POSITIVE SOLUTIONS OF THE DIRICHLET
PROBLEM FOR THE PRESCRIBED MEAN
CURVATURE EQUATION

FRANCO OBERSNEL AND PIERPAOLO OMARI *

DIPARTIMENTO DI MATEMATICA E INFORMATICA
UNIVERSITA DEGLI STUDI DI TRIESTE
ViAa A. VALERIO 12/1, 1-34127 TRIESTE, ITALY

E-MAIL: obersnel@units.it, omari@units.it

September 11, 2009

Abstract

We discuss existence and multiplicity of positive solutions of the prescribed mean
curvature problem

—div(Vu/ 1+ |Vu|2> = \f(z,u) in Q, u =0 on 09,

in a general bounded domain  C RY, depending on the behaviour at zero or
at infinity of f(x,s), or of its potential F(z,s) = f(f f(z,t)dt. Our main effort
here is to describe, in a way as exhaustive as possible, all configurations of the
limits of F(z,s)/s? at zero and of F(z, s)/s at infinity, which yield the existence
of one, two, three or infinitely many positive solutions. Either strong, or weak,
or bounded variation solutions are considered. Our approach is variational and
combines critical point theory, the lower and upper solutions method and elliptic
regularization.
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1 Introduction

Let us consider the Dirichlet problem for the prescribed mean curvature equation

{ —div(Vu/\/1+4[Vul) = Af(z,0) in ©, )
u=0 on 0f),

where ) is a bounded domain in RY (N > 2) with a C%! boundary 9Q, f : O xR — R
is a Carathéodory function and A > 0 is a real parameter. The potential F' of f is
defined by

Flz,s) = /0 Fo.t)dt.

Existence, non-existence and multiplicity of positive solutions of problem (1) have
been discussed by several authors in the last decades. The case where 2 is a ball and
u is a classical radially symmetric solution has been studied, among others, by Ni and
Serrin [32, 33, 34], Serrin [43], Peletier and Serrin [41], Atkinson, Peletier and Serrin
[2], Ishimura [24], Kusano and Swanson [25], Clement, Manésevich and Mitidieri [11],
Franchi, Lanconelli and Serrin [17], Bidaut-Veron [3], Conti and Gazzola [13], Chang
and Zhang [9], del Pino and Guerra [16], also in relation with the existence of ground
states. The one-dimensional problem has been rather thoroughly discussed in a series
of recent papers by Bonheure, Habets, Obersnel and Omari [23, 5, 36, 6], Bereanu
and Mawhin [4] and Pan [40]. The case where 2 displays no special symmetry, f(z,s)
behaves like a power s (p > 0) and u is either a classical, or a weak, or a bounded
variation solution, has been considered by Nakao [31], Coffman and Ziemer [12], Nous-
sair, Swanson and Yiang [35], Habets and Omari [22], Le [26, 28]. It is worthwhile to
mention that the case where the domain €2 has no special symmetry and the searched
solution u (classical or bounded variation) has not a prescribed sign has been the sub-
ject of deep studies in the classical works of De Giorgi, Serrin, Federer, Finn, Miranda,
Giusti, Giaquinta, Trudinger, Ladyzenskaia, Ural’tseva, Temam, Gerhard, Simon et
al..

In this paper we deal with positive bounded variation solutions of (1) in a genuine
partial differential equation setting, i.e. in space dimension N > 2, and in fact one of
our aims here is to extend to higher dimensions the results obtained in [5]. However
our conclusions are still valid, and sometimes even new, in the one-dimensional case.



A bounded variation solution of (1) is a function u € BV(£2) such that f(-,u) €
LP(Q2), for some p > N, and

TW -T2 [ flou)w-u)ds
Q
for every v € BV (2). The functional J : BV (£2) — R is defined by
J(w) = / 1+ |Dwl? +/ |wiga| dH N -1,
Q o0

where, for any w € BV (),

N
/\/1—|—|Dw|2:sup{/ (w 0z +zN+1> dz | z € CY(Q)
Q Q

— OJx;
=1
< 1},
L>(Q)

wpn € L'(0Q, Hy_1) is the trace of w on 9Q and H y_; denotes the (N —1)-dimensional
Hausdorff measure.

This notion of bounded variation solution is equivalent (see Remark 2.1) to requiring
that u € BV (Q) satisfies the Euler equation

N+1
fori=1,2,...,N+1 and HZZ?
i=1

v)“ 4 Du Dv
‘/I/‘ — e
ZE o [Dul |Dvl

(Du)*(D /
d|Dvl|® + sgn(u vigq AH N —
o V11D | Du| ) gn(u) a0 vioo dHN-1

Q
=\ [ f(z,w)vdx
Q

for every v € BV(2) such that |Dvl|® is absolutely continuous with respect to |Du/|®
and vpo(r) = 0 Hy_1-a.e. on the set {x € 0Q | upa(x) = 0}. Here, for w €
BV (Q), Dw = (Dw)* + (Dw)?* is the Lebesgue decomposition of the measure Dw in
its absolutely continuous part and its singular part with respect to the N-dimensional
Lebesgue measure in R, | Dw| denotes the total variation of the measure Dw, | Dw| =
|Dw|* + |Dw|*® is the Lebesgue decomposition of |Dw| and % is the density of Dw
with respect to its total variation |Dw|.

Of course, if a bounded variation solution u of (1) is more regular, then it is a
solution in some stronger sense. For instance, if u € W, (€2), then (see Remark 2.3)

it is a weak solution of (1), in the sense that
Q

J

VuVu

———dx =\ ,u)vd



for every v € Wy (Q). If in addition u € W??(Q) for some p > N, then (see Remark
2.4) w is a strong solution of (1), in the sense that

—diV(Vu/ 1+ ]Vu|2> (x) = Af(z,u(x)) ae. inQ, wu(r)=0 on JN.

Throughout this paper by a solution of (1), without any further specification, we will
always mean a bounded variation solution.

We also say that a solution u of (1) is positive if u(x) > 0 for a.e. z €  and
u(z) > 0 on a set of positive measure.

Our study of problem (1) will essentially rely on variational methods. This is a
quite natural approach because u is a bounded variation solution of (1) if and only if
0 is a subgradient at u of the action functional Z : BV (2) — R defined by

Ih(v) = T (v) — )\/QF(x,v) dx.

We will infer the existence of positive solutions of (1) by comparing F(z,s) with
52 near zero and with s at infinity. This is suggested by the fact that the curvature

operator div(Vu/y/1+ |Vu|?) behaves like the Laplace operator Au = div(Vu) near
zero and like the 1-Laplace operator Aju = div(Vu/|Vul) at infinity. Some specific
configurations of the limits of F(x,s)/s* at 0 and of F(z,s)/s at +oo will then yield
the existence of one, two, three, or infinitely many positive solutions of (1), thus repro-
ducing the multiplicity phenomena already pointed out in [5] in the one-dimensional
case. The study of problems where the differential operators exhibit different degrees of
homogeneity at zero and at infinity seems to have been little studied in the literature:
we refer to [10, 18, 36] for some recent contributions in this direction.

In order to minimize technicalities and to describe, in the course of this introduction,
our main results in a neat and simple way, we will discuss in the sequel some model
situations where f(x,s) is independent of z, i.e. f(x,s) = f(s) in Q x R, and its
potential F(s) = [ f(t)dt behaves like a power s” in a neighborhood of 0, or a
power sP> in a neighbourhood of +00. Additional smoothness of 0€2 will be sometimes
assumed. The statements produced below, which are at least partially known, will
be generalized in manifold directions in Section 3. We remark that the hypotheses
here considered are put on the potential F' just to facilitate a comparison with the
results given in Section 3, even though all assumptions could have been expressed in
an equivalent way directly on f.

We start considering conditions that yield the existence of at least one positive
solution. First we discuss the case where the potential is subquadratic at 0 or sublinear
at +o00.



Potential subquadratic at 0. Suppose that Q has a CY* boundary 05). Assume that
there exist py € [1,2[ and so > 0 such that F(s) = s* for every s € [0, so|. Then there
ezists \* € |0, +00] such that, for every A €10, \*[, problem (1) has at least one positive
weak solution.

Potential sublinear at +oo. Suppose that f(0) > 0. Assume that there ezist py, €
] —o00,1] and ss > 0 such that, up to an additive constant, F(s) = sP> for every
§ € [Seo;+00[. Then there exists A\, € [0,400[ such that, for every A €]\, +o0],
problem (1) has at least one positive solution.

Potential subquadratic at 0 and sublinear at +oco. Assume that there exist
po € [1,2] and pe € | — 00, 1] and sg, S > 0 such that F(s) = s?° for every s € [0, so|
and, up to an additive constant, F(s) = sP> for every s € [Soo, +00[. Then, for every
A > 0, problem (1) has at least one positive solution.

The proof of the first result is worked out by minimizing the action functional associated
with a suitably modified problem, which is uniformly elliptic, and on gradient estimates
for the correponding solutions. Whereas, the last two statements are obtained by a
direct minimization in BV () of the functional Z, associated with (1). Related results
can be found in [22, 26, 28, 37]. A class of model functions to which these three
statements apply are

f(s) = min{(sT)~", (s )P

with po € [1,2[ and p € | — 00, 1].

In the limiting cases where py = 2 and p,, = 1, we can prove some sharper results
involving the principal eigenvalues Ay and p; of —A and —A; with Dirichlet boundary
conditions; we refer to Section 2 for the definition of these and other related spectral-
type constants. In particular the following result holds.

Potential quadratic at 0 and linear at +oo. Assume that there exist constants

Ko € [A1, +00[, Koo €10, [ and so, 50 > 0 such that F(s) = 2ros? for every s € [0, so]
and, up to an additive constant, F(s) = kS for every s € [So, +00[. Then, for A =1,

problem (1) has at least one positive solution.

Next we consider the case where the potential is superquadratic at 0 or superlinear
at +oo.

Potential superquadratic at 0. Suppose that Q has a CY' boundary 0). Assume

that there exist py € |2,2*[, where 2* = 2 if N > 3 and 2* = 400 if N = 2, and

sop > 0 such that F(s) = sP° for every s € [0, s0]. Then there exists A\, € [0, +00] such
that, for every A € |\, +o0[, problem (1) has at least one positive strong solution.
Potential superlinear at +o0o. Suppose that f(0) > 0. Assume that there exist
Poo € |1,1%[, where 1* = %, and Soo > 0 such that, up to an additive constant,
F(s) = sP~ for every s € [Seo, +00[. Then there exists \* € ]0,+00] such that, for
every A €10, \*[, problem (1)

has at least one positive solution.



The former result was obtained in [12] by a clever adaptation to problem (1) of the
Nehari method; a hopefully more transparent proof, based on the same approach, is
given in [38]. The latter result is obtained by an elliptic regularization procedure similar
to that performed in [5] for the one-dimensional case. We remark that approximating
the non-uniformly elliptic problem (1), by adding the term —e Au, has been repeatedly
used in the literature, starting with [44], when f(z,s) = f(x) does not depend on s.
What is new here is to adopt this technique to deal with functions f(s), or more
generally f(x,s), which behave as s?~! for some p > 1 at 400, and to replace the
perturbation —e Au with —eA, = —ediv(|Vu|"">Vu), where 7 is chosen such that
1 < r < p in order to preserve the mountain-pass geometry of the original functional
T, for small values of A > 0. Each approximating problem is then solved in W7 (£2) and
the obtained solutions are controlled by suitable W'l-estimates, which allow to get a
bounded variation solution of (1) by passing to the limit. Related results can be found
in [26, 29], where nonsmooth critical point theory or finite dimensional approximation
were respectively used.

Just combining the two preceding results yields the following statement, which
however has an important drawbak: unlike the corresponding one-dimensional case
(cf. [5, Theorem 3.5]) we are unable here to prove the existence of a solution for any
given A > (; it remains an open problem to fill this gap.

Potential superquadratic at 0 and superlinear at +oo. Suppose that 2 has a
CY! boundary 0. Assume that there exist py € 12,2*[, poo € |1, 1*[ and sg, Soo > 0
such that F(s) = s” for every s € [0, o] and, up to an additive constant, F(s) = sP>
for every s € [soo, +00[. Then there exist A, € [0, +00[ and \* € |0, 400] such that, for
every A € 10, \*[U |\, +00[, problem (1) has at least one positive solution.

These last three statements apply to functions like

f(s) = min{(s )", (s )P},

with po € ]2,2*[ and pe € |1, 1*[.

Subquadraticity, or respectively superquadraticity, at zero can be combined with
superlinearity, or respectively sublinearity, at infinity to produce multiplicity of so-
lutions. A result substantially similar to our first statement below was previously
obtained in [26] by a different approach based on non-smooth critical point theory. On
the contrary our second result below is new in dimensions larger than one.

Potential subquadratic at 0 and superlinear at +oco. Suppose that Q has a C1*
boundary 0. Assume that there exist py € [1,2], ps € |1,1*] and sg, Soo > 0 such that
F(s) = s for every s € [0, so] and, up to an additive constant, F(s) = sP>= for every
$ € [Soo, +00[. Then there exists \* € ]0,+o00] such that, for every A € |0, X*[, problem
(1) has at least two positive solutions, one of which is weak.



