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In this paper we intend to show that a particular realization of the IKT for the Schroédinger
equation can be achieved in terms of a classical Hamiltonian dynamical system.
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IMPORTANT REMARKS (to be added):

1) Comparison between IKT and the method of configuration-space characteristics:

A) the phase-space (Schrédinger) dynamical system advances in time the kinetic PDF and therefore, through
it, determines uniquely also the time-evolution of the complete set of quantum fluid fields;

B) instead the method of characteristics (based on the definition of a configuration-space Lagrangian dynamical
system) determines only a parametrization for the QHE's.

Recently, the quantum trajectory method (QTM) has been utilized in solving several quantum mechanical wave
packet scattering problems including barrier transmission and electronic nonadiabatic dynamics. By propagating the
real-valued action and amplitude functions in the Lagrangian frame, only a fraction of the grid points needed for
FEulerian fixed-grid methods are used while still obtaining accurate solutions. Difficulties arise, however, near wave
function nodes and in regions of sharp oscillatory features, and because of this many quantum mechanical problems
have not yet been amenable to solution with the QTM.

2) restrictions on IKT:

- single and multiple-temperature cases;

- the definition of quantum temperature.

- related non-Hamiltonian features;

3) further implications of IKT:

- constant weak H-theorem;

- Heisenberg inequalities;

- role of thermal fluctuations and temperature effects.

I. INTRODUCTION

In the stardard approach to quantum mechanics (SQM), systems of classical point particles, defining classical
Hamiltonian systems, are described by corresponding quantum Hamiltonian systems, obeying the Schrodinger equa-
tion. This means that while the canonical state and Hamiltonian function, which define classical Hamiltonian systems,
{x =(q,p), H(x,t)}, are represented by ordinary functions defined in a suitable extended phase-space I' = Vg x Vi, x I
[with Vg, Vp and I, respectively, suitable subspaces of R™ and R], in SQM they are replaced - via an euristic cor-
respondence principle denoted as quantization - by well-known (quantum) operators, p and H(x,t), acting on the
quantum wave-function 1 (q, t), the latter being complex functions defined [only] on the extended configuration domain
V=Vyxl.

In a recent paper Tessarotto et al. [1] have shown, however, that the time evolution of the quantum wave-function
is actually uniquely determined by means of a suitable class of phase-space classical dynamical systems, which can
be realized in the framework of the so-called inverse kinetic theory (IKT). The question arises, however, whether
there exists - in particular - among them a subset of abstract classical Hamiltonian systems, which determine uniquely
the time evolution of 1(q,t) in terms of the corresponing Hamiltonian evolution operator Tt(ft). In this paper we
intend to show that a particular realization of IKT developed for the Schrodinger equation (Tessarotto et al. [1])
can be realized to satisfy precisely this requirement. This means that also SQM admits, in some abstract sense, an
Hamiltonian description, and hence - just like classical mechanics - quantum dynamics can be uniquely described in
terms of the extremal curve of an appropriate Hamiltonian action.



II. HYDRODYNAMIC DESCRIPTION OF NRQM

In this section we intend to recall the well-known fluid description of non-relativistic quantum mechanics (NRQM),
based on the property of the Schrédinger equation to be equivalent to a complete set of fluid equations. For the sake
of clarity let us introduce the basic definitions and the mathematical formulation of the problem.

In this paper we shall consider, in particular, the case of a system of spinless scalar particles (bosons) described by
a single scalar wavefunction ¥ (r,t),with associated probability density

f= |¢(r7t)|2> (1)

requiring that both are defined and continuous in Q x I, where © denotes the closure of a suitable open set . In
addition we impose that f is strictly positive in 2, while f and 1 are respectively single-valued and possibly multi-
valued in Q x I, with 9 at least of class CCHRIHR)(Q x I)[= CCHR(Q) x CH+M)(I)] with h,k > 0. Hence, by
assumption, f can only vanish on the boundary 692 (i.e., in the nodes r, € §Q2 where f(r,,¢) = 0) and must satisfy
the normalization

/ drf(r,t) = 1. (2)
Q

For definiteness, we shall also assume, without loss of generality, that 2 is a connected subset of R*N and v (r,t)
belongs to the functional space {1}, to be identified with the Hilbert space of complex-valued functions which are
square-integrable in Q. The N—body wave-function v (r,t) is required to satisfy in the open set Q x I the Schrodinger
equation

0
it = Hi. (3)

Here H is the N—body Hamiltonian operator. Thus, for a single charged particle (with electric charge ¢ and mass
m), subject both to the action both a scalar field U and of the EM field generated by the EM potentials {¢, A}, it
follows

H:ﬁ(p—%A)Q—i—Uﬁ-q(b, (4)

where
p = —thV

is the quantum momentum and U is a possible additional potential. For well-posedness, appropriate initial and
boundary conditions must be imposed on t(r,t). The initial conditions are obtained by imposing for all r € 2

P(r,to) = P, (r), ()

where 1), is a suitably smooth complex-valued function. To specify the boundary conditions, we first notice that
the boundary set 0 can always be considered prescribed. The boundary conditions can be specified by imposing
Dirichlet boundary conditions on 6€2. This requires Vrs € 62

1/1(1‘5, t) = ’[/)w (I‘g, t)v (6)
Tim V(r.t) = V.,(r,.0) (7)

where V(r,t) is the quantum velocity field (to be defined below), while the complex function ,,(r,,t) and the real
vector function V,,(r,,t) are prescribed and suitably smooth functions. To specify the value of f(r,¢) on £, let us
require that there results additionally

/ deV f(r,t) =0. (8)
Q



In all such cases Eq.(8) implies that there must be Vr, € 62

f(r5>t):|ww(r57t)|25f0207 (9)

where f, is either a constant, whose value may still depend on the specific subset, or at most is a function f,(t) to
be assumed suitably smooth V¢ € I. Hence, the points of §{) are not necessarily nodes. However, if r, is an improper
point of R3V (hence, 2 is assumed to be an unbounded subset of R3Y), since it must be limy oo f(r,t) =0, 1y is
necessarily a node, i.e.,

fo=0. (10)
This implies for consistency also

lim 4, (r,t) = 0. (11)

|r|—o0

The set of equations (3),(5),(6),(7) together with (9) or (10) and (11), defines the initial-boundary value problem
for the Schrédinger equation (SE problem). The solution of the SE problem, v, must be determined in an appropriate
functional space, to be suitably defined (see for example Ref.[53]).

