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Abstract

We study the rate of convergence of the Markov chain X,, 1 = AX,,+B,, (mod p),
where A is an integer matrix with nonzero eigenvalues, p is real and positive, and {B,, }
is a sequence of independent and identically distributed real random vectors. With
some hypotheses on the law of B,,, the sequence {X,,} converges to a random vector
uniformly distributed in [0,p)*. The rate of convergence is geometric and depends on
A, p, k, and the distribution of B,,. Moreover, if A has an eigenvalue that is a root
of 1, then n = O (p2) steps are necessary to have X,, sampling from a nearly uniform

law.
Key words and phrases. Continuous Markov chains; uniform ergodicity; generating
random vectors; rate of convergence.
1 Introduction

In the mathematical literature, many authors studied the asymptotic behavior of the

following affine random recursion on Z:

Xn+1 =aX, + B, (mOd p)7 (1)



where Xg = x¢ € Z, a € Z*, p € N*, and { B, } is a sequence of independent and identically
distributed integer random variables. It is easy to prove that {X,,} is a Markov chain that
converges in law to the uniform distribution on Z,,.

In the papers of Aldous and Diaconis (1986), Chung et al. (1987), and Hildebrand
(1990 and 1993), the authors study the rate of convergence of the chain, by utilizing the
Fourier analysis, a theory developed also in Diaconis (1988), Helleloid (2007), Rosenthal
(1995), and Serre (1977).

When in the recursion (1) B, is replaced by a fixed integer b, then the recursion is
deterministic. The historical aim of this study has been the production of pseudorandom
numbers on computers (see, for example, Knuth’s book (1981)), for particular values of p.

In Asci (2001) and next in Hildebrand and McCollum (2008), there is the extension of
the previous results to the higher-dimensional case, that is the study of the Markov chain
on ZF of the form

Xpt1 = AX,, + B, (mod p),

where A € Mi(Z)NGLL(Q), p € N*. However, in the last two works only some particular
cases are considered. The general case is studied by Asci in two papers (Asci 2009a and
Asci 2009b), where several results are obtained, depending on the size of the complex
eigenvalues of A. In Asci 2009a, it is proved that, with some assumptions on p and on
the distribution of B,,, and without any assumptions on A, n = O(p?) steps are sufficient
to have X, sampling from a nearly uniform distribution on Z];. Moreover, if A has an
eigenvalue of size 1, then O (p2) steps are also necessary. In Asci 2009b, it is shown that,
if |Ai| # 1 for all eigenvalues \;, then n = O ((Inp)?) steps are sufficient and n = O(Inp)
steps are necessary to reach the uniform distribution.

In this paper the continuous k— dimensional case is considered, that is the recursion
on R* defined by

Xnt1 = AX,, + B, (mod p), (2)

where Xg = x9 € R¥, A € Mi(Z) N GLL(Q), p € R*, and {B,} is a sequence of
independent and identically distributed real random vectors.

The aim of our work is to prove that, with some assumptions on the law of B,,, the

sequence {X,,} converges with geometric rate to a random vector uniformly distributed in



[0, p)* (Theorem 3.3). Moreover, we quantify the rate of convergence in terms of A, p, k,
and the law of B,,, and prove that, if A has an eigenvalue that is a root of 1, then O (p2)
steps are necessary to achieve randomness (Theorem 3.4). We point out that our paper is
mainly theoretical: we consider the recursion (2) in the most general context and provide
some tools for further studies and applications.

In section 2, we recall some definitions and general results about homogeneous Markov
chains, and we prove that the uniform distribution in [0,p)* is invariant for the chain
{X,}. In section 3, we prove the irreducibility and the uniform ergodicity of the chain.

In section 4, we expose some ideas for further study.

2 Preliminary results

In order to study the asymptotic behavior of the random sequence (2), we can suppose
X, € [0,p)*. Indicate by L, x, and u, Vn € N, the laws of X,, and B,,, respectively, and
by U the random vector with uniform distribution on [0, p)k; moreover, for any n € N,
let Y, be the random vector defined by the recursion Y, 11 = AY, + B,, Yo = xg, and
indicate by pin x, its law.