This result applies for instance to

fls) = (s,

with pg € |1, 17[.

Potential superquadratic at 0 and sublinear at 4+oco. Suppose that Q has a C1!
boundary 0S). Assume that there ezist py € 12,2*[, pso € | — 00, 1] and sg, Soc > 0 such
that F(s) = sP° for every s € [0,s0] and, up to an additive constant, F(s) = sP>= for
every s € [Soo, +00[. Then there exists Ay € [0, +00[ such that, for every A € |\, +0o0],
problem (1) has at least two positive solutions, one of which is strong.

Functions that can be considered here are

f(s) = min{(sT)~", (s*)P="1},

with pg € 12,2*[ and po, € | — 00, 1].
In the case where the potential is superquadratic at 0 and superlinear at +oo0,

the introduction of a second parameter allows to get the existence of three positive
solutions. Namely, let us consider the model two-parameter problem

—div(Vu/ 1+ |Vu|2> = min{A(u )P~ put)" Y in Q, (2)
u=2>0 on 0,

with p, > 1 and pg > 2. A careful analysis of the geometric features of the associated
action functional leads to the following result.

Potential superquadratic at 0 and superlinear at +oco depending on two
parameters. Suppose that 0 has a CY' boundary 0Q. Assume that py € ]2,2*[ and
Poo € |1, 1*[. Then there exist \* € |0,400]| and a function p : |0, \*[ — [0, +00[ such
that, for every X € |0, \*[ and p € |u.(N), +o0[, problem (2) has at least three positive
solutions, two of which are weak.

We conclude this overview by observing that we can also deal with cases where the
potential is neither subquadratic nor superquadratic at zero and it is neither sublinear
nor superlinear at infinity, but it oscillates in between. In this frame we can establish
the existence of infinitely many positive solutions. The proof combines the lower and
upper solutions method, local minimization and critical values estimates; some ideas
from [39, 22, 37| are exploited too.

Potential oscillatory at 0. Suppose that Q has a CY' boundary 0. Assume that

limir+1f F(s)/s* = 0 and limsup F(s)/s* = +o0o. Then, for every A > 0, problem (1)

5—0 s—0t

has an infinite sequence of positive weak solutions.

Potential oscillatory at +oco. Assume that limjan(s)/s =0 and limsup F(s)/s =
s—+o00 s—+00

+00. Then, for every A > 0, problem (1) has an infinite sequence of positive solutions.



The rest of this paper is organized as follows: in Section 2 we collect some basic
definitions and statements and in Section 3 we state and prove our existence and
multiplicity results.

2 Preliminaries

We list in this section some notation, definitions and facts that will be used in the
sequel.

Bounded variation function. Let Q be an open set in RY (N > 2). For any u € L'(Q)

we put
/|Du|—sup /( ngz>dx|

N
v; € C5(Q) fori =1,2,..., N and HZU
i=1

2 < 1}.
L ()

A function v € L'(9) is said to have bounded variation in Q if [, |Du| < +o0 (see [21,

p. 3]). The linear space of all functions having bounded variation in € is denoted by
BV (Q).
Poincaré inequality (see [30, p. 228], [21, p. 24]). Assume

(h1) Q is a bounded domain in RN (N > 2) with a C%' boundary OS).

For each p € [1 there exists a constant p, > 0 such that

? N— 1]

" /ﬁuwdx /WDM+1/ ol dHy_ ) (3)

for every u € BV(2), where ujgq € L*(9Q, Hy_1) is the trace of u on 99 (see [21, p.
37]) and Hy_; denotes the (N — 1)-dimensional Hausdorff measure.

The space BV (§2). Assume (h). The space BV (2), equipped with the norm
lullovie = [ 1Dul+ [ fuanl drto-s
Q 80

is a Banach space continuously embedded into LT (©) and compactly embedded into
L4(Q2) for any ¢ € [1, 325 (see [21, pp. 24, 17]).

Area functional. Assume (h;). The area functional J : BV () — R is defined by

_/‘1+ww+/ymdwmm
Q o0



where

N
/ vV 1+ |Du|? =sup {/ (u Zvi + ’UN+1> dx |
Q o) i—1 ZT;

N+1
v; € CL(Q forizl,Z,...,N—i—landH UZ»Q §1}.
') >t

The functional J is convex and, also by the continuity of the trace map (see [21,
Theorem 2.11)), is Lipschitz continuous in BV (§2) and lower semicontinuous in BV ()
with respect to the L!-topology (see [21, Chapter 14]). Note that, if u € W' (€2), then

:/\/1—|—|Vu|2dx
Q

and the restriction of J to W, (Q) is Gateaux differentiable at any point u € W, (),
with

VuVw

j/(u) (w) \/TW

for every w € Wy (Q).

Approximation property (see [1, pp. 491, 498], [14, Proposition 2], [27, Lemma 2.3]).
Assume (hy). For any u € BV (), there exists a sequence (uy,), C W,''(Q) such that

lim w, =u in LP(Q) for each p € [1, 2],

o ' N—1
lirf /|Vun|d:13—/|Du|—l—/ [ujp0| dH -1,
lim J(u,) =

n—+00

Lattice property (see [37, Proposition 2.2]). Assume (h;). For any u,v € BV(2), we
have min{u, v}, max{u,v} € BV(Q) and

J (min{u, v}) + J (max{u, v}) < J(u) + T (v). (4)

Bounded variation solution. Assume (hq). A function u € BV(Q) is said to be a
bounded variation solution of (1), for a given A\ > 0, if f(-,u) € L?(Q2) for some p > N,
and

T(0) = T(u) > A / F (@) (v — ) de (5)

for every v € BV (Q2). As we already pointed out, by a solution of (1) in this work we
always mean a bounded variation solution.
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Remark 2.1 Assume (hy),

(he) f: QxR — R satisfies the Carathéodory conditions, i.e. for a.e. x € €,
f(z,-) : R — R is continuous and, for every s € R, f(-,s) : @ — R is measurable

and

(hs) there exist constants g € |1, 2=[, e1 > 0 and a function cs € L#1(Q) such that

[f(z,8)] < eal s + ea(2)
for a.e. x € Q and every s € R.
Let F : L9(2) — R be the potential functional defined by

Flv) = /Q F(z,v) dz.

It follows from [15, Theorem 2.8] that F is of class C'. For each A > 0 we define the
action functional Z, : BV (Q2) — R by

Ih(v) = J(v) — AF(v).

Note that Z, is lower semicontinuous in BV (Q2) with respect to the L9-topology.
According to the convexity and the continuity of J and the differentiability of F
in BV(Q), it is natural to say that a function u € BV(Q) is a solution of (1) if
0€ 9T (u) — AF'(u),ie. A\F'(u)€ 0T (u), where 0 (u) denotes the subdifferential of
J at u. This means that

J() > T(u) + AF'(u)(v — u),

that is (5) holds for every v € BV (2). Note also that u is a bounded variation solution
of (1) if and only if v minimizes in BV (2) the functional H, , : BV (2) — R defined
by

Hou(v) = T (v) = AF'(u)(v). (6)

According to [1, Section 3| this is equivalent to saying that v € BV () satisfies the
Euler equation

(Du)*(Dv)* / Du Dv /
der + | ————d|Dv|’ + segn(u) a0 vigo dH N —
0 /—1—|—|(Du)“|2 0 ’D’LL‘ |DU| | | 50 ( )|BQ |0Q2 N-1 (7)

= )\/Qf(:v,u)vd:v

for every v € BV(2) such that |Dvl|* is absolutely continuous with respect to |Du/|*®
and vjpo(r) = 0 Hy_j-a.e. on the set {x € 9 | ypo(x) = 0}. Here, for w €
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BV (Q), Dw = (Dw)* + (Dw)?® is the Lebesgue decomposition of the measure Dw in
its absolutely continuous part and its singular part with respect to the N-dimensional
Lebesgue measure in R, | Dw| denotes the total variation of the measure Dw, | Dw| =
|Dw|* + |Dw|*® is the Lebesgue decomposition of |Dw| and % is the density of Dw
with respect to its total variation |Dw|. Equation (7) yields an alternative formulation
of the notion of bounded variation solution of (1) we have previously introduced.

Remark 2.2 Assume (hy), (he) and (h3). If u € BV(Q) is a local minimizer of the
functional Z,, then u satisfies (5) for every v € BV (Q2). Indeed, as J is convex and F
is of class C', we have, for each v € BV (Q) sufficiently close to u and every ¢ € |0, 1],

J(u) — AF(u) < (1—1)J(u) + tJ () — A\F(u) — )\(/O F'(u+ st(v—u)) ds)t(v — ).

Hence, rearranging and dividing by ¢ > 0, we get

() — J(v) < /\</0 F(ut stv —u)) ds ) (u — v)
and, letting ¢t — 07,
J(u) = AF'(u)(u) < J(v) = AF'(u)(v).

This means that the functional H, , defined by (6) has a local minimum at u. As H,,
is convex, u is a global minimizer of H, ,, and then (5) holds for every v € BV ().

Weak solution. Assume (hy). A function u € W, () is said to be a weak solution of
(1), for a given A > 0, if f(-,u) € LP(2), for some p > N, and

VuVu

for every v € Wy ().

Strong solution. Assume (hi). A function u € W?P(Q), for some p > N, is said to be
a strong solution of (1), for a given A > 0, if

— div(Vu/ 1+ |Vu|2> () = Af(z,u(x)) ae. inQ, wu(z)=0 ond. (9)

Positive solution. A solution u of (1) is said to be positive if u(x) > 0 a.e. in §2 and
u(z) > 0 in a set of positive measure.
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Remark 2.3 A weak solution u of (1) is a bounded variation solution of (1). Indeed,
as the restriction to W, () of the functional 7 is convex and Gateaux differentiable,
we have

—u)dr = Vuv( —u) "(u)(v —u v) — J(u
YRR e =T W0 <70 - T

for every v € W' (€2). The above stated approximation property in BV () implies
that (5) holds for every v € BV (Q).

Conversely, a bounded variation solution u of (1), with u € W, (Q), is a weak
solution of (1). Indeed, fix w € Wy (Q). From (5) we have, for every t # 0,

J(u+tw) — T (u)
t

sgn(t) > sgn(t))\/gf(x,u)w dx.

Letting t — 0 we get, as J restricted to W, ' (Q) is Gateaux differentiable,
+J (u)w > i/\/ f(z,u)wdz,
Q

that is
T (u)w = /\/ [z, u)wdz.
Q

Remark 2.4 A strong solution u of (1) is a weak solution of (1). Indeed, we have
f(-,u) € LP(Q) and, by the Dirichlet boundary condition, « € W, (). Multiplying
the equation in (9) by v € W, (), integrating on Q and using the Green’s formula,
we obtain (8).

Conversely, a weak solution u of (1), with u € W??(Q) for some p > N, is a
strong solution of (1). Indeed, using the Green’s formula, we see that u satisfies the
equation in (9) a.e. in §2. The Dirichlet boundary condition is satisfied as well since
ue Wy Q)N eo(Q).

Lower and upper solutions (see [21, Section 12], [28] and [37]). Assume (h). A function
a € BV (Q) is said to be a lower solution of (1), for a given A > 0, if f(-, ) € LP(Q)
for some p > N and

j(a—kz)—J(a)Z/\/ﬂf(x,a)zdx (10)

for every z € BV (Q) with z(z) <0 a.e. in Q. Similarly a function g € BV(Q2) is said
to be an upper solution of (1), for a given A > 0, if f(-, ) € LP(2) for some p > N and

TB+2)—TB) =\ /Q f(2, )2 da
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for every z € BV (Q) with z(z) > 0 a.e. in Q. It follows from [37, Remark 2.3] that u
is a solution of (1) if and only if it is simultaneously a lower and an upper solution of

(1).

Remark 2.5 Note that « is a lower solution of (1) if and only if it is a minimizer of
the functional

Hara(v) = T (v) = AF'(a)(v)
in the cone C, = {v € BV(Q) | v(z) < a(z) a.e. in Q}. Similarly § is an upper

solution of (1) if and only if it is a minimizer of the functional
Has(v) = T (v) = AF'(B)(v)
in the cone Cy = {v € BV (Q) | v(z) > f(z) a.e. in Q}.

Remark 2.6 Assume (hy). Suppose that a € Wh'(Q) is such that f(-,«) € LP(Q)
for some p > N, ajpn(r) <0 for Hy_1-a.e. x € 0Q and

/ |Z|aQ|dHN_1+/VO(VZ/\/1+|VOJ|2dCL’2/f(CL’,Oé)ZdZL‘, (11)
20 Q Q

for every z € WhH(Q) with z(z) < 0 a.e. in Q. Then (see [37, Lemma 3.8]) a is a
lower solution of (1). Indeed, let z € W'(Q) be such that z(z) < 0 a.e. in 2. Using
the convexity in RY of the function a — /1 + |a|? and the assumption ajgq(z) < 0
for Hy_1-almost every x € 0%, we get from (11)

fx,azdxﬁ/Vonz 1+ Vazdx—i—/ 2190| dH n—
[ faazde< [ Vaven/ue Vol do s [ oty
§/\/1+|V(a+z)|2dx—/\/1—|—|Voz|2dx

Q Q

+/ |(a+2)|aﬂ|dHN_1—/ lyoa| dHN—1
20 20
=J(a+2z2)— J(a).