The set of hydrodynamic equations corresponding to the Schrodinger equation are well-known [5, 7, 8, 12] and
follow immediately from the exponential representation (known as Madelung transformation [5])

v =fer, (12)

where {f, S}, denoted as quantum fluid fields, are respectively the quantum probability density and the quantum
phase-function (also denoted as Hamilton-Madelung principal function).

We stress that while Eq. (12) is defined in the set in which results f > 0 (i.e., in the closure of the configuration
space Q) S(r,t) remains in principle unspecified on the subset the boundary §Q where f(r,,t) = 0, i.e., the subset
{r,} of the so-called nodes of 1.

REMARK:

This indeterminacy, however, is eliminated by requiring that everywhere in 692, S(r,t) can be prolonged on the
same set by imposing Vr,, € 6Q2 :

S(ry,t) = rligl S(r,t). (13)
Hence, the real functions {f, S} can both be assumed continuous in Q x I and at least C>")(Q x I). Obviously, S(r, t)
is defined up to an additive constant 2wkh, being k € Z, while S itself is generally not single-valued. In addition, if

1) is single-valued, it is obvious that S must satisfy a well-defined condition of multi-valuedness. In fact, in this case
on any regular closed curve C' of 0, for S it must result

/ dl- VS(r,t) = 2mnh, (14)
C

where n is an appropriate relative number [52]. Introducing the single-valued potential velocity field, defined in  x I,
1
V(r,t) = EVS(r,t), (15)

this yields the well-known condition of quantization of the velocity circulation

K= /dl-V(r,t) _ 2mnh (16)
C

m



IIT - QUANTUM HYDRODYNAMIC EQUATIONS (QHE) - CASE OF THE 1-BODY PROBLEM

Let us derive explicitly the complete set of PDE’s, to be fulfilled by a suitable set of fluid fields {Z}, which
correspond to the Schrodinger equation. Invoking the position (12) there follows

L0 ih 0 0
mathw[ In f }

20t T ot
1 q.\2, 1 ‘ q ih q.0 _
Qm(p CA) v = Qm( ihv CA> w{ 2V1nf+VS CA -
2
-2 {—hVQInf—ihV2S+ qihV~A} +
2m 2 c
ih
L {ZA-VIan-VS+q|A|1+
2me | 2 c
i ih
+ 2 {—lv1nf+v5— qA] : {—ZVInf+VS] .
2m 2 c 2
Hence the imaginary part of the equation yields
ih O ol s 4. q ih
Sanf = %[ ihV2S + Lihv A}+%5A Vinf+
1 ih 1 q.1 ih
—%Evmf-w—%[w—yx} SV =
) ‘
N [—mv25+ ?ihv-A] _ ik [vs— QA] Vi f
2m c 2m c
namely
1 1
anf—k—{VS—gA}-Vlnf+—VzS=iV~A. (17)
ot m c m me

Imposing the Coulomb gauge V - A = 0 and introducing the (quantum) fluid velocity field V = V(r,t) :
1
V=— (vs - gA) , (18)
m c

one obtains the countinuity equation:

%lnf—i—V-Vlnf—l—V-V:O. (19)

Similarly the real part of the equation delivers the quantum Hamilton-Jacobi equation:

9 q

Z S+ H —IA 0= 2
8755 + H.(r,VS p ,t) =0, (20)
where H.(r,VS — 2A,t) is the Hamiltonian function

_ 1
C2m

q 74>
Ho(x VS - 2A0) (Vs —2A) +Uqu +a0. (21)

Moreover, here Ugas denotes the so-called free-particle quantum potential [8]

h2 1 2 1 2
UQM=3 §V lnf+Z|Vlnf| . (22)

Applying the operator (V) to the previous equation and introducing the position (164) there follows

0 1 q,\>_  q 0 1 1
oV oV (V8- 2A) = 5A— - Vlaw — Ve



Now we notice that

2
1y (VS— %A)

2m?

%(VS—%A)~V(VS—%A)+%(VS—%A) x [V x (VS—%A)} -
= V-VV—%Vx[VxA]:V-VV—%VxB.

Hence it follows the quantum FEuler equation:

0 1
=V +V.VV=—F(rt 23
SV YV VV=F(r) (23)
where F(r,t) (quantum force-field) is the vector field
1
F(r,) Eq{E—l—VXB} —VUoum (24)
c
and
10
E=-V¢p———A 2
Voo (25)
B=VxA (26)

are the EM fields.
The PDE’s (165) and (169) are denoted quantum hydrodynamic equations (QHE) and {Z} = {f, V} as correspond-
ing quantum fliid fields.

ITII-b. Lagrangian representation of QHE

A Lagrangian representation for QHE can be obtained by introducing a parametrization in terms of a family of
smooth curves {r(¢)} belonging to the configuration space (2) in which the fluid fields {Z} are defined. A possibility
for the definition [of these curves] is realized by the curves r(¢), to be denoted as characteristics, or Lagrangian paths
(LP) associated to the fluid velocity field V(r,t), which are solutions of the initial-value problem

D
Er(t) = V(r,t), (27)
r(t,) = ro,
where % denotes the fluid Lagrangian derivative, defined with respect to the fluid velocity V (r,t),
D 0
—V==-V+V.VV. 28
7T (28)

Then a Lagrangian representation of QHE is then simply provided by the set of Lagrangian differential equations
represented by Eq.(27) together with

D

Dy f(®).t) = =V-V(r, )l (29)
D 1
5 V(1) = —F(r(t).). (30)

We notice that Eqgs.(27)-(30) are manifestly coupled. In particular, if f(r,t) is considered prescribed, Eqgs.(27) and
(30) (must) determine uniquely the set of vector functions {r(¢), V(r(t),t)}. It follows that these equations can also
be represented in the equivalent integral form

r(t)=r,+ fdt’V(r(t’),t’),

fx(t),t) = f(ro,to) + exp {—tft dt' Vv - V(rvt')r_r(t,)} , (31)

V(r(t),t) = V(ro,t,) + = jdt’F(r(t’),t’).