Henceforth, Vx € R¥, we will indicate by [x] and {x} the vectors whose components
are, respectively, the integer parts of the components of x, and the fractional parts of
the components of x. Moreover, we will indicate by B*), by B([0,p)*), and by Leb®),
respectively, the Borel g-algebra on RF, the Borel o-algebra on [0, p)k, and the Lebesgue
measure on R*. Finally, for any random vector X, we will indicate by Lx its law and by

fx its probability density function, if it exists.

Remark 2.1. Vn € N, we have:
n—1 .
Y, = A"xg + ZAanflfi.
i=0
Moreover, since A € My(Z), we have X,, = Y,, (mod p); consequently, ¥ B € B([0,p)*):

Lnso(B) =Y finx,(B +ph). (3)
heZk



Define the variation distance between two probability measures ¢ and @ on some

measurable space (E, ), in the following way:

i = vl = 5 sup Bo1f) ~ Eylfll = suplo(4) ~ v(A)] (@

where F' = {f : E — C : f is &-measurable, |f(z)] < 1 Vz € E}, and we say that a
sequence {X,,} of random variables converges in total variation to a random variable X if
lim |Lx, —Lx]| =0.
n—+oo
Moreover, recall that, if {X,} is a homogeneous Markov chain on (E,&), and if

Pp(A) = P(X, € AlXo = x0), VA € &, then {X,,} is called:

1. ¢-irreducible, if there is a measure ¢ on (F, £) such that, Vo € F and V A € £ such
that ¢(A) > 0, there is n = n(wg, A) € N* such that P} (4) > 0.

2. Uniformly ergodic, if
lim sup [P, — 7| =0, (5)

n—+00z,cp

where 7 is a probability measure on (F,E).

Our purpose is to prove (5) for 7 = Ly, in the case (E,&) = ([0,p)*, B([0,p)*)),
Pr = Lnx,- We will use the following results, whose proofs can be found for example
in Meyn and Tweedie (2005), Theorem 16.2.4, Proposition 10.1.1, and Theorem 10.0.1,

respectively:

Theorem 2.2. If a homogeneous Markov chain { X, } on the state space (E, &) verifies
P;g(A) > pm(A)’ Vg € E, VAce 67

where m € N, p,, is a measure on (F, &) (that is E is a small set: see the definition in

Meyn and Tweedie (2005), page 109), then:
1P2 — 7l < (1= p(E)w], Vg e B, vneN, (6)

where 7 is a probability measure on (F,E).

Proposition 2.3. If a homogeneous Markov chain {X,,} on the state space (F,&) is

@-irreducible and has an invariant probability measure, then {X,,} is recurrent.



Theorem 2.4. If a homogeneous Markov chain {X,} on the state space (F,&) is

recurrent, then it has a unique invariant measure.

Let A be a finite measure on (R*, B(R")); define the Fourier transform N:RF—C

by:
Ma) = 14 exp (2;”<x,a>> AA(X).

We have the following two results, whose proofs are similar to those of Lemmas 3.1
and 3.3 in Asci (2001).

Lemma 2.5. Suppose that Xy = xo € R*, @ € R*. Then, Vn € N:

. n—1
(@) = exo (22 (4, ) ) T (). ™)
=0

Moreover, if o € ZF:

Proof. Vn € N, we have:

(@) = [ (2 sy = B [exp (22 1,00) )]

p
Rk
2mi =
exp | — ( A"xo + A'B,_1_i,

=F

=0



Moreover, if a € ZF, from (3) we have:

J
=£}m(if@a0dmmaw=ﬁm;m>
This implies
Lo () = |y (@)
- (ﬁ (‘Aia) 7 (tAJa))
§=0
_ j_: (i exp (<x,t A7a>> d,u(x)Rk exp <—m<y,t A”oz>> du(y))
:jﬂ: (4 (4 exp <2<x -y Ajoz)) du(X)) du(.v))

Lemma 2.6. Let o € Z¥ — {0}. Then, Vn € N:

1
[£nxo = L0l 2 5

Lo 0)|.
Proof. From (4), we have:

||£n,xo - EU” = sup |Eﬁn,x0 [f] - EU [f} |

1
2 1l

For all a € Z* — {0}, define the following function f : R¥ — C:



