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Abstract. We consider the problem of the existence and uniqueness of solutions to a
semilinear equation in a Hilbert space, of the type Lu = Nu, where the linear operator L
is assumed to be anti-selfadjoint, and the nonlinear part N is controlled by two bounded
selfadjoint operators 4 and B. As an example of application, we study the existence and
uniqueness of periodic solutions for a system of transport equations. Precisely, we look for
solutions which are periodic in each of their variables, the periods being determined by the
forcing term.
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1. Introduction

Let H be a Hilbert space over the field K, where K = R or C. We are interested in
finding solutions of the semilinear equation

Lu= Nu, (1)

where L : D(L) = H — H is an unbounded normal operator, and N : H — H is
a continuous nonlinear function. We assume that the nonlinearity is of gradient-
type, i.e., that there is a function n : H — K such that N = Vy. Moreover, N will
be assumed to be controlled by two bounded selfadjoint operators A,B: H — H.

Systems of this type have been extensively considered in the literature. A com-
prehensive review on the subject can be found in [9], where the following result
was obtained.
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184 A. Fonda

Theorem 1. Let L be selfadjoint, and N be a gradient-type nonlinearity such that

(1) N — A and B — N are monotone.
If moreover
(ii) 0¢o(L—(1—4)A—AB), forevery ie[0,1],

then equation (1) has a unique solution, which can be obtained as the limit of the
iterative process defined by

Lutyy — 5 (A + B)uty1 = Nty — % (A + B)uy,
where uy € H is arbitrary.

The above theorem was motivated by a series of previous papers, see [1], [2],
[3], [4], [5], [6], [7], [8], [11], [12], [14], [15], [16], [18], [19], where different kinds of
selfadjoint operators had been considered.

As condition (ii) could not be so easy to verify in practice, the following vari-
ant was proposed in [10].

Proposition 2. Let L be selfadjoint and assume that it commutes with A and B.
Then, condition (ii) of Theorem 1 holds if

(i)’ o(L)no((1 —=A)A+iB) =0, forevery i € [0,1].

The commutativity of L with 4 and B is verified in many practical cases, and
applications were given in [10] to elliptic or hyperbolic systems, with several types
of boundary conditions.

In this paper, we are interested in the complementary situation when L is anti-
selfadjoint, i.e., when L* = —L. In order to deal with this case, we will also need
to assume that 4 and B commute. Here is our main result.

Theorem 3. Let L be anti-selfadjoint, and assume that it commutes with A and B,
which also commute with each other. Let N be a gradient-type nonlinearity such
that

(i) N — A and B — N are monotone.
If moreover
(ii)” 0¢a((1—2)A+AB), forevery i e [0,1],

then the same conclusion of Theorem 1 holds.
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The proof of Theorem 3 is given is Section 2. In Section 3 we propose an ex-
ample of application to the search of periodic solutions for a system of transport
equations of the type

N ou
E G = F (x,u),
j=1 Xj
where the nonlinear function % is periodic in its first variables xi, ..., xy.

In the following, if H is a real Hilbert space, it will sometimes be convenient
to extend the linear operators to the complexified space, while keeping the same
notations for the extended operators.

2. Proof of the main result

We now prove Theorem 3.
First of all, we observe that there is an ¢ > 0 such that, setting 4, = A — &l and
B, = B+ ¢l, condition (ii)” still holds for 4, and B,, i.e.,

(ii)” 0¢a((1—2)A,+ 1B;), forevery 2 € [0,1].

€

Hence, without loss of generality, we can assume that the selfadjoint operator
S = B — A, besides being monotone, is also invertible. We denote by S'/? and
S~1/2 the square roots of S and S~!, respectively.