IV - CASE OF THE N-BODY PROBLEM

Let us now consider the case of the N-body system, represented by an ensemble of (N) charged point particles
subject to an external EM field defined by the EM potentials {¢, A}. The Hamiltonian [of the N-body system] is
defined as

Hy = > H, (32)
i=1,N

o= (%A + g0, (33)
2mz- Cc v

A; = A(r,t), (34)

¢i = (bT(rivt)) (35)

¢p(r;, t) deniting a suitable effective potential (which can include the action of a gravitational field). If binary Coulomb
interactions are included the previous Hamiltonian should be replaced by

Hy= Y e,

i=1,N
H j(ém) denoting the interaction Hamiltonian
int /
H](\/' )= Z 9405 = [Qin¢ij] (36)
4,j=1,N;j<i
and ¢;q;¢;; the Coulomb interaction potental.
This corresponds to the Schrodinger equation:
0 v = Hyxv (37)
th— = .
ot N

where ¢ = ¢(r,t) and r = (ry,...,rx) denote respectively the quantum wave function and the configuration vector of
the N-body system. It follows:

0 ih 0 0
ihet = ¢[28tlnf—ats}7
L 9 I S e N I 1 g -
2mj(PJ CAJ) f2mj(zhvj CAJ> 1/)[ Vilnf+V,S ]
. [—Vzlnf—zhvzs+ “Linv; A]
2mj
+¢Qj [zhA Vinf- AV, -|Aj|2:|+
2mjc
Y| _ih 4j ih
+%j {_2vj Inf+V;5— C]AJ’] ' {—2vj 1Df+VjS] .

Hence, the imaginary part of the Schrodinger equation yields

ih O [ S P I
2 8t1 f = % [—ZFLV]S-I—*ZFLVJ A]:| + 2mjc AJ 'vj 1nf+
1 ik q ih _
g g VS VS - [v S - AJ} Vil = (38)
1 2 g_ DA .
= o [-inv2s + & Linv, A] zmj [vjs CAJ] v, In f

(with summation to be unserstood on repeated indexes), namely



0
ot

1 .
Inf+ — VS—qJA}.vjlnf+—v§s:ij.Aj.
t m; m;c

(39)

Imposing the Coulomb gauge V- A = 0 and introducing the (quantum) fluid velocity field V,= V,(r,¢) for j = 1, N :

V= (v;5 - 1)),

m(3)
one obtains the countinuity equation:

0
alaner-leaner'Vj:O.

Similarly the real part [of the same equation] delivers the quantum Hamilton-Jacobi equation:

0 q
S5+ He(r, VS — 2 A, ) =0,

where H.(r,VS — £A,t) is the Hamiltonian function

q
Hc 9 - 7A7t
(r,VS . )= 2mJ

and Ugas denotes the so-called free-particle quantum potential [8]

Ugm = Z Uguijs

j=1,N

hQ( Vilnf+ - |v 1nf>

Uomj 5

Qj 2 l
(V S — Aj> +Uqm + qi¢; + [Qin¢ij] J

(40)

(43)

(44)

(45)

Applying the operator (ﬁv,) to the previous equation and introducing the position (164) there follows (for

i=1,N)

0 1 qi 2 q
= Vit=—V ( iS—*Az) =——
ot +2m%i)v() Vv c me
Now we notice that
1
2m?

+n% (Vs = Za;) x [vix (V5 - Lag)| =

=V ViV E VX Vi x A =V, ViV
mjc m(z)

where ()’ = Z . Hence it follows the quantum Euler equation:
J=1.N:ii

Dt ot m(5)

Furthermore F;(r,t) (quantum force-field) is the vector field

1
Fi(rt) = qu) {Ez + EV(i) XBi} = ViyUqomi+

AFi(I',t),

3 1
5 V Ugm — mivi (Qj¢j + [Qin¢ij]/> :

(LAY (55 2a) v (55 )

!/
v % v/
B — LV, x [Vix Aj]) ,
(i) X <ij i % [Vix g]>

D 0 1
<> \fz = —VH—V(i)~V(i)Vi:—Fi(r,t).

(46)



while
/
AFi(I‘,t) = 7m(i) (VJ . ViVj)/ — m(L) (qujqﬁj)/ + <TI’?CVJ X [Vz X AJ]) — (48)
J
— (VilUgm;)'
and
1 ’ 10
Ei=—Vi[¢q) + %Vi (qg‘¢j + [a;0:;] )}—EaAi ; (49)

are the EM fields acting on the i-th particle. The PDE’s (165) and (169) are denoted as N-body quantum hydrodynamic
equations (N-body QHE), {Z} = {f, V} being the corresponding quantum fluid fields.

IV BIS - REDUCED 1-BODY FLUID DESCRIPTION

For definiteness let us consider in this subsection the case in which the Coulomb interactions are negligible. In this
case the reduced 1-body fluid description is obtained integrating QHE on the configuration space of the N-1 remaining
particles. Letting

0<V=/d3ri<oo,

introducing the operators

1
G; = R / d*r; (52)
Q

let us denote fi = G1 {f}, Vi = G1 {V1}, V, = V; — V; and moreover

V; = Gi{Vy},

This yields respectively:
0
§f1+V1'G1{fV1}:07 (53)
O N 4G ViV Vi) =L G [P (r.0)) (54)
at 1 1 1 1vVi1 _ml 1 1\L, )
where
G {fVl}:f1V1+G1{f\~71}, (55)

G1{V1-ViV1} =V, ViV, + G {Vl'vlvl} ) (56)



Gy {Fl(r,t)} = q {El + %Vl XBl} + (57)
—f—AG]_ {Fl(l‘ﬂf)} ;

and
!/
AGi{Fi(rt)} = —Gim; (V;-ViV;) —miViGy {(g;¢;)'} + G (minz]-cvj x [Vi x Aj]) - (58)
j

*mllel Z UQMj.
j=1,N

There it follows

<qu]V] X [Vz X A]]> = 0,

m;c
hence
1 !
AG, {Fl(r,t)} =-m1V1G; <2V§ +q7q§j> + Z Ugmij| - (59)
j=L,N
We conclude therefore that Eq.(54) reads:

0— — — ~ ~ 1
~=Vi+V,-ViV, = -Gy {V1'V1V1} + o {E1 + -V, ><B1} + (60)
ot mq c

1 ’
-V1Gy <2V§ +Qj¢j> + ‘XI:NUQJ\/IJ‘
J=1,

This will be denoted as the reduced 1-body quantum FEuler equation.