Now, let z € BV () be such that z(z) <0 a.e. in Q. By [8, Theorem 3.3] there exists
a sequence (w,,), such that, for every n, w, € WH(Q) and w,(x) < a(z) + z(z) for
a.e. x € Q,

lim w, =a+=z
n—-+o0o

lim \/1+]an|2da::/\/1+]D(a—|—z)]2.
n—-+00 Q Q

in L1(Q) and
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By [1, Fact 3.1] we also have

lim /|an|dx:/|D(oz+z)|
n—-+oo Q Q

and, by [21, Theorem 2.11],

lim / ]wan]dHN,l = / ’(Oé—i—Z)‘aQ’dHN,l.
o oN

n—-+4o0o

Therefore we conclude that lir}rl J(wy,) = J(a+ z). Set, for each n, z, = w, — «a; we

have z, € W(Q), z,(z) < 2(z) <0 ae. in Q, and lim z, =z in L}(Q). As (2,), is

n—-+o0o
bounded in W11(Q), possibly passing to a subsequence, we may further assume that
hIJ’I_l z, = z in LY(Q) with ¢ = -Z-. Hence we get

J(a+z)= lim J(a+ z,)

n—-+o00

> lim /fxazndx—l—J /fxazdx+J()

n—-+o00

i.e., o is a lower solution of (1).
Similarly (see [37, Lemma 3.7]), if 3 € WH(Q) is such that f(-,3) € LP(Q) for
some p > N, Boa(x) > 0 for Hy_q-a.e. € 0Q and

dHn— VAVz/\/14|VE*d .3z dz,
/an|239’ N1+/Q BVz/\/1+|Vi] J:Z/Qf(xﬁ)zx

for every z € Wh1(Q) with z(z) > 0 a.e. in , then (3 is an upper solution of (1).

From [37, Theorem 2.4] we derive the following result (see also [28, Theorem 3.2]
for a related statement).

a and an upper solution [ of (1), for a given X > 0, such that o(z) < B(x) a.e. in
Q and F(-,a) € LYQ), or F(-,8) € LY (). Assume further that there are p > N
and v € LP(Q) such that |f(z,s)] < v(x) for a.e. x € Q and every s € R, with
a(x) < s < fB(x). Then problem (1) has at least one solution u such that

alz) <u(zx) < B(x) ae in )

Proposition 2.1. Assume (hy) and (hs). Suppose that there exist a lower solution
1

and

Zy(u) = min{Z,(v) | v € BV(Q), a(z) <wv(z) < B(x) a.e. in Q}.
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Spectral constants. We denote by

Vul?d
A1 = min —le uf” d

12
Hi@\(0} [ u?dx (12)

the principal eigenvalue of —A with Dirichlet boundary conditions. Assuming (hy), we
denote by
Du| + . dHy—
= i Ja P Joo [taeldHy
BV (2)\{0} Jo ul dz

the principal eigenvalue of —A; with Dirichlet boundary conditions (see [14]). Note

that p; is the best Poincaré constant appearing in (3) when p = 1.
Denote by S¥~! the unit sphere in RY. For each e € SV~! we set
a.(Q) =1inf ze, b.(Q) =supzxe, L(Q) =0b.(Q) — a.(Q). (14)

Sy z€Q

(13)

Note that L.(€) continuously depends on e € S¥=1 and inf Le(Q) = min L.(Q2) >
eeSN-1 ecSN-1
0. Define L(Q2) = min Lc(£2). We then set
eeSN~

5= (1) (15)

2
Y= 16
Note that A} and ui are, respectively, the principal eigenvalues of —A and —A;, with
Dirichlet boundary conditions, in the interval [0, L(2)].

Denote by R(£2) > 0 the largest R > 0 such that there is an open ball of radius R

contained in 2. We set 9 \32
i _ oN _
M= (2 1)(—R(Q>) . (17)

Let C'(C Q) be a Caccioppoli set (see [21, p.6]) and let x¢ be its characteristic
function. Denote by

and

Per(C) = [ Dxel + | XopmdHiv-s (19
Q 9
the perimeter of C' in RY. We set
Per(2)
o 19
1 meas()) (19)

Note that A\j, \; < A’i and pj, p < u% and, for some special geometries of €2, u, = u%
(see e.g. [14, Proposition 11]).
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An elementary inequality. For any given n € |0, 1] there exists d > 0 such that, for
every s € R,

82

s <l

1
5(1—n)|s|—d§\/1—|—32—1—n (20)

3 Existence and multiplicity results

In this section we prove several existence and multiplicity results for problem (1),
assuming various conditions on the behaviour at 0 or at 400 of the potential F' of f,
so as to extend the model statements presented in the introduction.

3.1 Existence of at least one positive solution

Potential subquadratic at zero.

The relevant assumption in this context is (h7), which expresses a form of local and
desultory subquadraticity of the potential F' at 0.

Theorem 3.1. Assume

(hy) Q is a bounded domain in RY (N > 2) with a C*° boundary 0Q for some o €
0, 1];

(he) f:Q xR — R satisfies the Carathéodory conditions;
(hs) f(x,0) >0 for a.e. x €€

(he) there exist constants r > 0 and ¢ > 0 such that |f(x,s)| < ¢ for a.e. x € Q and
every s € [0,r];

(h7) there exist open sets w and wy, with © C wy C ), such that

' [ F(z,s)dx
limsup =————— = +00
s—0t S
and
L o Fla,s)da
lim inf == 5 > —00.
s—0t S

Then there exists A* € |0, +0c] such that, for every A €0, \*[, problem (1) has at least
one positive weak solution uy € C7(Q), for some 7 € 0,1], satisfying

)\lim+ |urllcr@y =0 and  Zy(uy) < Z)(0) = meas(2).
—0
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Proof. Step 1. A modified problem. Let a : [0,+00[ — [0,+o0o[ be the C*' non-
increasing function defined by

a(s) = (1 +s)71/2 if s € [0,1],
=¥V2(s—2)2+ 12 if s € [1,2], (21)
= %ﬁ if s € [2,400].

Set, for every s > 0,
Als) = / alt) dt. (22)
0

Note that the structure and the regularity conditions assumed in [19] are satisfied.
Further, we have for every s > 0

%ﬁ <a(s) <1 (23)
and hence
25 < A(s) < s (24)

Let x : [0, 4+00[ — [0, 1] be a continuous function such that

x(s)=1 if0<s<3,
=0 ifs>r,

where r is defined in (hg). Then we set, for a.e. z € Q and every s € R,

g(x,s) = x(—s) f(z,0) if s <0,

= x(s) flz,s) ifs>0, (25)
and S
G(z,s) = x.t) dt.
@)= [ atana
Note that, by (hs),
|g(x,s)| S C (26)
and
|G(z,s)| < cr (27)

for a.e. x € Q) and every s € R. Let us consider the modified problem

_div <a(|Vu|2)Vu> — Ag(z,u) inQ, (28)
w=0 on Of).
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A solution of (28) is a function u € H}(Q2) satisfying

/a(]Vu]Q)Vqudx:)\/g(:r,u)vda: (29)
Q Q
for every v € H}(Q). For each A\ > 0 we define the functional Ky : Hj(2) — R by
1
Ko (1) = §/A<|vu|2)dx—A/G(x,u) dz. (30)
Q Q

KCy is of class C! and weakly lower semicontinuous, being the sum of a convex and a
weakly continuous function. Moreover, u € H}(£2) is a solution of (28) if and only if u
is a critical point of ICy.

Step 2. Fxistence of solutions of the modified problem for every A > 0. Fix any A > 0.
By (24) and (27) the functional Ky is coercive and bounded from below in H}(Q);
hence it has a global minimizer uy € H}(f2). Take w € Hg () such that w(z) > 0 in
Q, wx) =01in Q\ w; and w(x) = 1 in w, w and w; being defined in (h7). By (hr)
there exist a sequence (d,),, with d,, > 0 for every n and lim d,, = 0, and a constant

n—-+4oo
k1 > 0, such that
lim an/G(:c,dn) dr = +o0 (31)
and
G(z,d,w)dx > —mldi/ w? dz. (32)
w1 \w w1 \w

Hence, we have

Kx(dw) :%/A(di|Vw|2)dm—/\/G(m,dn)dm—/\/ G(z,d,w)dx
Q w QN\w

1
< di(§/ Vwl? dr — Ad,;Z/G(x,dn) dz — Afﬁ/ w? dx) <o,
Q w w1 \w
for all n large enough. This implies that
Kx(uy) = min Ky(u) <0 (33)

weHL ()

and hence uy # 0. Testing (29) against (uy — r)*, which belongs to H}(2) by Stam-
pacchia theorem (see [45, Section 1.8]), and using (23) and (25), we get

72 / V(ur — )P da < / al|VuP) [V (ur — ) de
_ / o(|Vus?) VusV(uy — )" da
Q

= )\/Qx(u)\)f(:v, uy)(uy — )" dz = 0.
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Therefore we have (uy — )t =0, i.e. uy(z) <r ae. in Q. Testing against —u, and
using (23), (25) and (hs), we obtain

52 [ VuPde < [ avis) Vs Pda
:—/a(|Vu,\]2)VuAVuA dx
Q

== [ ez dz = = [ x(w)f, 0005 ds <o

Therefore we have uy, = 0, i.e. uy(z) > 0 a.e. in 2. Thus we conclude that for a.e.
z e
0 <up(z) <7 (34)

Due to (34) and (26), the regularity theory for (28) (see [19]) implies that there exist
7 €10,1] and Ky > 0 such that

[urllorr(@) < k2 (35)
for every A €10, 1].

Step 3. There exists \* € |0, +0o0] such that, for every A €]
least one positive weak solution uy € CY7(Q), for some T € ]

, X*[, problem (1) has at

0
0, 1], satisfying

Jim, [urllor@) = 0.

Pick any sequence (\,),, with A, € ]0,1] and lirf An = 0, and let (uy,), be the

corresponding sequence of solutions of (28) we have found in Step 2. Estimate (35)
and the Arzela-Ascoli theorem yield the existence of a subsequence (uy)r = (ux,, )k
converging in C*(Q) to some function u € C1(Q) with u(x) = 0 on 9Q. Testing (29)
against u; and using (23), (26) and (34), we get

%5/9|Vuk|2 dr < /Qa(|Vuk|2)|Vuk|2 dx
=, | 9(x,up)u, doe < N\, cr meas(Q)
Q

and hence, passing to the limit, u = 0. Therefore we conclude that
Alg(f)g [urller@) = 0.

This implies that there exists A* € |0,4+o00] such that, for every A €]0, \*[, uy €
H(Q) N CY7(Q) is a positive weak solution of (1). Since Ky(v) = Zy(v) — meas()
for any v € C'(Q) N HJ(Q) with |[ulc1@ < min{l,%}, by (33) we also conclude
ZA(UJ)\) < I)\<O) = meas(Q). ]
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Remark 3.1 Assumptions (h;) and (h7) are implied by the following subquadraticity
condition at 0.

(hg) liminf Fla,s)

s—0F 52

= 400 uniformly a.e. in €.

Remark 3.2 If, in addition to all assumptions of Theorem 3.1, we suppose that

(hg) there exists a constant r > 0 such that f(x,s) > 0 for a.e. x € Q and every
s € [0,r],

then the strong maximum principle and the boundary point lemma [42, Corollary 8.3,
Corollary 8.4] yield uy(x) > 0 for every z €  and %Llj(x) < 0 for every z € 052, v being
the unit outer normal to €2 at x € 0. Note that, under (hy), the second condition in
(h7) is automatically satisfied.

Potential sublinear at infinity.

The relevant assumptions in this context are (hq1) in Theorem 3.2 and (hy4) in Theo-

rem 3.3. Condition (hj;) requires F' to be sublinear at +o0o0; whereas condition (hy4)

allows F' to be just desultorily sublinear at +00. The two hypotheses are however in-

dependent, because (h14), although weaker than (hy;) when f is autonomous, requires

otherwise an additional uniform control on f.