We can now write (ii)” as

0¢a(Ad+ B+vS), foreveryve[-1,1],
and, since
A+ B+vS=S"(S*4+B)S ' +I)S'?,
we see that (ii)” is equivalent to
a(STV2A+B)SVA) A [-1,1] = 0. (2)
Define the operator L : S'/?(D(L)) = H — H by

L=S5"*(L-1(4+B)s '
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Since L, A and B commute with one another, we see that L is a normal operator.
We would like to prove that

oL)yn{zeC:|z| < i} =0. (3)
We will show indeed that (L) has no elements in the strip [—1,1] x R. To
this aim, choose some yu=a+ibe C, with ae [-1,1] and be R, and set
Y = —iL. Then, we can write
L—ul=X,+iY,
where

X,=—18124+B)S V2 —al, Y,=S"2Ys V> —bI

are both selfadjoint, and commute. Let E,(¢,7) denote the spectral family of the
normal operator L — uf (cf. [17], Chapter 9), so that

B +0o0 p+o0
L—ﬂIZJ J (S +in) dE(E,n).

-0 J—wo

Since a € [-1,1], by (2) we know that 0 ¢ o(X,). Then, there is a § >0 for
which

[-0,0] na(X,) =0,

whence E,(-,#) is constant in [—0,0]. Recalling the properties of the spectral
family, we can then conclude that the spectrum of L — uI has no elements in the
strip [—0,0] x R. In particular, 0 ¢ o(L — ul), i.e., u ¢ o(L).

Having proved (3), let us now define N : H — H as

Nv=S""2(N(S7"?v) — 1 (4 + B)S~'/?v).
By the change of variable v = S'/?u, equation (1) becomes
Lv = Nv,
which is equivalent to the fixed point problem

v=L"Nv:=7(v).
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Since L is normal, using (3) we have that

S

On the other hand, since N = Vy, we have that N = V7, with
7i(v) = n(S~"?v) —1{(A + B)S~"?v, 871 20).
Moreover, from (i) we deduce that, for every v, w in H,
[KNv— Nw,v—w)| < Lo —w]|?
Following [13], we have that, for every v, w in H,
N0 — Nl < Lllo—wl,
so that
17 (0) = 7 (w)ll < SIL | flo = wl.

Hence, the function .7 : H — H is Lipschitz continuous, with Lipschitz constant
LIL7Y < 1. By the contraction mapping theorem it has a unique fixed point
v € H, which can be obtained as the limit of the iterative process defined by
Ups1 = T (vy), with vy € H arbitrary. Setting u = S~'/?v, we have that u solves
(1), and writing u, = S~'/?v, the conclusion readily follows.

3. An example of application

We are interested in finding periodic solutions of the first order system

ZC,'O—M':,?—;(X,M), (4)

where ¢y, ..., cy are nonzero real constants. Writing x = (xy,...,xy) € RY, the
Carathéodory function .Z : RY x RY — R is assumed to be periodic in each of
the variables xi,...,xy. We then look for solutions u(x) which have the same
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type of periodicity in the variables xj,...,xy. Denoting by 71,..., Ty the given
periods, the periodicity conditions then read as

U(Xl —|—T1,x2,.-.,XN) :M(Xl,x2+T2,.-.,XN) =

=u(xy,x2,..., x5y + Ty) = u(x1,x2,...,Xy). (5)

We look for L2-solutions, i.., solutions in the Hilbert space H = L*(2,RM),
where

9= [O,T]] X e X [O,TN]
Here is our result.
Theorem 4. Assume that F (x,u) = V,# (x,u), for some function # : 2 x RM —
R. Let A, B be two symmetric M x M matrices, commuting with each other, such
that

A —w),v—w)y <<LF(x,v) — F(x,w),v —w)y <(Blv—w),v—w), (6)

for almost every x € 2 and every v,w € R™. Let us order the eigenvalues of A
and B as follows:

oA)={m<w<---<ay}, oB)={f <p=<---<fuy}
If, for every £ = 1,2,..., M, the corresponding eigenvalues o, and [, have the same

sign, then problem (4)—(5) has a unique L*-solution, which can be obtained as the
L>-limit of the iterative process defined by

where ug € L*(2,RM) is arbitrary.
Proof. We show how to apply Theorem 3. For simplicity, we assume
T)=---=Ty=2n. (7)

Clearly, we can always reduce to this case with a change of variables, which will
have the only effect of changing the constants ¢y, ..., cy.
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Existence and uniqueness of solutions 189