OPEN PROBLEMS

1. ISSUE #1: is it possible to identify in terms of Eq.(60) the quantum enthalpy density Ev = p;Tom +pom? By
definition here we shall assume that there results

Ey=pTom +pom >0 (61)

(positivity requirement). Here, p, Topn and p are denoted respectively as mass density, quantum kinetic temper-
ature and quantum scalar pressure.

2. ISSUE #2: does there exist an asymptotic limit, or a particular solution of the quantum hydrodynamic equa-
tions, in which [at least for a neutral fluid, namely if ¢; = 0 for all ¢ = 1, N] Eqs.(53) and (54) reduce to the
classical incompressible Euler equations (IEE)? In other words, such that there results:

f1 = const. (62)
Vi-Vi=0, (63)

0
—V14+V- ViV =— —
o 1+Vi1-ViVy Fimy S
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or more generally the classical incompressible Navier-Stokes equations (INSE), obtained replacing Eq.(64) with

0— — — 1 1 —
—V+V,-V, V= — Vp + f+ V3V, 65
ot 1 1"ViVi Frma p Frma 1 ( )

In the case of a heavy and neutral fluid f is defined as the volume force produced by the gravitational field, i.e.,

1
P1

g denoting the gravitational acceleration and p; = fim; the 1-body mass density) and v > 0 a constant dimensionless
parameter (kinematic viscosity)?

CLASSICAL LIMIT OF THE QUANTUM EULER EQUATION

Here we intend to point out that:

e the enthalpy density Ej, as well as the quantum temperature and pressure, Toas(r1,t) and p(ri,t), can be
uniquely prescribed in terms of the reduced 1-body quantum Euler equation.(60). In particular, we intend to
prove that a possible definition for Ey, Toa(r,t) and p(r,t) is provided by

E 1

— = Tou(r1,t) + —poum(r1,t), (67)
P1 P1

Toum(ry,t) =To(t) + Ti(r1,), (68)

Lo 1eo l h? 2
Tirt) =mGiVi [(5Vi=5VE ) + > S IVilnf], (69)
j=1,N
~ !/
]. _ V12 1~2
;pQM(I‘,t) = Gl (2 + 5‘/] ) . (70)

Here the notation is as follows:

1. T,(t), to be denoted as pseudo-temperature, is defined so that there results identically for all t € I :

=S =0
ot (9m)

(constant H-theorem for the microscopic BS-entropy) with S(gar) the BS entropy (to be defined below);
2. Tom(r1,t) and T1(r1,¢) are denoted respectively as quantum and relative temperature;

3. pom(r1,t) is denoted as quantum scalar pressure.

e The quantum FEuler equation (59) implies the classical incompressible Euler equation Eq.(64).

Definition of Ei,Tonm and poum

Let us first point out the following identity:
LEMMA 1
There its results identically:

L V2
G {V1~V1V1} — WV, (;) . (71)



PROOF:": in fact by definition

- ~ 12
vz [Vi+ )]
Gl {V1~V1V1} = V1G1 (2) = V;[Gl f =

_ Vi® Vi)
= Vi (2> + G1V1 (2 =
L o - ~ 2
= V;-ViV:+G; |:V1 X <V1 X Vl)} + G1V1 —L
Since
G1 |:V1 X (Vl X {[1)] =0
holds identically, while manifestly
G1{V1-VV} =V;.V|V, +G; {{fl'vli}l} ;

so that Eq. (71) follows. Q.E.D.
The Lemma implies that Eq.(60) can be written as

0= — - 1—
2 V1tV ViV, = L {El +-V, XBl} t+g+
ot my c
1
—V,E, —
P1
/ R _,
~ViGy | (g56,)" + > TVilf|+
j=1,N
E
+=1v, Inp;.
1
where we let
Fy 1 1
— = —T M(r1,t) + —pom(ri,t),
Py le(l) p1Q(1)
Toum(r1,t) = To(t) + T1(r1,t),
1 1 15\ h?
—Ti(r,t) = =V2— V2 =V, In f]?
Tt = (V2= 57) 4 2 g
j=1,N
1 VZ2 (1)
— 1) = — V= .
ppoM(rla ) + (2 7
In the case of a neutral fluid this reduces to
0— — 1 h? 2
—Vi+V1-ViVy = ——ViE1 +g-ViGy | Y —Vilnf| +
ot o S 4
E
+1v, Inp,.
P1
In particular, for an isothermal neutral fluid [T} (r1,t) = const] it follows
0= =— — 1 s
S VitVIViVE = —=Vip+g—ViGi Y. T Vilf|+
P1 j=1,N

E
+71v1 In P15
P1

¥)

11

(75)

(81)
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where

G| > T ViInf| = ViGinf]. (82)
j=1,N

Let us now consider the semi-classical limit. This is can be defined by letting:

h — 0, (83)
P — o (s4)
h? 2
> < Vil =0, (85)
j=1,N
thus yielding:
0— — _ _ 1 1
—Vi+V1-ViVy = ——Vip+ —f (86)
ot P1 P1
(semiclassical limit), with f now denoting the vector field:
f=p,g+ E1Vilnp;. (87)

We remark that :

e Eq.(86) can be viewed as the Fuler equation of a classical fluid subject to the "modified” volume force density
(87). We remark that E1V1lnp, represents an additional volume force density, not usually included in the
Euler equation of a classical neutral fluid;

e Hence, the classical Euler equation should actually be considered an approximation of Eq.(86), holding when
the extra volume force density E1V11np, can be considered as negligible. Manifestly this occurs exactly [i.e.,
Eq.(86) reduces identically to the customary Fuler equation of a classical ideal fluid] when it results identically
p1 = const. (condition of incompressibility). In this case one obtains:

THM.1 - Classical incompressible Euler equation
In the case of an incompressible quantum fluid Eq.(81) reduces to:

0— — — 1
—=Vi+V-ViV, =—-—Vip+g, (88)
at P1

which coincides with the Fuler equation of a classical ideal fluid.