Theorem 3.2. Assume

(h1) Q is a bounded domain in RN (N > 2) with a C%' boundary 0);

(ha) f:Q xR — R satisfies the Carathéodory conditions;

(hs) f(z,0) >0 for a.e. x €€;
)

there exist constants q € |1, %[, ¢y > 0 and a function cy € L#(Q) such that

(P10
|f(z,8)] < e15 " + o)

for a.e. x € Q and every s € [0, +00];

F
(h11) limsup M <0 wuniformly a.e. in );

s§——+00 S

(h12) there exists so > 0 such that / F(z,s0)dz > 0.
0
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Then there exists A € [0, +00] such that, for every \ € |\, +oo[, problem (1) has at
least one positive solution uy, satisfying

lim Z)(uy) = —oco0  and  liminf ||uy|[peq) > 0.
A——+00 A—+00

Proof. Since we are looking for positive solutions of (1), we can modify f by setting
f(z,s) = f(z,0) — arctan(s) (36)

for a.e. x € Q and every s < 0. We derive from (hyo) that, with possibly a different
choice of the function co,
[f(z,5) < erls|” + ea(2) (37)

for a.e. x € Q and every s € R. Moreover, from (hs), (36) and (h;;) we deduce that,
for every € > 0, there exists s. > 0 such that

F(z,s) <e¢l|s| (38)

for a.e. x € Q and every |s| > s..

Step 1. For each A\ > 0 there exists Ilg\i/l(lﬂ) Zy(v). Fix A > 0 and pick £ > 0 such that
ve

e < B, where p, is defined by (13). By (37) and (38) there exists c3 € L77(Q) such
that, for a.e. z € ) and every s € R,

F(z,s) < e|s| + es(x).

Using the Poincaré inequality we get, for every v € BV (),

Iy(v) > / | Dol +/ [vjaa| dHN-1 — )\5/ lv|de —cy > (1 — gﬁ)HUHBV(Q) — C4,
Q o0 Q

for some constant ¢4 > 0. Therefore 7, is bounded from below and coercive in BV (€2).
Let (u,), be a minimizing sequence. Since (uy,),, is bounded in BV (€2), by the compact
embedding of BV (Q) into L%(f2), there exist a subsequence of (u,),, which we still
denote by (uy)n, and a function uy € BV () such that lim w, = uy in LI(Q). As T,

n—-+00
is lower semicontinuous with respect to the Li-convergence in BV (2), we have

liminf Z (u,,) > Zx(uy).

n—-+00

Hence we conclude that

. o >
vEllgI%/f(Q) 2 (U> n1—1>r—il-1c>o Zy (Un) > Iy (UA)7
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that is
Iy(uy) = oin Zy(v). (39)

Step 2. For each A > 0 there exists a solution uy of (1) with uy(z) >0 a.e. in Q. Fix
A > 0. Any minimizer u, of Z), whose existence follows from Step 1, is a solution of
(1). Let us prove that uy = uy. Since, by (hs) and (hig), 0 is a lower solution of (1),
using —u, as a test function in (10) we get

J(—uy)—J(0) > —/\/Qf(x,()) uy dx. (40)
Moreover, as u, is a solution of (1), using u} as a test function in (5), we have
F() = T(w) 2 A [ fau)uf — ) ds
= A/Qf(:c, 0)u, dx — )\/Qarctan(—u)\) u, dx. (41)
Summing up (40) and (41) and using (4), with v = u, and v = 0, we obtain

0> Jul)+ T (—uy)— T(uy) — T(0) > )\/ arctan(u, ) uy dz > 0.

Q
This yields u, = 0.
Step 3. There is A\, > 0 such that, for each X > )\, there exists a positive solution u)
of (1) satisfying

lim T = — d liminf .
i Taw) =—c0 and - Lminf fuslzxe >0

For any A > 0 let u, be a minimizer of Z,, whose existence follows from Step 1. From
(39) and (hja) we can find A, > 0 such that, for every A > \., we have

Ty(us) < Th(s0) = Ta(0) + 50 Per(€2) — A/ F(z, 50) dz < T, (0).

Hence we infer that uy # 0 and, by Step 2, it is a positive solution of (1). Moreover,
letting A\ — 400, we also get

)\l—lffoo I)\(U/\) -
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Take Ay > Ay > A\.. We want to prove that F(uy,) < F(uy,). Indeed, otherwise we
should get

T () — AeF(uy,) = T (up,) — MF (un,) — (Mg — ) F(uy,)
> J(un) = MF(uny) — (A2 = A1) F(un,)
> T (ur) = MF (uy) = (A2 = A1) F(uy,)
= T (uy,) — AaF(uy,) > T(uyr,) — AoF(uy,),

which is a contradiction. Moreover, as for each A > A, we have Z)(uy)) < Z,(0) =
meas(Q)) and J(uy) > meas(Q)), we infer F(uy) > 0. Assume now, by contradiction,

that there exists an increasing sequence (\,,),, with A, > A, for every n and lirf Ap =
n—-+0oo

+o00, such that lim wy, = 0 in L%(2). The continuity of F : L%(2) — R yields

n—-4o0o

lim F(uy,) = F(0) = 0, thus contradicting the fact that F(uy,) > F(uy,) > 0 for

n—-+
every n > 1. Hence we conclude that lim inf ||| La() > 0. O
——00

Theorem 3.3. Assume
(hy) Q is a bounded domain in RN (N > 2) with a C%' boundary 092;

(hi3) f: QxR — R satisfies the LP-Carathéodory conditions for some p > N, i.e. f
is a Carathéodory function and, for each r > 0, there exists 7y, € LP(S) such that
|f(z,5)] < 7-(x) for a.e. x € Q and every s € [—r,7];

(hs) f(x,0) >0 for a.e. x €€
(hia) there exists so > 0 such that fQ F(z,s0)dz > 0;
(h14) there exist a constant r and a continuous function h : R — R such that
flx,s) < h(s) forae x€Q and every s >r
and

lim inf A(s) <0

§——+00 S

where H(s) = [ h(t)dt.

Then there exists A\, € [0,+00[ such that, for every \ € |\, +o0|, problem (1) has at
least one positive solution uy, with uy € L®(QY), satisfying

)\1—1>r—ir-loo IA (U/\) -
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Proof. We start proving the following result, which is related to [37, Lemma 3.19].

Claim. Assume (hy). Suppose that g : Q@ x R — R satisfies the LP-Carathéodory
conditions for some p > N and there exist a constant r > 0 and a continuous function
¢ :R — R such that

g(x,s) < U(s) fora.e. x€Q and every s >r

and

L(s) _

< My,

lim inf
§——400 S

where L(s) = [ 0(t)dt and pi is defined by (16). Then there exists a sequence (3,)n
of upper solutions of the problem

_div<Vu/ 1+ |Vu]2> = g(x,u) in Q, (42)
u=0 on 0f),

such that, for eachn, 3, € C*(Q) and lirf (min f3,,) = +00. Suppose first that sup{s >
n—-+o0o (9]

0] ¢(s) <0} = +oo. Then there exists an increasing sequence (/3,,),, of constant upper

solutions of (42) with liril Bn = +00. Therefore we may assume ¢(s) > 0 in [r, +00].

Possibly replacing ¢(s) with £(r) in | — oo, r[, we can further suppose that ¢(s) > 0 in
R. Fix g > 0 such that

o L(s) *

liminf —= < p < pf.

s§——+00 S
Then we can find an increasing sequence (R,), such that lim R, = 4oo and, for
every n, e
T+%<RH<RTL+1_%L
and
L(R,)— L(s) < u(R,—s) in[R, — i, R,[. (43)

Fix n, set R = R,, and consider the initial value problem

~ (v/vTH |v’|2>/ — h(v), o(0) =R, v/(0) = 0. (44)

Let v € C*(] — w,w]) be an even non-extendible solution of (44). Then v}, . is decreas-
ing, concave and satisfies the energy relation

1
- e = L(R) — L(v(t)) (45)

in [0, w[. Define
T =sup {t € [0,w[ ] v(t) >R—i .
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Since vy, is decreasing and concave we have T' < +oo. As tlin%v(t) >R — i, by (45)
and (43), we easily see that tlirr%v'(t) > —o00. Therefore T' < w and v € C*([-T,T]).

Using (45), (43) and the fact that the function ¢ — (1 —¢)/v/2t — 2 is decreasing in
10, 1], we get

oy - 1 (£(R) — £(o(t))) "
0 2 (

L(R) — L(v(1))) — (L(R) — L(u(1)))?
_ / " 1 (L(R) — £(s)) .
® ¢2 — £(s)) — (L(R) — £(s))?
,u(R—s) ge L Lo1—t g Lto b
/R—}L \/2M (u(R — 3))2 \/m H g I

Let ¢ € SV~! be such that Ls(2) = min L.(2) and set, for every z € Q,

Br) = v — Yaa(®) + ba(9),

Where Le(Q), ae(Q) and bs(Q) are defined in (14). Observe that 8 € C?*(Q) and
§ B(x) < R for every x € Q. Note also that g(-,5) € LP(€2). Moreover we have

—div(w/ 1+\vm2): IO WP = ) 2 gleB) (46)

a.e. in Q. Take z € Wh(Q) such that z(x) > 0 a.e. in Q. Multiplying (46) by z and
integrating by parts, we easily get

/m|z|ag|d'HN_1+/QVﬁVz/\/1+|Vﬁ\2dx2/Qg(x,ﬂ)zd:v.

By Remark 2.6, 3 is an upper solution of (1). This concludes the proof of the claim.

Step 1. For each X\ > 0 there exists a solution uy of (1) with uy(z) > 0 a.e. in Q.
Fix A > 0. Conditions (hs) and (h;3) imply that a = 0 is a lower solution of (1). Let
us set A\f = g and \h = ¢. Conditions (hi3) and (hy4) imply that g and ¢ satisfy the
assumptions of the claim. Hence there exists an upper solution 3y € C?(Q) of (1) such
that

mg_%n B > So, (47)

where s¢ is given in (hj3). By Proposition 2.1 there exists a solution uy of (1) such
that 0 < uy(z) < Ga(z) a.e. in Q and

Tx(uy) = min{Zy(v) | v € BV(Q),0 < v(z) < fxr(z) a.e. in Q}. (48)



26

Step 2. There is N\, > 0 such that, for each A > \,, there exists a positive solution uy

of (1) satisfying

)\1—1>r—ir-loo IA (U/\) -

From (47) and (48) we infer that
Ih(uy) < Zx(so) = Zx(0) + s Per(Q2) — /\/ F(z,sg)dx.
Q

By (hi2), letting A — +o0, we get the conclusion. ]

Potential subquadratic at zero and sublinear at infinity.

In the following theorem we show that the existence of positive solutions of (1) for
any given A > 0 can be established if the potential F' is desultorily subquadratic at 0
and sublinear at +o00. Loosely speaking the condition at +oo yields the existence of a
solution and the conditions at 0 guarantee that it is positive.

Theorem 3.4. Assume
hi)  is a bounded domain in RY (N > 2) with a C%' boundary 0%2;

(ha)
(he) f:Q xR — R satisfies the Carathéodory conditions;
(hs)
(hz)

hs) f(z,0) >0 for a.e. x € Q;
h7) there exist open sets w and wy, with w C wy C €2, such that
. [ F(x,s)dx
limsup =———— = +00
s—0t S
and
on\w F(z,s)dx
lim inf = 5 > —00;
s—0t S

(hio) there exist constants q € |1, :25[, 1 > 0 and a function cs € Lq%l(Q) such that

(2, 8)] < 18" + ea(x)
for a.e. x € Q and every s € [0, +00;

F(z,s)

(h11) limsup <0 uniformly a.e. in Q.

§—+00

Then, for every X € |0, +oc[, problem (1) has at least one positive solution.
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Proof. Fix A > 0. As we are assuming (hs), (hio) and (hi1), we can argue like in Step 1
and Step 2 of the proof of Theorem 3.2 to get a global minimizer u, of the action
functional 7, which is a solution of (1) satisfying uy(z) > 0 a.e. in €. To prove that
wy is non-trivial, we exploit assumption (h7) exactly as we did in Step 2 of the proof
of Theorem 3.1, observing that (31) and (32) hold with G replaced by F. ]

In the next statement we just require F' to be desultorily subquadratic at 0 and
desultorily sublinear at +oc0.

Theorem 3.5. Assume
(h1) 2 is a bounded domain in RN (N > 2) with a C%' boundary 0Q;
(hs) f(x,0) >0 for a.e. z € Q;

(h7) there exist open sets w and wy, with © C wy C Q, such that

' [ F(z,s)dx
limsup =————— = +00
s—0t S
and
o\ F(z,s)dx
lim inf == 5 > —00;
s—0t S

(hiz) f:Q xR — R satisfies the LP-Carathéodory conditions for some p > N;

(h14) there exist a constant r and a continuous function h : R — R such that
f(z,s) < h(s) fora.e x e and every s >r

and "
lim inf ﬁ <0,

s—-+400 S -

where H(s) = [ h(t)dt.

Then, for every A € ]0,+o0[, problem (1) has at least one positive solution uy €
BV ()N L>(Q).

Proof. Fix A > 0. As we are assuming (hs), (hi3) and (h14) we can argue like in Step 1
of the proof of Theorem 3.3 to get a solution uy of (1), with uy € L>(Q2) and uy(z) >0
a.e. in . To prove that uy is non-trivial, we exploit assumption (h;) exactly as we
did in Step 2 of the proof of Theorem 3.1, observing that (31) and (32) hold with G
replaced by F. O
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Potential quadratic at zero and linear at infinity.

