = Vath(eo,v) € Ey for any eg € Eo\BL . (26)

In particular, p(ep) := ¥(eg,v) does not depend on v € V if |leg|| > R. The function p : Ey \ BE® — R
defined in this way is C?-smooth and, by [¢; 5 4] and (15), (26), it satisfies

pleo) <L, Vpleo) #0, forany e € Eo\BE°,
lim p(eg) =4, | lim Vp(eg) =0, l}lm Hess p(eg) = 0.
€o

lleoll—o0 leol|—o0 lleoll—o0

(27)

Choose now some number « €] maxgs, p,£[ and some C*-smooth function w : R — R with w(r) = 0 if
R
r<a,w(r)>0if r > «, and w(¢) = 1. Then, the function h : Ey — R defined by

heo) 0 if e < R
€ = )
U wlplen) i fleoll = R
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is a basket function (in the sense of Definition 2.4) for the compact hypersurface S := h~!(a). Pick now
some number R’ > maxc,cs ||€o|, and some C?-smooth function n: R — R with

n(p)=1, ifp< R, n'(p) <0, f R <p<R +1, n(p)=0, if p>R +1,
and define, for A > 0,
v M =R, (eo + €,v) — n(|leoll) ¥(eo + €,v) + Ah(eo) .
We claim that, for A > 0 large enough, ®,, and ®, := ®,, have the same critical points. Indeed,

o &y and ®y coincide on (BE° + E) x V. This is clear from the definitions.

o No critical point of ®,, belongs to ((Eo\Bgo) + E) x V. This statement follows from the combination of
(26) and Lemma 7.3.

o If X\ >0 is large enough, no critical point of ®y belongs to ((Eo\BL®) + E) x V. In fact, one checks the
inequality VE®y(ep + €,v) # 0 by considering the following four possible cases: (a): if R < ||eg]] < R’
and € = 0, by using (27); (b):if R < |leg|| < R’ and € # 0, by Lemma 7.3; (¢): if R < |leo|| < R’ +1 and
A > 0 is large enough, by the fact that Vh is bounded away from zero in this set; (d): if ||eg]] > R’ + 1,
by (27).

To conclude, we claim that, for A > 0 large enough, the functional 1, belongs to the class .&7*. This
is now easy to check, both in what concerns to membership of the class &/t and requirements (7)-(%i)
in Definition 6.1. To check (4i) pick some number 3 €]max,<r/+1 h, 1[ and consider the compact set
K = h71(]0,8]) = intS’, where S’ := h~!(3). Now, the deformation m of Ey can be built as follows: we
keep all the points of K fixed, while, if eg € Ey \ K, then m(-,eg) is the curve, starting from m(0, eq) = e,
which follows backwards the flow lines of Vh, and arrives at the point m(1,eg) where the flow first meets
S’. (Notice that this flow is transversal to §’.) It completes the proof of Lemma 7.4. O

We end the argumentation by observing that the combination of Lemmas 7.2 and 7.4 implies Proposi-
tion 7.1. In view of Proposition 6.2, part (b) of Theorem 4.4 follows.

8. Appendix: A review on relative category and relative Morse theory

Relative category and relative Morse theory were developed to study existence and multiplicity of critical
points of functionals which are unbounded from below. In this Appendix we collect some basic elements
from these theories which were used in Sections 5 and 6. We do not claim any originality in this section,
which is well-known to the specialists.

8.1. Relative category

It will be convenient to take a more general point of view and work on an arbitrary metric space M.
Let A, N C M be closed; by a deformation of A in M we mean a continuous map 7 : [0,1] x A — M with
7(0,a) = a for any a € A. The set A is contractible in M provided that there exists a deformation n of A in
M such that n(1, A) = {p} is a singleton. We shall say that A is of category k > 0 relative to N, denoted
catyr, v (A) = k, provided that k is the smallest integer such that

A=AgUAU...UAg, Ag, ..., Ay closed and Ay, ..., A contractible in M, (28)

and there exists a deformation ng of AU N in M satisfying
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no({1} x Ap) C N, and n([0,1] x N) C N.

(If no such a k exists, catp,n(A) := +00.)

Let the closed sets No C N1y C M be given. We say that N7 is a retract of M provided that there exists
a continuous map r : M — Ny with r(n) = n for n € N;. We say that Nj is a strong deformation retract of
Ni relative to M provided that there exists a deformation h of M satisfying

h([O, 1] X Nl) - Nl, h({l} X Nl) - NQ, and h(t,ng) = N9 V(t,ng) S [0, 1] X N2 . (29)

For instance, the closed unit ball B is a retract of R™, and the sphere S™~! is a strong deformation
retract of the shell IB%_’”\IB%’{;Q relative to R™. However, S™~! is not a retract of B™.

Lemma 8.1. The following hold:

(i) If Ny is a retract of M, then catn, n,(N1) < catar,n,(N1).
(ii) Assume (28), that Na is a strong deformation retract of Ny relative to M, and the existence of a
deformation n of Ag U Nao in M with

77([071] XN?) gva and 7]({1} XAO) C Ni. (30)
Then, catyr,n,(A) < k.
(#ii) Let V be a finite-dimensional, compact, connected manifold without boundary, and let m > 1 be an

integer. Then, CatRmXV’Smflxv(B_m xV)>cl(V)+1.