In conclusion:

1) the classical limit [of th quantum Euler equation] can be viewed as the equation of a classical fluid subject to a
suitably "modified" volume force density;

2) The extra force represents a new effect, not usually included in the Euler equation of a classical neutral fluid;

3) the classical Euler equation should therefore be considered an approzimation of our more correct equation, holding
when the extra volume force density is negligible. This occurs exactly for an incompressible fluid;

4) quantum corrections to the classical Euler equations can be clearly identified;

5) the notions of enthaply density, temperature and scalar pressure are (uniquely) achieved, based on the quantum
description. This is a prerequisite for achieving IKT for the N-body fluid description.

V - INVERSE KINETIC THEORY FOR QHE

In this section we intend to develop two key aspects of the theory. The first one deals with the basic assumptions of
the inverse kinetic theory, while the second is concerned with the construction of a classical dynamical system which
provides the dynamical evolution of the quantum system.
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A. - The case of 1-body IKT

Let us first determine an inverse kinetic theory (IKT) for the 1-body Schrodinger equation (i.e., a kinetic theory
yielding the 1-body quantum hydrodynamic equations defined above). Here we shall consider in particular the case
of a single-temperature IKT requiring

T= M3 = (89)
1),
[where u = v — V(r, t)] while imposing also
f=lg = | avotevo), (%0)
= ﬁ/{}dvvg(r,v,t) = (91)
= V(I‘, t)a

Assuming that the sole information is provided by the knowledge of the initial fluid fields PEM yields necessarily
that the only admissible probability distribution function (PDF) is

g(x,t) = gn(r,v,t) = f(r,t) exp {sz} , (92)

773/27’?}/2
to be denoted as generalized Mazwellian PDF. Here vy, = /2T /m,X? = u* /vy, and u = v — V(r, ). Requiring that

gum (v, v, t) satisfies identically the Liouville equation, or inverse kinetic equation (IKE)

0 0 1
5 IM +v- V9M+8fv : (ngK(gM)> =0, (93)

iff the fluid fields {f(r,t), V(r,t)} satisfy the QHE initial-boundary value problem, it follows that mean-field force
K(gar) has the form

K(gm) = F(gm) + Ku(gnm), (94)

where - F(gas) denotes the fluid acceleration, with F(ga) defined as
1
Flgum) =4q E(r,t)—&—EV(r, t)xB(r,t)| — VUgqum(r,t), (95)

while 2K, (gar) is the kinetic contribution to the acceleration. The form of the mean-field force term K, (gas) depends
of the definition of the temperature fluid field. Assuming a single temperature (T), in particular one can require either:
A)YT =T(t) or B) T =T(r,t). It follows that

CASE A - letting T = T'(t) there results

Ku(gy) =T@)VIn f(r,t) + mu~VV+%u% InT(t); (96)

CASE B - letting, instead, T = T'(r,t) there results

D

Ko (ga) = T(r,)VIn f + mu-VV—i—%uFt InT(r,t) + (97)
1

+VT(r,8)(X2 = 3).

PROOF:



There results, in fact, from Eq.(93):

D
yors Inf

)

gtlgnMJrv Vingy =

[t +

Dt
(5)

(3)

14

DV

Dt

2u

2
Vin

u-

vV

(2

4)

1 0 2u
v (QM K(QM)) = |-% 5 Fen) |- = || Z TV Inf +[VV - ul Jud InT [+LVT(X-1) || +
o - Cin ® @ ® ©
@
HYV]+ 3L T [ +u-VInT
(1) (5) (6)

which proves the statement. Q.E.D.

B. - N-body IKT

Let us now construct an inverse kinetic theory (IKT) for the N-body Schrédinger equation. For this purpose we
shall introduce for each particle a single-temperature IKT, requiring for it = 1, N :

T(rz, = M;[g] = (98)
u?
) /dvmZ 3 (r,v,t),
where
u; =v; — Vj,
while imposing also
f=ilg) = [ dvgteve), (99)
U
1
My (g 27/ dvvg(r,v,it) = 100
20l = gy [ Avvitev) (100)
= Vi(rat)a

Assuming that the sole information is provided by the knowledge of the initial fluid fields PEM yields necessarily
that the only admissible probability distribution function (PDF) is then

1
g(x,t) = gu(r,v,t) = f(r,¢) ‘H i exp {—X7}, (101)
z:l,N th i
u2
X2 o 4 (102)
Ve
th,i
2T;
2 I3
= ) 103
vth,z mi ( )
Here vy, = /2T /m,2® = u? /vy, and u = v — V(r,t).
Again imposing for gps(r,v,t) the IKE
v Vgt L ki) =0 (104)
ath 1 i9M avi am m; i\dm — U,

it follows that mean-field force K;(gas) has necessarily the form
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Ki(gm) = Fi + Kui(gm), (105)

where 7—F denotes the fluid acceleration, with F;(gys) defined by Eq.(170), while iKm(gM) denotes again the
kinetic contribution to the acceleration and its form depends on the defintion of the temperature fluid fields, namely
either: A) T; = T;(t) or B) T; = T;(r;,t). It follows that