Since || f|loc = 1, we obtain:

1
1£nxo = Lull = 5Bz, 1 = Ev [f]]

1 2mi 1 2w
=3 /exp (p(x, a}) ALy x, (%) — pk/ exp <p<x,a>> Lig pyr (x)dx

s [ |

5 [Enxo (@) = Lu(e)

Moreover, since a € Z¥ — {0}, there exists jo € {1,...,k} such that o, € Z — {0};

then:

Iy 2

~ i

Ly(a) = —kH /exp <:cjozj) dx;
P\ p

P P
1 2mi 2mi
=— H /exp (pxjaj> dz; /exp <pwj0aj0> dzj, .
0 0

Je{lvzk}ijo

3

Observe that

p
271 exp (2ma;,1) — 1
/exp <p37joajo> dxj, = (Qm' i) =0

“p Yo

o~

= ﬁU(Oé) = 0,
from which

1
|no = L0l 2 5

Laxol(@)|. O

Henceforth, by using the formula (6), we will quantify the rate of convergence of the
Markov chain (2); moreover, by using Lemmas 2.5 and 2.6, we will find a lower bound for
|Lnx, — Lul. We start by proving the invariance of the uniform distribution on [0, p)*

for the chain.

Proposition 2.7. Suppose that X and Y are two independent random vectors in R¥,
and A € My(Z) N GL(Q); if X is uniformly distributed in the interval [0, p)*, then the
random vector T = AX +Y (mod p) is uniformly distributed in [0, p)*.



Proof. Vz € R*, we have:

1
fax(z) = Wlfl[o,p)k(z)a

from which, if Z = AX (mod p):

fz(z) = | Y fax(z+ph) | 1, (2)

heZz*

— ]det(lA)pk - Hh € ZF:z+ph GA[O,p)k}‘ Lo pyx (2).

Suppose that there exist z, x € [0,p)* and h € Z* such that z + ph € A[0,p)*,
x + ph ¢ A[0,p)¥, and define:

t = sup {t €[0,1] : t(x + ph)+(1 — t)(z + ph) € A[O7p)k} ;

y1 = t(x + ph)+(1 — t)(z + ph).

Observe that x; = A~ (y1) belongs to the affine space H; generated by 2F~1 vertices of
the interval [0,p)*. Consider the remaining 2¥~! vertices of [0,p)*, indicate by Ho the
affine space that they generate, and define x5 as the projection of x; into Ho; finally,

define yo = Ax,. Since Hy and Hy are parallel, so are AH, and AH,, and consequently
z—(y1 —y2) +ph & A0,p)", x — (y1 —y2) +ph € A[0,p)".
Since y; — y2 = A(x; — X2) = ph, for some h € Z*, we have:
Hh eZ':z+ph EA[O,p)kH = Hh e ZF:x+ph GA[O,p)kH , Vz,x € [0,p)",

from which
c

= k
N Wl[(w)k(z)a Vz € R", for some c € N,

fz(2)

and so

1
fz(z) = ﬁ1[07p)k(z), Vz € R

Then, the law of Z + Y has a density g, with respect to the measure Leb®), given by:

1 1
g(z) = pk/l[om)k(z —x)dLy (x) = pk/lz_[oyp)k(x)dﬁy(x), Vz c RF.
RF Rk



Finally, if T = AX +Y (mod p), since T = Z + Y (mod p), Vz € R*, we have:

1

fr(z)=| > g(z+ph) | 1, (z) = o > /1z+ph[0,p)k(x)d‘cy(x) Lo py+(2)

heZzk heZkRk

3 Convergence in total variation to the uniform distribution

on [0, p)*

Proposition 3.1. Suppose that A € My(Z) N GLr(Q), p(B) > af1|_q qr(x)dx, VB €
B

B*), where a,ac € R*; then, Vm € N, Ve € [0, %], VB e B®), and ¥ (to, t1,....tm) €

N™*! guch that t; # t; Vi # j, we have:

P (iAiBti € B> > om(B), (10)

=0

where ¢,, is the measure on (R, B*)) with density, with respect to the measure Leb®),

given by:

[ 2ae km amtl K
fm(X) = (l{j) Wl[7(m(lk_Qs)+1)a,(m(1k_25)+1)a]k(X)7 Vx € R". (11)

In particular:

P (iAiBmi € B) > om(B).