We discuss now the existence of positive solutions of the parameter independent prob-
lem

{ —div(Vu/\[1+|Vul?) = flz,u) inQ, (49)
u=0 on 0,

in the two limiting cases where the potential F' may grow quadratically at 0 or lin-
early at +00. More precisely, we will replace the subquadraticity conditions at 0 with
assumptions relating the behaviour at 0 of % with the spectral constants A\; or A7,
defined by (12) or (15), and the sublinearity conditions at +oo with assumptions re-
lating the behaviour at +o0o0 of @ with the spectral constants p; or pj, defined by

(13) or (16).

Theorem 3.6. Assume

(h1) Q is a bounded domain in RN (N > 2) with a C%' boundary 0);
(ha) f:Q xR — R satisfies the Carathéodory conditions;

(hio) there exist constants q € |1 ¢1 >0 and a function ¢y € L1(Q) such that

N
et
|f(z,8)] < 5T + ea()

for a.e. x € Q and every s € [0, +00;

2F
(his) hmégf@ > A1 uniformly a.e. in Q, where \y is defined by (12).
. F(z,s) . . .
(h1) limsup < p1  uniformly a.e. in S, where py is defined by (13).
s——+00 S

Then problem (49) has at least one positive solution.

Proof. We modify the function f, for a.e. z € Q and every s < 0, like in (36). Then,
arguing as in Step 1 of the proof of Theorem 3.2 and using (hi¢), we prove the existence
of a solution w of (49), which is a global minimizer of the functional Z = J — F. To
show that u(x) > 0 a.e. in 2 we proceed as in Step 2 of the proof of Theorem 3.2. Let
us prove that u is non-trivial. By (h;5) there exists a constant r > 0 such that, for a.e.

x € Q and every s € [0, 1],

A
F(z,s) > 5132.
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Denote by ¢ the positive principal eigenfunction of —A in Hj(Q) such that [, ¢3 dx
= 1. Since ¢ € L>®(Q) (see [20, Theorem 8.15]), there exists ¢ > 0 such that
ellerllnee() < r. Then we have

I(apl):/Q\/1+62|V<p1|2dx—/QF(x,egol)dx

1
<! ( [ eltde = [ otds) + mes(e) =200,
2 Q Q

This implies that Z(u) < Z(0) and hence u # 0. O

Remark 3.3 It is clear from this proof that in Theorem 3.6, instead of (hs), it is
sufficient to assume

(hi7) there exists a constant r > 0 such that, for a.e. x € Q and every s € [0, 7],

2F (x, s)

82 Z )\17

where Ay is defined by (12).

The following result is a variant of Theorem 3.6 where only a desultory quadratic
growth at 0 and a desultory linear growth at +o0o are assumed on F'.

Theorem 3.7. Assume
(h1) Q is a bounded domain in RN (N > 2) with a C%' boundary 0Q;
(hi3) f:Q xR — R satisfies the LP-Carathéodory conditions for some p > N;

(his) there exist a constant ro > 0 and a continuous function k : R — R such that
f(z,s) > k(s) forae x€Q and every s € [0,ro],

lim inf K{(s)
s—0+ S
K(s)

) 2
lim sup —;
s—0+t §

where K(s) = [ k(t)dt and A is defined by (17);

>0

and

> AL
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(h1g) there exist a constant 11 > 0 and a continuous function h : R — R such that
f(z,s) < h(s) fora.e x € and every s > 1

and

.. S

lim inf (s) < 7,
s——400 S

where H(s) = [ h(t)dt and p} is defined by (16).

Then problem (49) has at least one positive solution.

Proof. Condition (h;s) implies that f(z,0) > 0 for a.e. « € 2. Then, by (h;3), we have
that a = 0 is a lower solution of (49). As (hjg) holds, we can apply the claim in the
proof of Theorem 3.3, with ¢ = f and ¢ = h, to get an upper solution 3 € C%(Q) of
(49) such that ming 3 > 9. By Proposition 2.1 there exists a solution u of (49) such
that 0 < u(x) < f(z) a.e. in Q and

Z(u) =min{Z(v) |v € BV(Q), 0 <v(z) < f(z) a.e. in Q}.

We show that w is non-trivial by producing a function w € BV()) such that 0 <
w(z) < f(x) a.e. in Q and Z(w) < Z(0). Let R(2) > 0 be the largest R > 0 such that
there is an open ball of radius R contained in €2. Let By be a ball of center zy and
radius R(€2), such that By C 2, and let B; be the ball of center = and radius @.
Let w € H}(Q) be the function defined by

w(z) = max {0, min {1,2(1 — Hﬁz(é‘)“)}}

By assumption (hjg) there exist € > 0 and a sequence (d,,), such that hm d, =0,

d, <1y, K(d,) > %()\% + &)d? and K(d,w(x)) > —}@%ap for every n and a.e.
x € Q. Then we have

I(dnw):/\/l—l—d%ww\?dx—/F(x,dnw)d:c
0 Q

1
<lp / Vwl dz + meas() — [ K(d,)de — / K (dyw) dz
2 BQ\Bl Bl BQ\BI

1 1

< —di( IVw|? dz — Nimeas(B,) — =¢ meaS(Bl)> + meas(£2)
L 55

1, 2 N2 meas(Bs \ By g1

= §dnmeas(Bl) <(R(Q)> meas(B) A 56) + meas(f?)

1
= —Zdié meas(B;) + meas(2) < Z(0).

This implies that Z(u) < Z(0) and hence u # 0. O



31

Potential superquadratic at zero.

The relevant assumption in this context is (hgz). The following theorem is a slightly
more general version of a result first obtained in [12]. Its proof is given in [38] by a
hopefully more transparent argument than the original one.

Theorem 3.8. Assume
(ha1) Q is a bounded domain in RN (N > 2) with a C' boundary 09;
(he) f:Q xR — R satisfies the Carathéodory conditions;

(haa) there exist constants r > 0, ¢ > 1 and q > 2, with q < ]\2,—11[2 if N > 3, such that
s < fla,s) < esth
for a.e. x € Q and every s € [0,7];
(hos) there exist constants r > 0 and o € )0, [ such that
F(z,s) <osf(x,s) (50)
for a.e. x € Q and every s € [0,7];

(hos) there exists a constant r > 0 such that

fw,s) _ Sl
S - t

for a.e. x € Q and every s,t € 0,r|, with s < t.

Then, for any given p > N, there exists A, € [0, +00o[ such that, for every X €]\, +00],
problem (1) has at least one strong solution uy € W?P(Q), satisfying ux(x) > 0 for
every x € 2 and %Llj(:v) < 0 for every x € OS2, v being the unit outer normal to Q) at
x € 010,

Ih(uy) > Zx(0) = meas(2)  and )\l—iflr-loo |luallw2r () = 0.

Proof. A detailed proof of this theorem can be found in [38]. O

Remark 3.4 Assumption (hg) implies f(z,-) increasing in [0,7] for a.e. = €
moreover it implies (50) with o = 3. Condition (hg) implies £ < g.
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Potential superlinear at infinity.

The relevant assumption in this context is (hss). The proof of the following theorem
makes use of a regularization procedure inspired from [44]. Related results can be
found in [26] and [29].

Theorem 3.9. Assume

(hy) Q is a bounded domain in RN (N > 2) with a C%' boundary 0%2;

(he) f:Q xR — R satisfies the Carathéodory conditions;

(hs) f(x,0) >0 for a.e. x €€
)

(hio) there exist constants q € |1, 2=, ¢1 > 0 and a function c; € L77(Q) such that

f(z,5)] < 18" + ea2)
for a.e. x € Q and every s € [0, 4+00];

(hos) there exist a constant p € |1, {25 and a function as € L®(2), with ax(z) > 0

a.e. inQ and ax(z) > 0 in a set of positive measure, such that

F
lim inf (z,5) > Qoo ()
s——+o00 sP

uniformly a.e. in S, i.e. for every k > 0 there exists s, > 0 such that F(x,s) >
(aoo(x) — k)P for a.e. x € Q and every s > sy;

(hog) there exists a constant ¥ € |0, 1] such that

lim sup (F<Z’S) — 9 f(z, s)> <0

s§—+00

uniformly a.e. in €, i.e. for every k > 0 there is sp > 0 such that F(x,s) —
Vf(x,s)s < ks for a.e. x € Q and every s > sy.

Then there exist \* € |0,4+00] and n > 0 such that, for every A € |0, \*[, problem (1)
has at least one positive solution uy, satisfying

1
Ii(uyn) > Zx(0) = meas(Q2)  or  ||uallpe) = 1A 1,

where q € |1, 2= is defined in (hy).
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Proof. We modify f by setting f(z,s) = f(z,0) for a.e. € Q and all s < 0. Hence

assumptions (hig) and (hgg) imply that there exist constants ¢ € |1, 225[, ¢; > 0 and
a function ¢y € Lq%l(Q) such that, for a.e. x € 2 and every s € R,
[f (@, )] < eal s + ea(2) (51)
and that there exists a constant 9 € ]0, 1[ such that
F
lim sup ( (ﬁ 8) _ Of(x, s)) <0 (52)
s

|s| =00

uniformly a.e. in €.
Step 1. The elliptic regularization scheme. For each £ > 0 let us consider the regularized
problem

—ediv (|Vu[""*Vu) — div <Vu/ 1+ |Vu|2> = Af(z,u) in Q, (53)
u=20 on 0f),

where r € ]1, min{p, 5}[ is a fixed constant, p € |1, §°5[ being defined in (hgs) and

¥ €]0,1[ in (hgg). Note that p < ¢, where ¢ is defined in (h1o). By a solution of (53)
we mean a function u € W, () such that

VuVu

e | |[Vul"2VuVoudr + / -
/Q| | a1+ |Vul?

for every v € Wy (Q). Let us define the functionals J. : W, () — R by
g = [ 1varar+ [ VIFEw,
0 0

and Z,. : W, (Q) — R by

dx = )\/Qf(x,u)v dx (54)

Ihe(u) = Jo(u) — AF (u).

The functionals 7. and Zy. are of class C*. Let u € W, " () be a solution of (53).
Since 7. is convex we have

Je(v) 2 Je(u) + Tl (u) (v — u)

for every v € VVO1 (). Testing against v — u in (54), we get

T (u)(v—u) = )\/Qf(x,u)(v —u)dx
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and hence

J-(v) > Jo(u) + )\/ f(z,u)(v—u)d. (55)
Q
Step 2. Mountain pass geometry for small A > 0. Define
S ={ueW," ()| |Vullpra = 1}.

Claim. There exist constants Ao > 0 and ¢y > meas(Q2) such that, for any A € ]0, o],
any € > 0 and any u € S,

Ih:(u) > co > Ty -(0) = meas(£2). (56)

Moreover, for each A > 0 and w € Wy (Q), with w(z) > 0 a.e. in Q, there exists
t =taw > 0 such that, for any e €]0,1],

[tV w]| L1y > 1 and 7, (tw) < Z).(0) = meas(£2). (57)
Condition (51) implies that
|F'(z,s)| < el s + ca()]s| (58)

for a.e. x € () and every s € R. Using Jensen, Holder and Poincaré inequalities, we
see that there exists ¢y > meas(€2) such that, for every u € S and any € > 0,

The(u /\/1+|Vu|2dx— /02|u|dm—)\cl/|u|qu

Jo 1Vu| dz
> meas({) \/1 + <§1ea—s(ﬂ)>
—)\HC2HLQ—1 g IVullni @) = Aery® (IVull @)’

= y/meas({ - )\||cg||Lq%(Q)M;1 —Acipiy > cg > Iy .(0) = meas(9),

for each A € ]0, Ag], with A9 > 0 such that

-1
Ao < ( meas(2)2+ 1 — meas(Q)> <||CQ||LQ%(Q),M;1 +cl,uq_q> :

This yields the first conclusion of the claim. Next we note that (hgs) and (58) imply
that, for every k > 0, there exists ¢ € Lq%l(Q) such that

F(x,s) > (ax(x) — k)s? — {(x) (59)
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for a.e. € Q and every s > 0. Fix A > 0 and choose w € W, (Q), with w(z) > 0 a.e.
in Q, and k£ > 0 such that [,(as — k)w? dz > 0. By (59) we get, for every t > 1 and
every € € |0, 1],

t'l“
Ty -(tw) < ?/ ]Vw\rdm—kt/ V1+ \Vdex—tp)\/(aoo—k)wpda:+>\/édyc.
Q 0 0 O

Since p > r we derive
lim 7, (tw) = —oc0

t—-4o00
uniformly with respect to ¢ € |0, 1]. Accordingly, the last conclusion of the claim is
achieved too.