CASE A - letting T; = T;(t) one finds

i 0
Kui(gn) = TiViln f(r,t) + meyue -V Vi + (meyu;-V; Vi)' + m?uia In T3; (106)
CASE B - letting, instead, T; = T;(r;,t) there results
Kui(gn) = TiViln f + myuey -V Vi + (meyu;-V; Vi)' + (107)
m; D 2 1

PROOF:
Let us invoke now Eq.(104). There results:

0 3
o 8nm +VirVigy = (57); Inf ++ (5), + InT; (Xf - 2) +

i=1,N (3) i=1,N (6)
(1) (5)
DVi) . 24 2uy
+ ( Dt )1 thh,j +|u V V th,‘j
i=1,N
(4)
(2)
Kui(gm) =TV, 1nf+m(l @)V Vi + (m(z u;-V;V; ) (108)
m; D 1
—u; (= | InT; T (X2 — ).
—|—2ul(Dt>in i+ V(X 2)

)

N[

DO

1 9 1 - 2y,
g (weston) = [ 2o |- 2 [ [ %7

v u; (DQf)zlnT +rn VT(X2
thi

) (3) (4) (5) (6)

1 5) (6)

[SJ[eY

which proves the statement. Q.E.D.

A.BIS - Reduced 1-body IKT

The reduced 1-body IKT is obtained introducing the integral operator

o, = /de.../de (109)
Iy I'n

and denoting

1
gua = Hi{gu} = fi——5 exp {-X7}. (110)
7"3/2”%1
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Then IKE yields

0 0 1
agz\m + V1'V1£7M,1+87V1 - Hy (nglKl(gM)> =0, (111)

where

1 1
o, (gMKl(gM)> =gu1—F1+
mq my

1
+H; <gMKu1(gM)>
mq
It follows

1
H, <9Mleu1(gM)> = Higy {T;ViIn f+ (112)
1
+VT(X? — 2)} =Hi {guT;Viln f} +

1
+ona ViTy (XF — ) T HidgmViTi} (113)

namely

1 1 1
H —K, = — G1{ —9gmi GV f ¢ + 114
1 (gM my 1(9M)) i gm1b1 {f‘ Im f} (114)

1 1
=)+ —9miGy {ngin‘Ti}

+gM71V1T1(X12 — 5 f
1 %

B. IKT-Schrédinger dynamical system

Let us introduce the phase-space dynamical system defined by IKE, namely
x(to) = %o — x(t) = Tp,¢,%0 (115)
where the evolution operator T}, is generated by the flow of the initial-value problem

dr

r=—=v, (116)
. dv dr 1
= —=—=—K 11

x = (r,v) and v denoting respectively the kinetic state and the kinetic velocity defined by Eqgs.(116) and (117). In
the remainder we shall require that x(¢) = {r(¢t), v(t)} = T}, X, satisfies the boundary conditions

x(to) = Xo, (118)
X(tl) = Xji. (119)
In the present case (115) is denoted as IKT-Schridinger dynamical system.

C.The search of a variational formulation

Let us pose the problem of the search of a variational formulation of the boundary-value problem for Egs. (116)
and (117): in other words a variational principle of the form

65(€) =0
{ vse(0) (120)

where the real vector functions &(t) € {£(¢)}, S(§) [variational functional], {£(¢)} [functional class|, 6&(t) [synchronous
variation of £(¢))] and 6S(&) [synchronous variation of §S(£(t))] are all to be suitably defined.



CASE A:

In case A, Eq.(117) reads

a. To
dt m Or
q

In f(r,t)—

where V(r,t) denotes an arbitrary particular solution of the quantum Euler equation [see Eq.(169)], namely

q
Dt m

Pyvey=2 {E(r,t)+iV(r,t)xB(r,t)} - %VUQM(r,t)

[this equation can be proven to be itself variational and Hamiltonian (see Appendix A)]. There results

VV@Jy{f-V}:VV@Jyf—V%V%nwz

. D 0
=VV(r,t) r— EV(r,t) + aV(r,t) =
d D
==V - —V .
dt (r7 t) Dt (r? t)
Let us introduce the decomposition
r=R+p,

1

—m:mnw{quVB@@]—;vmwu@—vvmw-ﬁ—ﬂ-d

0

ot
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(121)

(122)

(123)

where {R.(p(t),t)} and {p(¢)} and denote respectively the configuration-space Lagrangian trajectories solutions of the

equations

dR DR
— = V(R t) = —
o (R+pt)= -
d
d—? = v-V(r,t)=u
As a consequence Eq.(121) is reduced to the ODE:
d. TO0 1.0

Hence, denoting T'(t,) = T, (with T, > 0), the same equation can also be written as

d (mT,. T, 0 B
o <2TP) - ?alnf(r,t) =0,

to be considered subject to the boundary conditions

p(ti) = p;

(124)

(125)

(126)

(127)

for ¢ = 0,1. This equation can be viewed as prescribing the kinetic relative dynamics, i.e., with respect the local

(quantum) fluid element [which moves with velocity V(r,t)].

CASE B

In case B one obtains instead:



. T
al“i’ Ealnf(r,t)f
1 1
_4 [E(r,t)—i—CV(r,t)xB(r,t)] + EVUQM(r,t)—I—
: 1r. D 1 5 1
FOV(e ) [r- V] 45 [ V] 5T - 9T - 5) =0,
As a consequence the equation reduces to the ODE:
d. T 0 1.D 1 1
—p=——1 t)+ —p—InT — —VT(X? - =
at? " mor nf(rt)+ 2P mv ( 2)
where
)
2 _mp
2T’
namely
2
d mTo . To a To 3 mp 1 _
a <2Tp) g D Sy T —5) =0

This equation is manifestly non-variational.

