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ABSTRACT. We consider the system of second order differential equations
U +VGu)=e(lt)=e(t+T),

where the potential G: R” — R is not necessarily convex. Using critical point
theory, we give conditions under which the system has infinitely many subhar-
monic solutions.

INTRODUCTION

In this note, we consider the following system of second order differential
equations:

(1) ' +VGu) =e(t).

Here, G: R" — R is a continuously differentiable function with gradient VG
and e¢: R — R” is a continuous periodic function having a minimal period
T > 0. We are interested in the existence of subharmonic solutions of (1), i.e.,
of periodic solutions of (1) having minimal period in the set {k7T: k €N, k >
2} . The existence of this type of solutions is not always guaranteed, as the case
G = 0 shows. Indeed, in this case, every periodic solution of (1) has minimal
period T (see [8]).

There have been various types of results concerning the existence of subhar-
monic solutions to systems like (1) or to more general first order Hamiltonian
systems. These have been obtained either by perturbation techniques [1, 2] or,
starting with [12], by some global approach. Most of the results proving the
existence of subharmonic solutions in the above sense, however, have made use
of a convexity assumption on the potential [3, 6, 7, 10, 11, 14-16], or else some
“generic” type results were proved [4, 8]. For n = 1, the case of superlinear
nonlinearities has been studied in [5, 9] by phase-plane methods.

Here we prove the existence of subharmonic solutions without assuming the
convexity of G by simply making some careful estimates on the critical levels
of the functionals associated to the problem.
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2. THE MAIN RESULT

Our main result concerning the system (1) is the following one, where we
denote the mean value of e(¢) by e, i.e,

_ 17
e=T/0 e(t)dt.

Theorem 1. Assume that the range of VG is bounded,
() IM >0:YueR", |[VGw)| <M.
If moreover
(ii) lim”u"_,oo(VG(u) -2, u)=+o0o,
then system (1), besides having at least one T-periodic solution, also has periodic
solutions with minimal period kT, for any sufficiently large prime number k .

In the proof of Theorem 1 we will consider, for every positive integer k, the
continuously differentiable functional

kT
ouw = [ {51007 - G+ (e, )} dt,

defined on the space H,gT of kT-periodic absolutely continuous vector func-
tions whose derivatives have square-integrable norm. We will denote the usual
norm in H}, by |« |lxr. One has

k
o, (u)v = T{(u’, v’y = (VG(u), v) + (e, v >)}dt,
0

and it is well known that the critical points of the functional ¢, correspond to
the kT-periodic solutions of the system (1) (cf. [10, 13].

In the first step, we will show that the set St of T-periodic solutions of (1)
is bounded in H}. As a consequence, ¢;(S7) is bounded, and, since for any
u € St one has ¢ (u) = ko,(u), we have

J¢>0:YueSr, Vk>1, %W’k(“)l <c.

Next, we will show that, for every positive integer k, one can find a kT-
periodic solution #; of (1) in such a way that the sequence (u#;) has the prop-
erty

1
(2) klggo ‘E(Pk(uk) = —o0.

This will be done by the use of some estimates on the critical levels of ¢, given
by the Saddle Point Theorem of Rabinowitz. Consequently, for k large enough,
u, ¢ St,and if k is chosen to be a prime number, the minimal period of
hastobe kT .

The following lemma will be needed for the study of the geometry of the
functionals ¢, . It also shows that Theorem 1 improves a result in [7] obtained
for systems like (1) with a convex potential G by the use of Morse theory.

Lemma 1. If the assumptions of Theorem 1 hold, then
(ii") limy,—e(G(u) — (€, u)) = +oo.
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Moreover, condition (ii) happens to be equivalent to (ii') whenever G is assumed
to be convex.

Proof. Assume (i) and (ii) in Theorem 1. Let R > 0 be such that
(3) lul| > R = (VG(u) —e, u) > 1.

Then, for [ju| > R, we have
R/||ull 1
G(u) — (e, u) = G(0) +/ (VG(su) —e, u)ds +/ (VG(su) —e, u)ds
0 R/l
1

> G(0) — (M + [[e[)R + / Las

R/lull $

[l

= G(0) — (M + [[2])R + log(*%").,

and (ii’) follows.
Now assume G to be convex. Then, for every x, y € R”, we have
4) G(y) =2 G(x) +(VG(x), y — x)

cf. [10]). Choosing y = 0 shows that (ii’) implies (ii). On the other hand, if
ii) holds, we can choose R > 0 for which (3) is satisfied. Using (4) again, we
et:

~ A~ o~

9Q

+ (TR =1) (v () -2 g

> Bl 14 min (60 - @, 0,

and (ii’) follows immediately.