Let us first introduce the linear operator L : D(L) « H — H. As a basis of H

we consider, as usual, (4,, ), ycz> With

1
¢m.}’l(xl ) Xz) = 2_el(mxl+nX2>.
’ T

For any f € H, we can write its Fourier series

L= fusbpn  with f = <{f 1,0,

m,nez

and define

D(L) = {u e H: Z |(mc; +nC2)LAlm7n|2 < Jroo}7

m,ne”z

Lu= Z i(mcl + nc2)am,ﬂ¢m,n' (8)

m,ne”z

The operator L is anti-selfadjoint. This well-known fact will be proved, for the
reader’s convenience, in the Appendix.

Since assumption (6) implies that & has an at most linear growth, the Nemytzkii
operator N : H — H is well defined, by setting

(Nu)(x) = 7 (x,u(x)).

It is continuous, and maps bounded sets into bounded sets. The selfadjoint oper-
ators A, B: H — H are defined as follows:

(Au)(x) = Au(x),  (Bu)(x) = Bu(x).

Clearly enough, L, 4 and B commute with one another, and condition (i) follows
from (6). Notice moreover that condition (ii)” holds as well, since we are assum-
ing that

Cx

0¢ [(vaﬁ/’]‘

14

Il
—_

Theorem 3 then applies, to give the conclusion.

4. Appendix

We prove here that the linear operator L: D(L) « H — H defined in (8) is
anti-selfadjoint. To simplify the exposition, we will assume that M =1 and
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N = 2. It will be easily checked that analogous considerations hold in the gen-

eral case.
Let us first show that o(L) < iR. Assume that 4 ¢ iR. Then, for every f € H,

(L—2u=f <= i(mc + nea)ly n — A n :fm’n, for every m,n e Z

fm, n

_— for every m,ne 7
i(mey +ney) — A7 v ’

<~ Upn =

and, in that case,

Jonn

i(mc1 +ney) —

Z |fm n|

dlst mael

= m ||f||2

2
lullz = >

m,ne”Z

So, (L—I)"" € #(H),ie., /¢ a(L).
The domain D(L) is dense in H, since every u € H can be written as

N
u:NLHEoo E : um;n¢m,n )

m,n=—N

and each of the above finite sums belong to D(L). Let us show that L is a closed
operator. Indeed, let (i), and (fx), be two sequences in D(L) and in H, respec-
tively, such that Lu; = f, for every k, and uy — u, fi — f, for some u € H and
f e H. Then,

<uka¢m,n> - <H, ¢m,n>a <fka¢m,n> - <fa ¢m,n>a

for every m,n € Z, and, since

i(l’l’lCl + n02)<uka¢m,n> = <fka¢m,n>»

we conclude that i(mc; + nea)iy, , :fm‘n, for every m,n € Z, i.e., u € D(L) and
Lu = f. This shows that L is closed.

As a consequence, we know that L = L**. Now, if u,v € D(L), then, since ¢;
and ¢, are real,
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Existence and uniqueness of solutions 191

{Lu,vy = Z i(mey + nea)iy, by, ,

m,ne’z

= - Z ﬁm,n[i(mcl +nc2)ﬁm,n]* = _<”7 L1)>,

m,ne’z

so that v € D(L*) and L*v = —Lv. In particular, this shows that D(L) < D(L").
Let us now show that D(L*) < D(L), thus completing the proof. Take v € D(L*).
Since L+ I : D(L) — H is invertible, there is a u € D(L) such that (L + I)u =
(L* = T)v. Since D(L) < D(L*), we have that u+v e D(L*), and L*(u+v) =
—Lu + L*v, so that

(L*—=D(u+v)=—(L+DNu+ (L*"—IHv=0.
Then, recalling that L** = L, since L — I : D(L) — H is invertible,
* * %\ L Kk 1 1L
N =) =I((L" = D))" =I(L* —=I)* = [(L-T)" = {0}.

Therefore, it has to be u+ v =0, so that v = —u e D(L). The proof is thus
completed.
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