Step 3. Mountain pass levels. We define, for each A € ]0, )] and ¢ € ]0,1], the
mountain pass level

= inf T 2
exe = Inf max 7,-(+(7)) = co.

where

Ta = {7 € C°([0,1], Wy () | 7(0) = 0,7(1) = tw}, (60)
with ¢, w satisfying (57).
Step 4. Palais-Smale condition. Let X\ > 0 and e > 0 be fized. Assume (up), C Wy (Q)
is a (PS) sequence, i.e.

sup |Zxc(un)| < 00 and lirf 75 (un) =0 in (Wy" ()"
Then there ezist a subsequence of (uy)n, which we still denote by (uyp)n, and u €
Wy (Q) such that lim w, = u in Wy (Q). We first prove that (uy), is bounded in

n—+o0o
Wy (Q). Since (uy)y, is a (PS) sequence we have that, for some ¢ > 0 and any n large
enough,

The(u,) = ;/Q|Vun|rdx+/9\/1+|Vun|2dx—)\/QF(x,un)dx§c

and
[OT4 () ()| = 519/ |Vu,|" de + 9 Mdm—)\ﬁ/f@ Up ) Uy, dx
A Q a v/ 1+ |Vu,|? Q

< llunllwir @y

where 1 comes from (52). Hence we get

1 T |vun|2

[ (Plaun) = 05 n)n) do < ol



36

for all large n. By (52) and (51), for every k > 0 there exists ¢z € L7-1 () such that
F(z,s) —90f(x,s)s < kl|s| + cx(x) (61)

for a.e. z € Q and every s. Using (20) with n = ¢, (61) and Poincaré inequality, we
have for all large n

ot g 2 & (2 = ) g oy + 30 =9) [ [Fualdo
+ (1 — d)meas(Q2) — )\k:/ || dz — )\/ cp dx
Q Q
> 2 (2= 9) e gy + (51— ) — k™) /Q V| de
+ (1 — d)meas(Q2) — )\/ cr dz.

Q

Hence, taking & > 0 small enough, we can find K > 0 such that
€ (% - 19) ||Un||€V01m(Q) <K+ ||Un||w0“(9)-

As 1 <r < 5, we conclude that (uy), is bounded in Wy ().

Passing to a subsequence if necessary, we may assume that (u,), converges weakly
in W, () to some function u € Wy (). As ¢ < 125 < % and hence Wy () is
compactly embedded into L9(2), we may further assume that (u,), converges to u in
L4(Q). The strong convergence in W, () of (uy), to u will follow from [7, Lemma 3].

To this end we define the generalized Dirichlet form

VuVu dr
a1+ Va2

for u,v € Wy"(Q), and we observe that all hypotheses of [7, Lemma 3] are satis-
fied. Hence Condition (S) therein will guarantee that (u,,), converges to u strongly in

Wy (Q), if we show that

a:(u,v) = 5/ |Vu|"2VuVuvdr +
Q

liIJqu (ag(un, Up — u) — az(u, u, — u)> = 0.

We have

lim  a.(up, u, —u) = lim (5/ (V| "2 Vu, (Vu, — Vu) dr
Q

n—-+00 n—-4o0o

Vu,(Vu, — Vu) dx)

+
o 1+ |Vu,|?

— lim <I§\7a(un)(un — )+ AF () (g, — u)) —0.

n—-+o0o
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Indeed, as lim 7} (u,) = 0 in (Wy"(2))* and (uy,), is bounded in W, (), we see

n—-—+00
that
lirf T\ (un)(up — u) = 0.
Further, as F : L9(Q) — R is of class C'' and lirf u, = u in L(2), we easily get
lim F'(up)(u, — u) = 0.

n—-+00

We also have

lim a.(u,u, —u) = lim (Iﬁ\e(u)(un —u) + AF (u)(u, — u) dx) = 0.

n—-+00 n—-+0o

Indeed, as 7} _(u) € (Wy"(Q))* and  lim u, = u weakly in W, (), we see that

n—-+00

lim 7, _(u)(u, —u) = 0.

n—-+o00

Finally, as F'(u) : LY(2) — R is continuous and lim w, = u in LI({2), it follows that

n—-+o0o

lim F'(u)(u, —u) = 0.

n—-+oo

Step 5. Emistence of solutions of the reqularized problem. We are now in position
of proving the existence of solutions of (53), which are obtained as critical points of
mountain pass type of the functional 7, ..

Claim. There exist constants N\g > 0 and ¢y > meas(Q) such that, for each A € |0, \o|
and each € € 10, 1], the functional I, . has a critical point uy ., which is a non-trivial
non-negative solution of (53), satisfying

The(ure) > co. (62)
Further, for each A € |0, X, there is a constant ky > 0 such that, for each ¢ € 10, 1],
I/\,a(u)\,a) é kl' (63)

Fix A € ]0, \g], where Ay has been obtained in Step 2, and ¢ € 0, 1]. The existence of
a non-trivial critical point uy . of 7y ., with

I/\,e(u)\,a) = C)¢e Z Co > IA,€(0)7

follows from Steps 2, 3, 4 and the mountain pass theorem (see e.g. [15, Theorem 5.7]).
Testing (54) against —uy_ € Wy (Q), we get

|2

/yv-m+ Vire dz = )\/f( ~)uy . d
€ U T : Tr = — TyUy )Uy AT
Q e a1+ |Vuy|? Q Al
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As f(z,8) > 0 for ae. z € Q and every s < 0, we conclude that uy _ = 0, that is
ure(z) >0 a.e. in Q.

Estimate (62) is a direct consequence of (56). Finally estimate (63) follows from
the observation that

The c) = e = inf I < inf 7 = )
reltne) = exe = inf max The(y(r)) < inf max T (v(r)) = ean

where I'y has been defined in (60), by setting k; = cx 1.

Step 6. Norm estimates on the solutions of the reqularized problem. We want to prove
that, for each A € |0, \o], there is a constant ky > 0 such that, for each ¢ € ]0, 1] and
any solution wy . of (53) satisfying (63), we have

HUA,EHWOI’I(Q) < ka. (64)

Fix A € ]0, A\o] and ¢ € ]0,1]. Let u,. be a solution of (53) satisfying (63). We have

2
5/ \VuA,5|rdx+/ V| dr — )\/ fz,up)uredr =0
0 0 0

V14 |Vuy|?
E/ |VU>\,€\’"dw+/ \/1+|VU)\75‘2de’—)\/F(%,’LL)\75> < k.
rJa Q Q

We know that for every k > 0 there exists ¢, € La-1(Q) such that (61) holds. Using
(20) with n =9, (61) and the Poincaré inequality, we obtain

and

ki > 6(% — 19)/ |Vuy|" dx
Q

2
+/ \/ 14 [Vuyr > =9 Vil dx
Q \/1+|VU)\75‘2
_)\/ (F(xvu)\,a) - ﬁf(xvu)\,a)uk,s) dx
Q
> %(1 — 1) /Q |Vuy | de + (1 — d)meas(Q) — )\k;/Q |uye| dx — )\/Qck dx

> ($(1=19) = e t) /Q |Vuy | de + (1 — d)meas(Q) — A/QCk dz.

This yields the existence of a constant ks > 0 such that (64) holds, for any € € ]0, 1].

Step 7. Convergence of the reqularization scheme. Let (g,), C ]0,1] be such that
lim &, = 0 and, for any fixed A € ]0, \o], let u,, = uy., be a solution of (53) such

n—-4o0o
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that (62) and (64) hold. We know that w,, satisfies (55), that is

8—n/|Vw|’”dx—|—/\/1—1-|Vw\2dac—)\/f(x,un)wdau

rJo Q Q

Zg—n/|Vun|”d:v+/\/1+|Vun|2dm—)\/f(x,un)undx
rJa Q Q

for every w € Wy (Q). Since

(65)

[unl|Bv ) = lJtnllyr1 ) < k2

for every n, by compactness there exists a subsequence of (u,),, which we still denote
by (un)n, and a function u € BV () such that lim u, = u in L(Q2) and, by lower

n—-+

semicontinuity,

liminf 7 (u,) > J(u).

n—-4o0o

As F: L1(Q) — R is of class C?, we easily get

lim /f(x,un)undxz lim F'(un)(un):]—"’(u)(u):/Qf(x,u)ud:v

n—-4o00 n—-—+oo

and

lim /fx up)wdr = lim F'(u,)(w ):}"’(u)(w):/gf(:c,u)wdx

n—-+o0o n—-+00

for every w € L9(Q). Letting n — +oo in (65), we obtain for every w € W, (Q)

— Ao f xuwdx—/\/1+|Vw|2dx—)\ hm /fxunwda:
>11m1nf—/|Vun| dx+hm1nf/\/1+|Vun|2dx—)\ llm /fx Up ) Uy, dx

n—4oo 1

>hm1nf—/ |Vu,|" dx—l—/ 1+]Du|2+/ [ujpa| dH -1 — /fa: w)udx

n—-+00
/f x,u)ud.
Q
(66)

Since W, () is dense in Wy (), J : W' () — R is continuous and F : LI(Q) — R
is of class C', we see that

/fxuwdx>j /fxuudx
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for every w € Wy (). Fix v € BV(Q). By the approximation property in BV (Q)
(see Section 2) there exists a sequence (wy), C Wy () such that lim w, = v in

n—-+4oo
L9(2) and

lim \/1+|an|2d:v:/ 1+|Dv|2+/ [vjaa| dHN—1.
0 Q o9

n—-+40o

Further we have

lim / [z, w)w, dz = / f(z,u)vde.
n—-+00 Q Q
This implies that

/fxuvdx>j /fxuudx

Therefore (5) holds for every v € BV (2), which means that u is a solution of (1).
Since, for each n, u, is a non-negative solution of (53), we have u(x) > 0 in Q. Let

us prove that u(z) > 0 on a set of positive measure. Assume by contradiction that
u(r) =0ae in Q. As lim u, =u=0in L9(Q) and F : L) — R is of class C",

n—-4o00
we have

lim /f(x,un)undxzoz lim F(z,u,)dz.
n—+o00 [ n—+oo [q

Taking w = 0 in (65), we get for each n

meas((2) < g—n/ |Vu,|" dx +/ V14 |Vu,|?de < /\/ f(x, up)u, de + meas(€2)
rJa Q Q
and hence

lim (%/\Vuan:E—i-/\/1+|Vun|2dw> = meas(€2).
0 Q

n—-+o0o

This yields

lim 7., (u,) = lim /|Vun| da:+/\/1+|Vun|2dx— / x un)da:)

n—-+o0o n—-+o0o

= meas(£2),

thus contradicting (62), as ¢y > meas(£2).

Step 8. Behaviour of the solutions as A — 07. We want to prove that there exists n > 0
such that, for each A\ € ]0, o], a positive solution uy of (1) can be selected so that

_1
I)\(U)\) Z I)\(O) = meas(Q) or ||U)\||Lq(Q) Z T])\ a.
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Fix A € |0, ] and let u, be a solution of (1) as obtained in the preceding steps.
Suppose Zy(uy) < Z»(0), then
f(U)\) > 0. (67)

Let (un), be a sequence of solutions of (53) such that lim w, = uy in L9(£2). Taking

n—-+0oo
w = 01in (65), we get for every n

/ V14 |Vu,|>de < )\/ [z, up)u, de + meas(Q) (68)
0 Q

Arguing as in Step 7 and possibly passing to a subsequence, we have from (66)

/fxu,\ Jwdz > lim 8—/|Vun| dx + J(uy) — /fqu Yuy dz

n—-4oco T

for every w € W, (Q) and hence

/fxu,\ Jodr > lim —/|Vun| dr + J(uy) — /fzuA Yuy dz

n—-+oo 1

for every v € BV (2). Testing against uy, we conclude that

lim —/ |Vu,|" dx = 0. (69)
n—+oo 1

As F: L9(Q) — R is continuous, by (67) we have F(u,) > 0 for all large n. Using (62)
we also get for every n

57"/|Vun|rdx+/ V 1+ |Vu,|?dz > ¢, (70)
Q Q

where ¢y > meas(2) is a constant independent of A\ € |0, A\¢]. From (69) and (70) we

get
liminf/ V1+|Vu,|2de > ¢. (71)
Q

n—-+4o0o

Now, letting n — +o0 in (68) and using (71), we get, as F : L4(2) — R is of class C*,

/fqu Juydr = A lim /fx,un Uy, dT

n—-+o0o
> lim mf/ V 1+ |Vu,|?de — meas(Q) > ¢ — meas(Q)

and then
/ f(@,up)uydz > +(co — meas(Q)).
Q
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Finally, using (51), we get

1 (co — meas(Q)) S/f(x,u,\)uAdxgcl/ |u,\|qu+/62u,\dx
Q Q 0

< CIHUAH%Q(Q) + cslluallza@)

for some constant c3 > 0.
Hence we conclude that there exist A* € ]0,+oo] and n > 0 such that, for every
A € ]0,\*], problem (1) has at least one positive solution wuy, satisfying Zy(uy) >

1
7,(0) = meas(2) or |[uxl[Le)y = nA" 9. O

Remark 3.5 Note that, if for some A € ]0, \*[ we have [, F(z,us)dz > 0, then we
get [luallra) > nA~!. Hence, if we assume, in addition to all hypotheses of Theorem
3.9, that

(ho7) F(z,s) >0 for a.e. x € Q and every s > 0,

then we conclude that Alim+ lurl|La(e) = +o0.
—0

Potential superquadratic at zero and superlinear at infinity.