Proof of Theorem 1. First of all, we notice that it is of no loss of generality to
suppose that ¢ = 0 and, in view of Lemma 1, that G(u) > 0 for every u.
Hence we will assume this throughout the proof. As we explained above, we
begin the proof by showing that the set St of T-periodic solutions of (1) is
bounded in H} . Assume by contradiction that there exists a sequence (u,) in
St such that ||u,||r — oo. Let us write u,(t) = %, + u,(t), where %, is the
mean value of u, . Multiplying both sides of the identity

() (1) + VG (un(1)) = e(0)

by u,(¢) and integrating, we obtain

—/OTIIﬁi,||2+/OT(VG(un), tin) =/0T(€, tin)-

Using assumption (i), we easily deduce that (i,) is bounded in H}.. Hence,

(6) Jin, lun (D)l — co.

Multiplying (5) by u, and integrating, we get

) - [+ [ 6w, m = [ ..
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Now, since (#,) is bounded in H}., we deduce from (7) that

T
( / (VG (), un>>
0

is bounded, but this is in contradiction with (6) and assumption (ii).

Now we need to show that, for every positive integer k , one can find a critical
point u; of the functional ¢, in such a way that (2) holds. To this aim, we
will apply the Saddle Point Theorem (cf. [13, Theorem 4.6]) to each of the
¢ ’s. Let us fix k and write H!,. =R"® H,r, where R” is identified with the
set of constant functions and Hyr consists of functions % in H}l,. such that
fé‘ T u(s)ds = 0. First, we prove the Palais-Smale condition. Let (u,) be a
consequence in H,,. such that g (u,) is bounded and ¢ (u,) — 0 as n — oo.
In particular, for a positive constant c¢;, we will have

kT
01 (tn)tin = ; {11,117 = (VG(un) , thn) + (e, tin)}dt < c1ltinllir-

Then it follows from (i) that (#,) is bounded in H},.. Since

kT
ot = [ { ST = Gl + (e 7o) s

is bounded, it then follows from the uniform boundedness of (u#,) and from
(ii') in Lemma 1 that (%,) has to be bounded too. So (u,) is bounded in
H,gT , and it is now a standard argument to show that (u,) has a convergent
subsequence (see [13, Appendix B]). Hence, the Palais—Smale condition holds.

It is easy to show that (i) yields the coercivity of ¢, on H,r, while (ii),
through (ii’) of Lemma 1, yields the coercivity of (—¢x) on R"”. For r > 0,
let us denote by D, the closed disc in " centered in 0 with radius r, and by
0D, its boundary. It follows from the above that, for a sufficiently large ry,
one has

g:f Pk > ngix Pk
so the assumptions of the Saddle Point Theorem are all satisfied, and we can
find a critical point x; of ¢, such that
P (Xe) = y‘é‘rfk gggg: ok(v(€))

where Iy, = {y € C(D,,, H;T): y = id on 8D, }. In particular, ¢, has a
critical point, i.e., (1) has a T-periodic solution.

In order to prove that the sequence (x;) satisfies (2), we will show that for
every m > 0 there exists a positive integer k such that, for each k > k, we
can construct y; € C(D,, , H/;) with the property that

7 max g () < .

Tk

First of all, we notice that r, above can be taken such that

(8) re > Vn-k.
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Let us fix m > 0. using (ii’) of Lemma 1, take k such that

(9) x|l >k = G(x) > (3mT + 24nn?)/T2.

For k >k, we construct y; € C(D,, , H};) as follows:
M(@)(8) =&+ (1= IEll/r)wi (),

where wy () is the vector function wy(f) = (wi(z), ..., wl(?)) with wi(t) =
2ksin(2nt/kT), i=1, ..., n. Then we have
(10)
1 1 kT (1 € 2n 27 \[1?
Eéé‘%f: or(7(8)) = Egg:/ {5 [(1 - 7) 2k\/ﬁﬁ cos (k—Tt) ]

— G(ne(S)(®) + (e(®), Vk(é)(t))} dt

8nmn2 . T [* 1] kT
< - g [, 6 (ex (-5 e (300))

since, by a Fourier series argument

kT
/0 (e(t), 7(@)(O)dt = 0

We claim that, for every ¢ € D,, one has

(i e (110 (L) 2

on a subset of [0, 2] having measure of at least (37). Let i be such that
& = max{|&|, i=1,...,n}. If &> 0, for every s € [{7, 37], we have

e+ (- IIéII)wk( ) lf< 1Y s
ol () + (1= ) awsins

since (r&;/lI¢]l) > k by (8) and 2k sin s > k for s € [in, 3n]. With a
similar computation, one can see that, whenever & < 0, (11) holds for every
s € [in, Lxn]. In the case & = 0, i.e, & = 0, one has (11) for both s €
[in, 37] and s € [{n, Y 7], proving the claim.

Using (9) and the fact that G is supposed to be nonnegative, from (10) we
get

>k

>k,

lmax ( (é))<8nn2__T_ 37: 3mT + 24nn? m
K 2aX Ok(S)) = ==~ 57\3 T2 =-m,

Tk
and the proof is complete. 0O

3. THE CASE N =1

When dealing with the scalar equation
(12) u' + g(u) = e(?)
we are able to prove a result with less restrictive assumptions on the nonlinearity
than those required in Theorem 1.

We set G(u) = [, g(x)dx and, as before, = 7 fo t)ydt.