1=0

Proof. In order to prove the formula (10), proceed by induction on m; if m = 0,

the statement is true by assumption. Suppose that the statement is true for m; then, for



m+1,VB e B®:

m—+1
P (ZAZBtZ € B) = <£§A1Bi * £Am+1Btm+1) (B)
=0

=0

= /1B(z)d (ﬁiAlBtl * EAerlBthrl) (z) = /1B(x+y)d (ﬁrzn:AlBtl ®£Am+lBtm+1) (x,y)
Rk; =0 RQk =0

(/1B(X + y>d£Am+1Btm+1 (Y)) Al = AiBy, <
R* \Rk -

2

> / (/13(){ + y)dﬁAmHBth (y)) dpm(x) (by the inductive assumption).  (12)
RF RF
Observe that, VC € B%*), we have:

EAm+1Btm+1 (C) =P (Bthrl S (Am+1)_1 C) > / 1[7a’a]k(X)dX
(Amt1)~tC

m «
= / 1Am+1[_a’a}k (A +1X) dx = W/1A7,L+l[_a’a]k(y)dy.
C

{xeRF: Am+1xeC}
Then, from (12) and (11):

m+1 ' o
P (ZAlBti € B) 2 ]det(AW“/ (/1B(X+Y)1Am+1[a,a]k(}’)d}’> dipm (x)

i=0 RF \RF

B Mf{w/ (/ L(2) Lm0 (& = x)dz) fn ()l

Rk \RFk

<2a€>km amt2 / /1 ( Viz | 15, (x)d
= —_— o pooy Am+1 —a,ak Z — X)az Im X )ax
k \det(A)]( T (m+2) [~a.a]

RF \B

(where Iy = [—Sm, sm]" = [— (m(lk_%) + 1) a, (m(lk_%) + 1) a]k)

2a5> fem amt2 /
=|— Leb® ((z — A" —a,a)*) N 1,,) dz, (13)
( k | det(A)] A (( ) )

where the last equality follows from Tonelli’s theorem.

k k
Set D = {x e R¥:Y |zl < 1}. We have A"+ [—q,a]k > A™+! {x e RF:Y || < a} =
=1 i=1

aA™T1D: moreover, D is the convex hull of the set

E:{XERk:]mi|:1, for some i € {1, ..., k}, :Uj:OVj#i},

10



and so A™T!'D is the convex hull of A™*'E, by linearity. Since det(A) # 0, Vx €
E we have A™t1x = 0; this implies A™t'D > E, and so A™T'D > D, from which
k
At —q,ak D aD = {X c RF: Y| < a} o[-, %]k
i=1

Consider the function gy, : I,,+1 — R™ defined by

k
gm(z) = Leb®) ((z — [—%, %] > ﬂIm> Nz e L.

The previous arguments and formula (13) imply

m+1 . 2ae km am+2
P> AB,€eB| > - oy | 9m(@)1,, (2)dz. (14)
| det( 2 "

i=0 4)|

Set Vi1 = {Z = (21,...,2k) € R : 2; € {Sm+1,—8m+1},Vi =1, ,k} C 8(Im+1). It

is easy to prove that, Vz € I,,,11 and VZ € V11, we have

an(2) 2 an(@) = (&~ Gmir —)) " = (%)

Then, from formula (14):

m+1 k(m+1) m-+2
. 2ae o
P E A'By, € B| > <> — /llm (z)dz,
(2’:0 ) k ]det(A)\( 1) (m+2) | +1

that is the formula (10) for m + 1. In particular, if t;, = m — 14, Vi € {0,1, ..., m}, we have:

P (ZAiBmi € B> > om(B). O
=0

The following proposition prove that the state space [0, p)* is a small set.