Proof. Part (i) follows easily from the definitions. In order to check (i) choose h and n as in (29) and (30),
and denote by

d:M—[0,1], d(m) := min(dist(m, Nz), 1),

to the distance function to Na, with a maximum of 1. Let h be a deformation of M with (29) and let
a:[0,1] x M — M be the deformation of M defined by

m, if me Ny,
a(t,m) := h(ﬁ), if m¢ Ny and 0 <t <d(m),
h(1,m), if dim) <t<1.

We use Tietze’s extension theorem to find some continuous function § : [0,1] x M — [0, 1] satisfying

R ift—=0,
YT dnm)) i (£m) € {1} x Ag or m € N,

and define 7, : [0,1] x (A9 U N2) — M by n.(t,m) := a(d(t,m),n(t,m)). One easily checks that this is a
deformation of Ay U Ny into M carrying {1} x Ap and [0, 1] x Ny inside No, proving the result.

Finally, in order to obtain (%) we observe that B™ x V is a retract of R™ x V, and combine (i) with [32,
Proposition 2.6 and Lemma 3.7] to find

catpm xy,sm-1xp (BT X V) > catgam oy gm-1xp(B™ x V) > (V) +1. O
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8.2. Relative homology and Morse theory

Given a metric space M and a subset A C M we denote by H, (M, A) = {H, (M, A)}»>0 to the associated
sequence of relative homology groups with real coefficients. Thus, H,,(M, A) is, for each index n, a real vector
space whose elements are equivalence classes of singular chains having zero boundary. Moreover, this is done
in such a way that H.(M, () = H.(M).

We shall write f: (M, A) — (N, B) meaning that A C M, BC N, and f: M — N is a continuous map
with f(A) C B. Such a map induces a corresponding sequence of linear transformations f. : H.(M, A) —
H.(N, B), and this correspondence is functorial, in the sense that [Id(M’A)} . = Idg, (ar,4) and, for any maps
f:(M,A) — (N,B) and g : (N,B) — (P,C), one has that (g o f). = g« o fi. Furthermore, if two maps
fyg: (M,A) — (N, B) are homotopic (i.e., there exists a continuous homotopy h : [0,1] x M — N with
h(0,-) = f, h(1,-) = g, and h([0,1] x A) C B), then f. = g.. See, e.g., [30, Ch. 4] for more details.

A subset A C M will be called invariant by the deformation n of M if n([0,1] x A) C A.

Lemma 8.2. Let the sets M', A, A" C M with A’ C M' N A be invariant by some deformation n of M
satisfying

n{1}y x M)c M’, ({1} x A)C A"
Then, H.(M,A) = H,(M', A").

Proof. We denote by i : (M’, A") — (M, A) to the inclusion, and consider the mapping r : (M, A) — (M', A”)
defined by r(m) :=n(1,m), for m € M. Then,

ixore=(ior). =Idg, (m,ay,
since n: [0,1] x M — M is a continuous homotopy of (M, A), connecting the identity with i o r. Moreover,
T 0y = (roid), =Idm, ur ar),

since n : [0,1]x M’ — M’ is also a continuous homotopy of (M’, A"), connecting the identity with roi. Hence,
v H(M',A') - H.(M,A) and 7. : H.(M', A') — H,(M, A) are mutually inverse isomorphisms. O

The so-called Kiinneth formula relates the relative homology groups of a product of spaces with those of
each factor, see, e.g. [11, p. 5], [30, p. 235]. We shall be interested only in the following particularly simple
case (® denotes the usual tensor product):

Lemma 8.3 (Kinneth formula). Let A C M and N be metric spaces. Then,

H,(M x N,A x N) = ﬁ[Hi(M, A)® H,_i(N)],
=0

for every integer n > 0.

The dimensions dim H,, (M, A) of the homology vector spaces are called Betti numbers. Under compact-
ness and nondegeneracy conditions, these numbers can be used to estimate the number of critical points
lying between two level sets of a given functional. More precisely, let ¢ be a C?-smooth functional defined
on some C?-smooth, finite-dimensional manifold without boundary and having only nondegenerate critical
points. Assume finally that a < b are real numbers such that the Palais-Smale condition (PS). holds at
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every level ¢ € [a,b]. The result below is a classical consequence of the so-called weak Morse inequalities,
see, e.g. [12, Example 3 (p. 328) and Corollary 5.1.28 - Theorem 5.1.29 (p. 339)] or [23, Theorem 8.2 (p. 182)
and Remark 2 (p. 189)].

Lemma 8.4. Under these conditions, the functional ¢ has at least sb(¢p, pa) = > oo dim Hy, (¢, ¢q) critical
points in ¢~ 1([a, b]).

We conclude this Appendix by listing the (well-known) relative homology groups of the pairs (R, SV—1)
or, what is the same, (by Lemma 8.2), of the pairs (BV,SN—1),

0, ifn£N,

Lemma 8.5. H, (RN, SN-1) >~ H, (BN, SN-1)
R, ifn=N.
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