188 A. FONDA AND A. C. LAZER

Theorem 2. Assume the following conditions:
(3) limyy, oo sup g(u)/u < (2n/T)?;

gj) 3d>0:V |ul>d, (g(u)—e)u>0;

(J.].]) li!n|u|—>oo 2G(u)/u2 =0;

(Gv) limy, o (G(u) —eu) = +oo.
Then equation (12), besides having at least one T-periodic solution, also has pe-
riodic solutions with minimal period kT , for any sufficiently large prime integer
k.
Proof. We follow the same ideas of the proof of Theorem 1. Again we can
assume without loss of generality that ¢ = 0 and G(u) > 0 for every u € R.
In order to prove the boundedness of the set of T-periodic solutions we argue
by contradiction. Assume that there exists a sequence (#,) in S7 such that
l|un]l — oo . By (j) and (jj), we can write

g(u) = go(u)u + g1(u),
where 0 < go(u) < (2n/T)* — 6 for some & > 0 and every u € R and the
range of g; is bounded. Setting v, = u,/||u,||7, we have
g1(un) __e(t)
lunllr — llunllr
Hence, (v,) is bounded in C?, and a subsequence converges strongly in C'!
to a certain map v. The sequence (go(u#,)) converges weakly in L? to some

a(t) that, by the weak closure of the convex set {f € L?: 0 < f(t) < (2n/T)? -
J,a.e., t}, satisfies

(13) 'U;zl + gO(un)vn +

(14) 0<a(t)<(2n/T)? -6
for almost every ¢. Passing to the weak limit in (13) we get
(15) v" +a(t)v =0

Since ||v|l7 = 1, it follows from (14) and (15) that « = 0. Hence, v is a
constant, and (u,) is such that

(16) i, s ()] = o

but, integrating equation (12) gives

T
/0 g(un(t))dt =0,

which is in contradiction with (jj) and (16).

Let us prove the Palais-Smale condition for the functionals ¢; . Fix k, and
write H,gT =R® ﬁkT. Let (u,) be a sequence in H,gT such that ¢, (u,) is
bounded and ¢;(u,) — 0 as n — co. Assume by contradiction that, for a
subsequence, ||u,||xr — oo . First we prove that, as n — oo, |U#,| — oo and

2tnllicr
17 —_ = 0
(7 ]

Fix ¢ > 0 sufficiently small. Condition (jjj) implies that there is a ¢, > 0 such

that
e

_C .2
gkT 4 T

G(u) <
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for every u € R. Then,
1 (kT _ e [T, &
> 2 2 _ €& 2_ €.
Ok (un) 2 2/0 () 8kT/0 Un = gl

kT 1/2 kT 1/2
0 0

1 kT~ ) £,
(18) > [ mr-gm e

for some constant ¢, > 0. We have used the Wirtinger inequality, assuming
that ¢ is small enough. Since ¢ (u,) is bounded, it follows that |u,| — oo,
since otherwise, for a subsequence, (|#,|) would be bounded and, by (18), (u},)
would be bounded too, contradicting the fact that |u,|lx7 — oo. Moreover,
multiplying (18) by (1/%,2), one can find a constant ¢ > 0 such that

(T a2

it

P o’
S_+_8'S8,
2 ﬁfl

for n sufficiently large. Hence, we proved that

kT ;~;\2
lim _Oﬁ;‘_)_
n—oco U,

=0.

By the Wirtinger inequality, (17) easily follows. Using the Sobolev inequality,
we can deduce from (17) that

(19) orsr%HT |un(2)] — o0,

as n — oo. Since ¢, (un) — 0, there exists a constant ¢; such that |gi(us)h| <
cil|h|ler for every h € Hl, . In particular, taking 2 =1, we get

< kT,

kT
(20) /0 g(un(t))dt

while, taking 4 = %, , we have

kT

(21) {7'7;;2 — &(un)tin + etln}dt| < c1l|tin|licr-

Using (19) and (jj), for n large enough, one has

kT kT
/ 2(un(0))dt] = / |8 (un(2))ldt,
0 0

and from (20) and (21) we have that (u,) is bounded. ¢@;(u,) being bounded,
we conclude that ( fOkT G(u,(t))dt) has to be bounded too, but this is in contra-
diction to (19) and (jv). Hence, the sequence (u#,) has to be bounded, and the
Palais-Smale condition holds.

The geometry of the functionals ¢, are easily handled through conditions
(ji) and (jv), showing that we are in the hypothesis of the Saddle Point Theorem.
Finally, one can use, and indeed simplify, the argument ending the proof of the
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Theorem 1 to prove that (2) holds for the sequence (1) of critical points found
in this way. O

Theorem 2 improves a result in [7] where the function g was supposed to
be increasing. As an easy consequence, we have the following

Corollary. Assume that

(.] ! ) lil'n|u|—>0c> g(u)/u =0,

(i) limjyjoo inf(g(u) — 2)u > 0
Then the conclusion of Theorem 2 holds.

10.

11.

12.

13.

14.

15.

16.
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