Combining Theorem 3.8 and Theorem 3.9 yields the following result. Unlike the one-
dimensional case we discussed in [5], we are not able here to prove the existence of a
positive solution for each A > 0. It remains therefore an open question for us to know
whether the intervals |0, A\*[ and |\, +o0o[ defined in the statement below overlap.

Theorem 3.10. Assume
(ha1) Q is a bounded domain in RN (N > 2) with a C*' boundary 09);
(ha) f:Q xR — R satisfies the Carathéodory conditions;

2N

(hag) there exist constants v >0, ¢ > 1 and q > 2, with ¢ < =5 if N > 3, such that

s < fa,s) <esth
for a.e. x € Q and every s € [0,r];
(has) there exist constants r > 0 and o € )0, 1[ such that
F(x,s) <osf(x,s)

for a.e. x € Q and every s € [0,r];
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(has)
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there exists a constant r > 0 such that

[(,5) _ St
S - t

for a.e. x € Q and every s,t € 0,r], with s < t.

there exist constants q € |1, %[, c1 > 0 and a function cy € Lq%l(Q) such that
(@, 8)] < e1s” + ea(2)
for a.e. x € Q and every s € [0, +00];

there exist a constant p € |1, 2= [ and a function ax, € L®(Q), with as(z) >0

a.e. inQ and ax(x) > 0 in a set of positive measure, such that

F
lim inf Flz,s) > Uoo()
s—+o00 sP
uniformly a.e. in Q;

there exists a constant 9 € |0, 1] such that

lim sup (@ —Jf(x, s)> <0

s—+00

uniformly a.e. in €.

Then there exist A € [0,4+00] and \* € |0,400], such that, for every A € |0, \*[ U
A, +00], problem (1) has at least one positive solution .

Proof. We combine Theorem 3.8 and Theorem 3.9. O

3.2

Existence of at least two positive solutions

We now combine the existence results proved in the preceding section to obtain multiple
solutions, which are distinguished according to their behaviour as A — 0" or A — +o0.

Potential subquadratic at zero and superlinear at infinity.

The relevant assumptions here are the desultory subquadraticity condition (h;) and
the superlinearity condition (hgs).

Theorem 3.11. Assume
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(hy) 2 is a bounded domain in RN (N > 2) with a C*° boundary OS2 for some o €
0, 1];

(ha) f: QxR — R satisfies the Carathéodory conditions;
(hs) f(x,0) >0 for a.e. z € Q;

(he) there exist constants r > 0 and ¢ > 0 such that |f(z,s)| < ¢ for a.e. x € Q and
every s € [0,7];

(h7) there exist open sets w and wy, with © C wy C ), such that

fw F(z,s)dx _

lim sup 5
s

s—0F

and
w1 \w

F(z,s)dx
lim inf

s—0+ 52

> —0Q0;

hio) there exist constants g € 11, 2=, ¢; > 0 and a function ¢y € L77(Q) such that
N-1
|f(z,5)] < 1877 + o)
for a.e. x € Q and every s € [0, +00];

(has) there exist a constant p € |1, {25 [ and a function as € L*®(2), with ax(z) > 0

a.e. in 2 and ax(x) > 0 in a set of positive measure, such that

lim inf M

e > oo (T)

uniformly a.e. in ;

(hog) there exists a constant ¥ € |0, 1] such that

lim sup (%’S) — 9 f(z, s)) <0

§——+00
uniformly a.e. in €.

Then there exists \* € |0, +0o0] such that, for every X € 10, \*[, problem (1) has at least
two positive solutions, one of which is a weak solution.

Proof. Let n > 0 be the constant defined in Theorem 3.9. By Theorem 3.1 we know
that, for all small A > 0, a positive solution u(;) of (1) exists such that Huf\l)HLq(Q) <
and I,\(u(;)) < Z,(0). On the other hand, by Theorem 3.9 we know that, for all small
A > 0, a positive solution uE\Q) of (1) exists such that either Hu(f) | Lag) > or I,\(uE\Q)) >
7,(0). In particular we conclude that ug\l) # u(f). O
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Potential superquadratic at zero and sublinear at infinity.

The relevant assumptions here are the superquadraticity condition (hg) and the sub-
linearity condition (hi1), in Theorem 3.12, and the desultory sublinearity condition
(h14), in Theorem 3.13.

Theorem 3.12. Assume
(ha1) Q2 is a bounded domain in RN (N > 2) with a C' boundary 09;
(he) f:Q xR — R satisfies the Carathéodory conditions;

hao) there exist constants r >0, ¢ > 1 and q¢ > 2, with ¢ < 22 if N > 3, such that
N—2

s < fla,s) < esth
for a.e. x € Q and every s € [0,r];
(hos) there exist constants r > 0 and o € )0, [ such that
F(z,s) <osf(x,s)
for a.e. x € Q and every s € [0,r];

(hos) there exists a constant r > 0 such that

fw,s) _ Sl
S - t

for a.e. x € Q and every s,t € 0,r|, with s < t.

¢1 >0 and a function ¢y € LT7(Q) such that

(hio) there exist constants q € |1, %[;

|f(z,8)] <1871 + co(w)

for a.e. x € Q and every s € [0, 400];

(h11)
F
lim sup M <0

s—+00 S

uniformly a.e. in €.

Then there exists A\, € [0,+00[ such that, for every \ € |\, +00|, problem (1) has at
least two positive solutions, one of which is a weak solution.
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Proof. By Theorem 3.2 we know that, for all large A > 0, a positive solution ug\l)

of (1) exists such that l)i\m inf Hug\l)”Lq(Q) > 0. On the other hand, by Theorem 3.8
——400

we know that, for all large A > 0, a positive solution u(f) of (1) exists such that

Alirf ||UE\2)HLq(Q) = 0. In particular we have that u " # u{>. O

Theorem 3.13. Assume

(ha1) Q is a bounded domain in RN (N > 2) with a C' boundary 0Q;

(hi3) f:Q xR — R satisfies the LP-Carathéodory conditions for some p > N;

(haa) there exist constants r > 0, ¢ > 1 and q > 2, with q < ]\2,—11[2 if N >3, such that

s < fla,s) <esth
for a.e. x € Q and every s € [0,r];
(hos) there exist constants r > 0 and o € )0, 1[ such that
F(z,s) <osf(x,s)
for a.e. x € Q and every s € [0,r];

(hos) there exists a constant r > 0 such that
fle.s) _ fa.)
s
for a.e. x € Q and every s,t € |0,r], with s < t;

(h14) there exist a constant r and a continuous function h : R — R such that
f(z,s) < h(s) fora.e x€Q and every s >r
and

lim inf A(s) <0

§——+00 S

where H(s) = [} h(t)dt.
Then there exists A\, € [0,+00[ such that, for every \ € |\, +o0|, problem (1) has at

least two positive solutions, one of which is a weak solution.

Proof. By Theorem 3.3 we know that, for all large A > 0, a positive solution uf\l) of
(1) exists such that I)\(uf\l)) < Z)(0) = meas(Q2). On the other hand, by Theorem 3.8
we know that, for all large A > 0, a positive solution u(f) of (1) exists such that
IA(uE\Q)) > 7,(0) = meas(Q2). In particular we have that uf\l) + uf\2). O
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3.3 Existence of at least three positive solutions

Potential superquadratic at zero and superlinear at infinity depending on
two parameters.

In this section we reconsider the case of a potential F' which is superquadratic at 0
and superlinear at +00. The introduction of a second parameter into the equation will
allow us to prove the existence of more solutions. Namely, let us consider the model
two-parameters problem

—div(Vu/ 1+ |Vu|2> = min{ A\ (u")?H pw™)? '} in Q, (72)
u=70 on 0f).

By performing a sharp analysis of the geometric features of the action functional as-
sociated with this problem, we can prove the existence of three solutions under some
specific configurations of the parameters.

Theorem 3.14. Assume that

(hy) Q is a bounded domain in RN (N > 2) with a C*° boundary 0Q for some o €
0, 1];

and
(has) p €11, 325 and ¢ > 2, with ¢ < 225 if N > 3.

Then there ezist \* € ]0,+00] and a functwn ps 2 10, X[ — [0, 400[ such that, for
every A € |0, X*[ and p € Ju«(N), +oo[, problem (72) has at least three positive solutions

ug\ll,uf\a,uf\sl)l with, for each i = 2,3, ug\)u € CY(Q) for some T € ]0,1], uf\)u( ) >0

( )
31/’ (x) < 0 for every x € 0N, v being the unit outer normal at

x € 0N).
Proof. For each A\, u > 0, let us set

ganu(s) = min{(sT)P, R (s)"}
and

Cp(s) = / galt) dt

for every s € R. Note that
1

Gauls) = £3(s7)1 if s < (2)77,
P 1
=L (L= D) it s> (2)i,

Further, for any fixed so > 0, we have gy ,(s) = &(s7)?" in | — 00, 5], if A >0
1
satisfy sg < (ﬁ)qu, and gy ,(s) = s?7! in [sg, +oo, if A, u > 0 satisfy ( )q P < 8.
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Step 1. There exists Ny € ]0,+00[ such that, for every \ € 10, \o[ and every pu > A,

problem (72) has at least one solution ug\ll)t with essgupu(;z > 1. The functions g,

and G, satisfy conditions (hy), (hs), (h1o), (hes) and (hor), uniformly with respect
to A, u > 0. Moreover, for any fixed ko > 0, condition (hgs) is fulfilled uniformly with
respect to A, u > 0 with ﬁ < Kg. Take Ky = 1. Theorem 3.9 and Remark 3.5 then yield
the existence of A\ € ]0, +00[ such that, for every A € |0, A\g[ and every u > A, problem
(72) has at least one solution u, , satisfying

mflw ey = +oo

uniformly with respect to u > A. Possibly reducing Ay, we can suppose that ||ux .| Lr0)
> meas(£2). Hence the conclusion follows.
Let us set pg = 27 Ao. If we assume A € ]0, Ao and p € Jpto, +00[, then we have in
1

particular ;1 > A and hence (ﬁ)ﬁ <1

Step 2. A modified problem. Like in the proof of Theorem 3.1, let a : [0, +00] — [0, +-00[
be the C'! non-increasing function defined by (21) and let A : [0, +o0o[ — [0, +o00[ be
the potential of a defined by (22). Recall that the functions a and A satisfy conditions
(23) and (24), respectively. As we already noticed, the structure and the regularity
conditions assumed in [19] hold. Let x : R — [0, 1] be a continuous function such that

x(s)=1if s <1,
=0 ifs>2.

For each A, u > 0, we define
hau(s) = x(8) gau(s) (73)
and

Huuls) = [ halt)dr
0
for every s € R. Note that, for each A € |0, \o[ and u € |, +00], we have
0 < hyu(s) <2°! (74)
and
0<Hi(s)<Z (75)

for every s € R. Let us consider the modified problem

—div(a(|vu|2)vu) = My (u) in Q, (76)
u=20 on 0f).
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A solution of (76) is a function v € H{ () satisfying

/Qa(\Vu\Q)Vquda::)\/Qh,w(u)vdw (77)

for every v € H}(£2). We define the functional K, , : Hj(Q2) — R by

Koo (1) = %/QA(Wu]Q)dx—)\/QHM(u) da.

Kx . is of class C' and weakly lower semicontinuous. Moreover, u € Hj () is a solution
of (76) if and only if w is a critical point of IC) ,.
Step 8. There exists a function j, : 0, \o[ — Juo, + 00| such that, for any A € ]0, Ag|

and p € Jpi(N),+o0[, the functional Ky, has a global minimizer uE\QL € HMNQ) with

’C&u(uf\%b < 0. Fixany X € ]0, Ao and u € Jug, +oo[. By (24) and (75) the functional
Kx . is coercive and bounded from below in Hj(£2) and hence it has a global minimizer

u$? e HH(Q). Set d, = 2%(%)7117 We have d,, € ](ﬁ)qflp, 1[ and

M
Hyu(dy) = b, — (5 = D(5) 7
_p_ 1 _1
> 1y — 1(2)75 > Ly - (25 ()7 )]
1 1 11

Take w € H}(€) such that w(x) > 0 in Q and w(z) = 1 in some open subset w of .
We get

1
Ky u(dyw) = é/ﬂA(dﬂVwF) dx — /\/ H, ,(d,w)dz — X H, ,(d,w)dx

QN\w
1 )
gdi<§/9|Vw|2dx—>\duz/wHA,u(du) dx)

1
< §di(/ Vw|* dw — émeas(cu)dﬁ_2> <0,
Q p

provided Ad, ™ > —L— [ [Vw|*dz, or equivalently

meas(w)

a—p a—p

u > MO(#S(W) fQ |V1U|2dl')r A 2,

3
]

This implies that o
2 .
Koau(uy,) = i Kau(u) <0 (78)

and hence in particular u(fL # 0. We finally define, for every A\ € |0, o],

a—p a=p

11:(A) = max{po, to( 5ty Jo [Vw?dz)>=r X"2r }.
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Step 4. For each A € 10, Ao and p € |p.(N), +o00[ the functional Ky, has a critical
point u(?’) € H}(Q) with IC,\u(ug\ )) > 0. We first prove that Ky , has a mountain pass
geometry around 0. Fix A € |0, )\o[ and p € |ug, +0o[. By (hes), thanks also to (24)
and the fact that H) ,(s) < ’f% for all s € R, the continuous embedding of HJ ()
into L9(2) implies the existence of a constant ¢ > 0 such that

1
Ko u(u) = 2/ A(|Vul?) dz — X /H)\M ) dxdx

/|V ? dx — /|u|qu

W2
> ||Vu||%zm( SIvulgy)

for every u € H} (). Taking r € 0, <1M> [ we have

pe 32
inf  Ky(u) > 0. (79)
H’U’HH&(Q):T

Therefore, for each A € |0, A\g| and p € Jpu.(N), +00][, we can take r > 0 such that (79)

and (78) hold, with ||u /\2L|| Hi(@) > 7, that is £, , has a mountain pass geometry around
0.