D. Variational formulation for Eq.(126) - The basic results

We intend to prove that the boundary-value problem associated to Eq.(126) is:

1. variational

2. Hamiltonian.
The result does not pose any constraint on the quantum temperature T = T(t).

The following results hold:

THM.1 - Lagrangian variational principle for Eq.(126)

Let us introduce the following definitions:

1) functional S1(p):

Si(p) = / ALy (p(t), p(0), 1),

. mT(t) .2 Tt
Ll(pypi):Z#p + 27(1)1nf(R+p,t);

2) functional classes {p(t)} and {r(t)} :

{p(t)} = {p(t): p(t) € CO(1); plti) = p, and p(t), p, € R?,i = 0,1}

{r(ir =

18

(128)

(129)

(130)

(131)

(132)

(133)

= {r(t) r(t) = R(t)+p(t); R(t) € CAI), p(t) € {p(t)},r(t;) =r; and r(t),r; € R®, i =0, 1} :(134)

3) in Eq.(133) the vector function R(t) is considered uniquely prescribed for all curves r(t), i.e., independent of che

choice of p(t) € {p(t)};
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4) synchronous variation §S1(p) :

551(p) = -t (a)

(135)

a=0

with Uy (a) the real function defined, for o € |—1,1[, as
ty
U1 () = 651 (p+adp) = / dtL1(p(t) + adp(t), p(t) + adp(t), 1)
to

where dp(t) = p(t)—p,(t), with p(t) and p,(t) denoting two arbitrary functions belonging to {p(t)}. Hence, consistent
with the requirements #2 and 3, we let

Uy(a) = (136)

t1

_ / dt [’Z‘Tj(f) (p(t) + a5p(t))2 + fT(t) In f(R(p(t), t) + p(t) + adp(t),t)] -

to

Then it follows that the Lagrangian variational principle

5S1(p) =0
{ Vc(SZ)(t) (137)

is equivalent to the boundary-value problem (126)-(127).
PROOF
From definitions #1-4 it follows

t1
d (mT . T2 0
551(p) /mm>{ﬁ(ﬂf)gﬂ%pwmmmﬂﬂm} (138)
to '
Now we notice that by definition

0
o In f(r,t)

O n f(R(p,0)+p.1) = (139)

0
= % lnf(R(p, t)—‘rp, t)’R,t

Hence the Euler-Lagrange equations corresponding to the variational principle (137) manifestly coincide with Eq.(126),
with p(t) to be considered subject to the same boundary conditions (127). Therefore Egs.(137) and (126) are equiv-
alent. Q.E.D.

THM.2 - Hamiltonian form of Eq.(126)

In validity of THM.1 there results:
a) (Proposition a-THM.2)
the boundary-value problem (126)-(127) admits the modified Hamilton principle

(551’ (Z) =0
{ Vép(?), Py (1) (140)

where Sy p1(z) is the Hamiltonian action

Sua(a) = [ dt [ple) po(t) ~ H(a(0)0) (141)
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and H(z,t) the corresponding Hamiltonian function

T, o, T

A8 = rmPe~ o,

Inf(R+p,t);/// (142)

b) (Proposition b-THM.2)
the boundary-value problem (126)-(127) admits an Hamiltonian equations defined w.r. to the Hamiltonian (142)
and the canonical state z = (p, pp). Thus, equation (126) is equivalent to the canonical equations

- 0
p = —H(z,1), 143
50 e (143)
By = — L H(z1) (144)
= ——H(z,t).
P 8[)
PROOF
The proof of Proposition a) is an obvious consequence of THM.1. In fact, the Lagrangian (132) manifestly regular,

. . T(t . . .
since by assumption %TLO) > 0. Therefore, the transformation {p7p} — {p,p,}, with

is a diffeomeorphism. Thus, Eq.(140) is the modified Hamilton variational principle corresponding to the Lagrangian
variational principle (137). To prove Proposition b), let us invoke Eq.(142). It follows manifestly that Eqgs.(??) yield
Eq.(126). Q.E.D.

IV. COMPARISON BETWEEN IKT AND THE METHOD OF CONFIGURATION-SPACE
CHARACTERISTICS

V. CONCLUSIONS

Motivated by the previous results, relevant for the mathematical investigation of the Schrodinger equation, which
concern the discovery of an IKT for the Schrédinger equation, properties of the the underlying dynamical system
(the Schrodinger dynamical system), have been investigated. We have found that, that a particular realization of the
IKT can be achieved which permits by means its identification with an abstract Hamiltonian system. The present
approach has the following main features:

1. the inverse kinetic equation (IKE) has been assumed to be a Vlasov-type kinetic equation, while its solution,
i.e., the kinetic PDF, has been required to be a Maxwelin distriubution endowed with a single kinetic temperature
T, with T required to depend only on time;

2. the IKT achieved in this way is complete, namely all fluid fields are expressed as moments of the kinetic
distribution function, while all the hydrodynamic equations are identified with suitable moment equations of
IKE.

3. the theory holds for arbitrary quantum fluid fields, i.e., arbitrary initial and boundary conditions for the quantum
wave function, as well as arbitrary conservative (both quantum and classical) forces acting for the quantum
system.

The result appears relevant for the fluid description of quantum mechanics and a deeper understanding of the
underlying statistical (in particular, kinetic) descriptions.
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APPENDIX A: THE METHOD OF CONFIGURATION-SPACE CHARACTERISTICS

A.1 - Formulation for QHE’s

As is well known [in the theory of PDE’s] the method of characteristics is the classical approach to construct local
solutions to nonlinear PDE’s [for a presentation see Evans, 1988 [56][. This method can be used:

1) to define a Lagrangian representation of QHE’s;

2) to cast a suitable subset of the same equations [represented by Eqs.(27) and (80)] in Hamiltonian form.

In particular, the method of characteristics is wellknown in the case of the Hamilton-Jacobi (HJ) equation, namely
an equation of the form

‘85% )y He Vs, =0, (145)

where H(r,VS,t) denotes in principle an arbitrary smooth real function. Then, letting
p=VS§s, (146)
its characteristics r(t) are simply the solutions (i.e., the integral curves) of the coupled Lagrangian equations

OH(r,p,t)
i Sk X A 14
r op (147)

O0H(r,p,t)
ro_ s M
p = 81‘ ’

for r(t), p(t), where, r’ and p’ denote suitable derivatives with respect to the variable ¢ and the curves and r(¢t), p(t)
satisfy the initial conditions

r(to) = Ty, (148)
p(to) = Po-

In such a framework the approach can be extended in a straihtforward way to the quantum HJ equation [i.e.,
Eq.(166)], where the Hamiltonian H is now of the form

H=H(VS— A1), (149)
C
simply by letting
p=vs— A,
C

and identifying the derivatives on the Lh.s. of Eqgs.(147) with D%, i.e., the fluid Lagrangian derivative defined above

(28). As a consequence Eq.(166) delivers the Hamilton equations
Dr OH.(r,p,t)

Lro_ b.t) 150
Dp _  OHc(r,p,?)
Dt Or ’

with the initial conditions (148). These equations are manifestly equivalent to the set of non-canonical equations

(27) and (30) expressed in the (non-canonical) variables (r, V).