Proposition 3.2. Suppose that A € M,(Z)NGLx(Q), p € RY, u(B) > o [ 1y, ge (x)dx,
VB e B® for some b,¢ € R such that ¢ —b = § € R, and for some aBe R™; then,
there exist mo = mo(p, k,d) € N* and a decreasing sequence {op},,>; C (0,1), where
Om = om(k, 0, a, |det(A)]), such that, Vm > mg, Vxo € [0,p)¥, and YC € B([0,p)*), we

have

Om
Lomx,(C) > p—kLeb(k)(C’).

11



Proof. Set b = (b,...,b) € R*, ¢ = (¢,....c) € R¥, C,, = B, — 2, ¥n € N; then,
Vm e N*, Vxg € [0,p)", and VB € B®) | we have:

m—1

Ym AXO""ZABmlz*A XO"‘ZAZb;_C"i_ZAZ m—1—1
1=0 . 1=0 1=0 -
— P(Y,, € B) <ZA Cm_1_i € B— Amxo—ZAZ C).
1=0 =

Observe that P(C, € B) > afl[ k(x)dx, Vn € N; then, from Proposition 3.1,
B

—33]

[SIEY)

Ve € [0, %], we have:

) k(m—1) a™
P(Ym € B) 2 ( k > PP e / L ] (X)X

m—1
i b
B—Amxo— ‘ZO At #
i=

&5 k(m—1) a™
= (k> (ml)m/l m—1 btc k(t)dt, (15)
[ det(A)] = AT 2 A

where 7,, = <w + 1) %.

Suppose € = % and set mg = max { [%} ,1}; V' m > mg, we have:

>

&
|
A/~
3
|
—_
N———
N
Y
3
+
—_
=
IV
N3

V|

p
2kp 2

m—1
Set p=(p,....,p) ERF, y = (y1, ..., y) = A%+ > Alb‘gc —% [(ng;;;)é} p; then, from
i=0

formula (15):

(m—1) a™
P(Y, € B) > () m/1 —
4k |det( ) 2" S Ty 552

12



Moreover, ¥ C' € B([0, p)¥), we have:
P(X,, € C) > 3 P(Yme <C+p[ﬁ+pi>>
ic{o,.., [<7£;m}}k

k(m—1)
> Y (&) e
. 4k | det(

(m—1)m

A

Leb® <(o+p HEOk (-“ o [W]r))

(@ e e b))

(by the translation invariance of the Lebesgue measure),

where
D= U C—|—pi,z:(zl,...,zk):{Z}G[O,l)k.
iefo...[ 5]}

Observe that, Vi =1, ..., k, since

=)

o[22

[0, pzi] +p {

by definition of D we have
k

Leb® (D n (ﬁ [pzj,pzj +p [(m;;pl)é” x [0, pz;] x H [pzppz]' +p [(m;/;z)l)é”))

j=1 j=1+1

1 o ([l 2]

L oo [2552)))

Jj=1+1

This implies

Leb®) <D N (pz + [0, p [W”k»
= Leb™®) (Dm <(O,p22,...,pzk) + [O,p [W”k» .

13



By iterating the argument for i = 2, ..., k, we have

Lep®) (D n (pz + [0’1’ [W”k»

= Leb™ <Dm [0, p [Wnk> = [WFL@M’“)(C).

Then, from formula (16):

k(m—1) m k
PX,e€C)> <4k> - (n—Dm [(m;]; 1)5} Leb™ (C)
| det(A)[ 2 P
k(m—1 m k
. <5> ) « — ((m + 1)5> Leb® (C) = U—ZLeb(k)(C),
4k \det(A)\ = 5 UL 2]€p P
s\ " 1
where 0y, = o (k, 6, a, | det(A)]) = (m + 1)k <<4k> a) W € (0,1).
e 2

Finally, suppose m > 1 and observe that 6*« < 1, since otherwise, by assumption, it

would be the case that u(R¥) > 6*a > 1; we have:

2

_(m+2 k.ékoz 1 m i ikam 1
(73) o e o+ ((4k> ) e () "

m + 2 k
< <4(m+1)) om(k,d,a,|det(A)|) < om(k,d, a,|det(A)]). (17)

m+1
5 \" 1
Um+1(k757 «, ’ det(A)’) = (m + Q)k <<4k> Oé) W
(§

Then, {0y, },,~, is a decreasing sequence. U

Theorem 3.3. Suppose that A € My(Z) N GLx(Q), p € RY, u(B) > af1y, gr(x)dx,
VB e B®, for some b,c € R such that ¢c —b = § € R*, and for sorie a € RT;
then, the Markov chain {X,} in (2) is Leb®-irreducible; moreover, there exist p =
p(p, k,d,a,|det(A)]) € R and 7 = 7(p,k,d,a,|det(A)|) € (0,1) such that, Vn € N
and Vxg € [0,p)*, we have

[nxo — Lull < o™ (18)

Consequently, {X,,} is uniformly ergodic.

Proof. From Proposition 3.2, there exist mg = mg(p,k,9) € N* and a sequence

{om}m>1 C (0,1), where 0y, = o (k, 6, v, | det(A)]), such that, ¥m > mo, ¥xq € [0,p)*,

14



and VC € B([0,p)*), we have L,,x,(C) > %Leb(k)(C); then, if Leb®)(C) > 0, we
have Lox,(C) > 0, and so {X,} is Leb-irreducible. Moreover, from Theorem 2.2,
for m = mo, there exists a probability distribution 7,,, on ([0, p)*, B([0,p)¥)) such that
| Lmxe — Tmoll < p7", V0 € N and Vxq € [0,p)*, where 7 = 7(p, &, 6, a, |det(A)|) =
(1= 0pny)™ € (0,1), p = p(p, k, 8, v, | det(A)]) €R*.

T 1- Omyg
Finally, since {X,,} is Leb®)-irreducible and since 7, is invariant for {X,,} (see for

example Meyn and Tweedie (2005), page 237), from Proposition 2.3 {X,,} is recurrent
and so, from Theorem 2.4, it has a unique invariant measure. Since Ly is invariant by

Proposition 2.7, we have m,,, = Ly, that is the formula (18). O

Theorem 3.4. Suppose that the matrix A has an eigenvalue A € C such that A\ =1,
for some [ € N* (hence, so does the matrix A4), and that |B, ||, € L? for all n € N.
Then, there exist v € R such that, for all p € N, p sufficiently large, and for all n € N,

we have:

1o — Lol > 5 exp ({)’;) .
Consequently, if also the assumptions of Theorem 3.3 hold, O (pz) steps are needed to
reach the uniform distribution.
Proof. The assumption on )\ implies *A'x = x for some x € CF — {0}, and so
(*tA' — I)x = 0, which implies x € Q* — {0}; then there exists a € Z* — {0} such
that *Ala = . Then, for all j € N, there exists i € {0, 1, ...,/ — 1} such that ‘A7 = tAa.

Moreover, from Lemmas 2.5 and 2.6, V n € N:

1
£ = L0l 2 5

]

= ;:ij: / /cos <2;<X — y,t Aj0é>> du(x) | du(y)

RF \RF

1/2

2
. T
Since cosxz > 1 — ?V r € R, we have:

/ /cos <2;<x—yf Aja>> du(x) | du(y) > 1—127

Rk \RFk

15



where v = 2102k ||o|, {Onlnaxl 1}HtAHii/ /Hx—y\liodu(X) du(y) € RT. More-
1€10,1,..,0—
R* \RF

over, there exists d € R' such that 1 — 2 > exp(—2z) > 0, V = € [0,d]. For all p

sufficiently large, we can suppose that 12 € [0, d]; hence:
p

1 ~y n/2
s = £l 2 5 (13 )
1 yn
Z §exp —? .0

4 Problems for further study

From Theorem 3.3, the rate of convergence of the recursion (2) to the uniform law is
geometric and depends on A, p, k, and the law of B,,; this is true for any integer matrix
with nonzero eigenvalues. Moreover, if A has an eigenvalue that is a root of 1, a lower
bound of the variation distance between L, x, and Ly is obtained from Theorem 3.4, and
we can establish that the number of steps necessary to reach the uniform distribution
is O (p2). Our idea is that, without any assumptions on A, n = O (p2) steps are also
sufficient. This result should agree with the discrete case studied in Asci 2009a. We hope

to prove it and to develop some applications in a further paper.
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