A.2 - Another form of the Hamiltonian characteristics

The previous equations can also be written in the alternative way in terms of the kinetic Lagrangian derivative

d 9 1.9
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In this case Egs. (27) and (30) are replaced respectively by
dr

- = 1
TR (152)
dV(r,t) _ DV(r,t) 1
7 = i +u-VV(rit) = mF(r,V,t) +u-VV(rt), (153)
where v and
u=v —V(r,t) (154)

denote the kinetic and relative kinetic velocities. Let us now introduce the Hamiltonian function

Hy(r,p,u(t),t) = ﬁ P- %A(I‘,t)]Q +qo(r,t) + Ugum(r,t) + u(t): mV(r(t),t)—!—%A(r(t),t)] ) (155)

In this case there follows:

THM.3 - Hamiltonian form of QHE

The Hamiltonian equations corresponding to Eqs.(150) read

@ o _ 8H1(r7p7u(t)at)

at op ) (156)
d£ o 78H1(r,p,u(t),t)

at or ' (157)

PROOF
The proof follows by invoking the Hamiltonian (155). Q.E.D.

A.3 - Time-evolution of the fluid fields

Let us show, finally, that the the classical Hamiltonian dynamical system generated by Eqgs.(?7?),namely the bijection
X, — x(t) = [r(¢), P(r(t),t)] = Tt 1Xo (158)

[with T3, ; prescribed by Eqs.(??) and (??)] uniquely determines the time evolution of the fluid fields {f(x,t), V(r,t)}.
To prove the statement, let us introduce the Liouville equation

Lg(x,t) =0, (159)
where L is the Liouville operator

) )
L= +v- Voo {K(x1)} (160)

and the KDF is prescribed so that there results identically

f(r,t) = /d3vg(x,t) (161)
R3
V(r,t) = /d3vvg(x,t). (162)

R3
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As a consequence the corresponding moment equation of Eq.(159) necessarily must coincide respectively with Eqgs.(165)
and (?7?). Since Eq.(159) can be written in the equivalent integral form

g(x(t),1) = mmxo,m,

where

ox(t)
ox,

J(x(t),t) =

while Egs (161) and (162) hold identically by assumption, it follows that g(x(¢),t) determines the fluid fields at time
t [while the initial fluid fields are prescribed by g(x,,t,)]. Hence the Liouville equation (159) actually advances in
time also the fluid fields.

Then, it is immediate to prove that a particular solution {K(x,t),g(x,t)} is delivered by

{ K(x,t)=5F(x,1),
g9(x,t) = 5( V(r,1)).
APPENDICE: VERIFICA QHE’S

Let us derive explicitly the complete set of PDE’s, to be fulfilled by a suitable set of fluid fields {Z}, which
correspond to the Schrodinger equation. Invoking the position (12) there follows

0 th O
Zhatlﬂzlb{ Inf— }

2 Ot
1 1Ay = 2 (Linv_ 2 _ih N
%(p—EA) b = 2m( KV CA) z/){ SVinf+ Vs CA]_
2
_ w[ hv21nf ihV25+qihV~A}+

2m

+¢q{ A Vinf-A - vs+2 |A|}

2mc

A {—’v1nf+v5— qA] : [—Zv1nf+vs] .

2m 2 c 2

Hence the imaginary part of the equation yields

ith 0 1 R q. q th
Sanf = %[ﬂhv S+fth.A]+2—C§A~Vlnf+
1 ih

—5-5Vinf- VS——[VS—QA]~@VInf:
m c 2
_ % [-inv2s + Linv - ] - - [vs- IA]-vinf

namely

91nf+i[v5—9A}-v1nf+iv25=iv-A. (163)
ot m c m me

Imposing the Coulomb gauge V - A = 0 and introducing the (quantum) fluid velocity field V. = V(r,t) :
1
V=" (vs - gA) , (164)
m c
one obtains the countinuity equation:

%Mf—l—V-Vlnf—i—V-V:O. (165)
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Similarly the real part of the equation delivers the quantum Hamilton-Jacobi equation:

0 q
= H — 1A t) = 1
8tS + H.(r,VS ; ) =0, (166)

where H.(r,VS — 2A,t) is the Hamiltonian function

H.(r,vS—2A t):i(vs—ﬂA)2+U +qo (167)
e c 2m c QM '

Moreover, here Ugas denotes the so-called free-particle quantum potential [8]

h2 1 2 1 2
Ugm = 5 §V Inf+ 1 [Vin f|” ). (168)

Applying the operator (V) to the previous equation and introducing the position (164) there follows

0 1 q,\>_  q 0 1 1
V55V (vs- EA) = —L A — —VlUqu - —Vgo.

Now we notice that

#V(VS—%A)Z - #(VS—%A)~V(VS—%A)+#(VS—%A) x [VX (VS—%A)} -

V.- Llvx[vxAl=vV . vw-LvVxB.
mc mc

Hence it follows the quantum Euler equation:

0 1
5 VYV VV=—F(r), (169)

where F(r,t) (quantum force-field) is the vector field

F(rt)=g¢q {E + %V X B} - VUgom (170)
and
10
E=- V(b*E&A (171)
B=VxA (172)

are the EM fields.
The PDE’s (165) and (169) are denoted quantum hydrodynamic equations (QHE’s) and {Z} = {f, V} as corre-
sponding quantum fliid fields.
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