Next we prove that K, , satisfies the Palais-Smale condition. Assume (u,), is a
(PS) sequence in Hj(Q), i.e.

sup |ICy . (un)| < +o0 and lim K, (un) =0 in H'().

n—-+o0o

We want to prove that there exist a subsequence of (u,),, which we still denote by
(tn)n, and u € Hg(§2) such that lim wu, = u. We first notice that, as K, , is coercive,

n—+o0o
the sequence (u,), is bounded in H}(€2). Passing to a subsequence if necessary, we
may assume that (u,), converges weakly in HJ(f2) to some function u € H}(2). The
strong convergence of (uy), to u in H}(Q2) will follow from [7, Lemma 3]. To this end
we define the generalized Dirichlet form

a(u,v):/a(|Vu|2)Vqudx,
Q

for u,v € H}(Q), and we observe that all hypotheses of [7, Lemma 3] are satisfied.
Hence Condition (S) therein will guarantee that (u,,), converges strongly to w if we
show that

lim (a(un, Up — u) — a(u, Uy — u)) = 0.

n—-4oo
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We have
lirf a(tp, uy, —u) = liril a(|Vu,|*)Vu, (Vu, — Vu) dr
n—-—+oo n—-—+0oo Q
= nl_l)I_’I_loo < ’/\#(un)(un —u)+ A /Q P () (u, — w) dx) =0.

Indeed, as lim K\ _(u,) = 0in H'(Q) and (uy), is bounded in Hj(€2), we see that

n—-+o0o

lim /Cy ,(un)(un —u) = 0.

n—-+o0o

Further, the compact embedding of H}(Q) into L'(€) implies that hIJ{l U, = u in
L'(©2). Condition (74) then yields

lim Py () (ty, — w) dz = 0.

n—-400 Q

We also have

n—-+o00 n—-+00

lim a(u,u, —u) = lim ( () (U —u) + )‘/Qh/\,u@b)(un —u) dx) =0.

Indeed, as K} ,(u) € H1(Q) and lim w,, = u weakly in Hj(Q), we see that

n—-4o0o

lim /C\ ,(u)(up —u) = 0.

n—-+o0o

Finally, as hy ,(u) € L*(Q) and lim w, = u in L'(Q), it follows that

n—-+o0o

n—-+4o0o

lim P u(w)(u, —u) de = 0.
0

This proves that Ky , satisfies the Palais-Smale condition.

The existence of a critical point ug\?’L € Hy(Q2) of Ky, with IC/\,M(“E\?:L) > 0, for any
given A € 10, \g| and p € |u.(N), +00[, then follows from the mountain pass theorem

(see e.g. [15, Theorem 5.7]).

Step 5. There exists \* > 0 such that, if uy, is a solution of (76) for some A € ]0, \'[
and p € o, +00l, then uy,, € CH7(Q) for some T € ]0,1], uy ,(x) > 0 for every x € Q,

Ouy

5o (x) < 0 for every x € 09, v being the unit outer normal to Q at v € 0S2, and

lurpllerg < 1. (80)
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Let uy, be a critical point of Ky, for some A € ]0, \o[ and p € |puo, +00[. Recall
that u, , satisfies (77). Testing (77) against (uy, — 2)", which belongs to Hj () by
Stampacchia theorem (see [45, Section 1.8]), and using (23) and (73), we get

72 /Q IV (un e — 2)*[2der < /Qa(|Vu)\7M|2) Vs, — 2 de
_ / (Vi ?) Vur oVt — 2)* da
Q
= )\/ X (W) G () (Un e — 2)+ dx = 0.
Q

Therefore we have (uy, —2)* =0, i.e. uy,(r) < 2 a.e. in Q. Testing (77) against
—uy, and using (23) and (73), we obtain

%E/Q|Vu;“|2dx§/Qa(|Vu;,#|2)|Vu;H|2dx
:—/a(]Vu,\,MIQ)VuA,#VuA’#dx
Q
= _)‘/QX(UA,H)QA,H(U’)\M)U/\,M dr = 0.

Therefore we have uy, = 0, i.e. uA,M(x) > (0 a.e. in 2. Thus we conclude that
0 <uy,(r) <2 (81)

for a.e. z € Q. Due to (81) and (74), the regularity theory for (76) (see [19]) yields the
existence of 7 € |0, 1] and K > 0, independent of u, ,, such that

urullcrr@ < K. (82)

Moreover, if uy, # 0, the strong maximum principle and the boundary point lemma
Ouy, .

[42, Corollary 8.3, Corollary 8.4] imply that uy ,(x) > 0 for every x € Q and =2 () <
0 for every x € 0f2, where v is the unit outer normal to €2 at € 0f).

Finally, we prove that there exists \* € ]0, Ao[ such that, for every A € |0, \*]
and p € Jpo, +00], uy, satisfies (80). Let (ux, ., )n be a sequence of solutions of (76)
corresponding to some sequences (), C |0, Ao, and (i) C Jp0, +00[. Assume that

lim A, = 0. Estimate (82) and the Arzela-Ascoli theorem yield the existence of a

n—-+oo
subsequence (ug)r, = (Ux,, u,, )1 CONVerging in C*(Q) to some function u € C1(Q) with
u(x) = 0 on 0f). Testing (77) against uy and using (23), (74) and (81), we get

%ﬁ/ \vukmxg/a(\vukﬁ)\vukmx
Q Q

= Ay / Py iy, (Ur ) dv < Ay, 27 meas(Q)
Q
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and hence, passing to the limit, u = 0 in €). Therefore we deduce that
Ahj}ﬁ [uruller@ = 0.

Using Step 1, Step 3, Step 4 and Step 5, we conclude that there exists A* € |0, +o0]
such that, for any A € |0, \*[ and p € Ju«(A), +oo[, problem (72) has at least three
positive solutions uf\ll)“ ufl,u&il, with, for i = 2,3, uE\Z)M € C17(Q) for some 7 € ]0, 1],

. N0
ug\l)u e () < 0 for every z € 0. O

Ay
ov

(x) > 0 for every z € Q and

3.4 Existence of infinitely many positive solutions

In this section we deal with cases where the potential is neither subquadratic nor
superquadratic at zero and it is neither sublinear nor superlinear at infinity, but it
oscillates in between. In this frame we can establish the existence of infinitely many
positive solutions. The proof combines the lower and upper solutions method, local
minimization and critical values estimates, and exploits some ideas from [39, 22, 37]
too.

Potential oscillatory at zero.

Theorem 3.15. Assume

(h4) Q is a bounded domain in RN (N > 2) with a C*° boundary OQ for some o €
0, 1];

(he) f:Q xR — R satisfies the Carathéodory conditions;
(hs) f(x,0) >0 for a.e. x €€

(he) there exist constants r > 0 and ¢ > 0 such that |f(z,s)| < ¢ for a.e. x € Q and
every s € [0,7];

(hag) there exist a constant r > 0 and a continuous function h : R — R such that

f(z,s) < h(s) forae x€Q and every s € [0,r]

and "
lim inf (s)

s—0t 52

<0

Y

where H(s) = [} h(t) dt;
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(h7) there exist open sets w and wy, with © C wy C ), such that

- [ F(z,s)dx
limsup =———— =
s—0t S

o Jo Flz,s)d
x,s)dx
lim inf 291\ 5 > —00.
s—0t S

Then, for every A > 0, problem (1) has an infinite sequence (uy,), of weak solutions,
with u, € CY7(Q) for some 7 € 10,1], satisfying u,(x) > 0 for every x € Q and

85‘—”"(:5) < 0 for every x € OS2, v being the unit outer normal to Q at x € 02, and

Jim [wnllor(@y = 0.
Proof. Fix A > 0. Let us consider, as in the proof of Theorem 3.1, the modified problem
(28), where a and g are respectively defined by (21) and (25). By a lower solution of
(28) we mean a function o € C*(2) such that a(z) < 0 on 9Q and

/ a(|[Val*)Va Vv dr < )\/ g(x,a)vdx

Q Q

for every v € Hy(Q2), with v(x) > 0 a.e. in Q. An upper solution 3 of (28) is defined
similarly by reversing the first two inequalities written above. It is a known fact (see
e.g. [39, Lemma 2.1]) that if there are a lower solution o and an upper solution (3 of
(28), with a(z) < B(z) in Q, then there exists at least one solution u of (28) such that
u € CH(Q) for some 7 € 10,1], a(z) < u(r) < B(x) in Q and

Ka(u) = min{Ky(v) | v € Hy(Q), a(x) < v(z) < B(x) ae. in Q},

where /C) is the functional associated with (28) as defined in (30). )
Step 1. There exists a sequence (3,), of upper solutions of (28) satisfying 3, € C*(2)
and B, (z) > 0 in Q, for every n, and liril 130l Loe () = 0. Suppose first that inf{s >

0| h(s) <0} = 0. Then there exists a sequence of positive constant upper solutions
(Bn)n with ligl_l Bn = 0. Suppose next that there is ry € ]0,7[ such that h(s) > 0 for

each s € ]0,7]. By (hag) there exists K € |0, \][, where A is defined in (15), such that
2\H (s) — K s*
lim inf AH (s) i

s—0t 52

< 0.

Therefore we can find a decreasing sequence (R,,), such that liril R, = 0 and, for
n—-+0o0

each n, R, €10,7],

NH(R,) <1- 2, (83)



iKR: <1, (84)
and
A(H(R,) — H(s)) < §K(R), — 5% (85)

for every s € [0, R,,]. Fix n and consider the initial value problem

~ (v/VTF |vf|2)' — Ab(v), ©(0) = Ry, v/(0) = 0. (86)

Let v € C*(] — w,w]) be an even non-extendible solution of (86). Then v}, . is decreas-
ing, concave and satisfies the energy relation

- ﬁ — MH(R,) — H(o(1))) (s7)

in [0, w[. Define
T =sup {t € [0,w]| v(t) > 0}.
By (83) and (87), we see that |v/(¢)| < 1 for every ¢t € | — T, T[. Therefore ' < w and

v € C*([-T,T)). Using (87), (85), (84) and the fact that the function x(t) = \}% is

decreasing in [0, 1], we get
re [ L— A(H(R,) — H(0) B
’ \/2)\ (H(Rn) — H(v(t))) = (\(H(R,) — H(v(1))))*
v(0) 1
E / VA <H<Rn> ~ H(s))

- (5 (R2 7)) ds
/ -

L RQ —82)

55 7 [ 1 ) 5

Let ¢ € SV~ be such that Ls(2) = min L.(Q) and set, for every z € Q,

ecSN-1

Ba(x) = v(wé — 5(ac() + be(2))),

X (A(H(Ry) — H(s))) ds

2
where L(Q), ae() and by(Q) are defined by (14). As K < A} = (Lj(f )) we have

0
Tz > L:(92) and, as nhr}rloox (ER2) = x(0) = \%, we conclude from (88) that, for all
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n large, T >
V()| = v/

A~

Le(Q) and hence 3,(x) > 0 for every x € Q. Note that 3, € C?(Q),
zé— 3(as() +0:(2)))] < 1in Q and

—div(a(|Vﬁn|2)Vﬁn> = —div (vm/ 1+ |V6n|2>
= —"/(1+ [V2)2 = Ah(v) > Ag(x, B,)

a.e. in ). Therefore 3, is an upper solution of (28). Further we have lirf 180l oo ()
=0.

Step 2. Existence of solutions of (1). Condition (hs) implies that o = 0 is a lower
solution of (28). Hence there exists a solution u; € Hg(2) N L>°(Q) of (28) such that
0 <wup(x) < fi(z) in Q and

Ka(u1) = min{K(v) | v € Hy(2),0 < v(x) < Bi(z) a.e. in Q}.

Arguing as in Step 2 of the proof of Theorem 3.1, we exploit assumption (h7) to show
that ICy(u1) < 0 and, hence, u; # 0. Next we pick an upper solution (35 of (28) such that
15| ooy < |Jua]|ze(e). Proceeding as above we find a solution us € Hj(2) NL>(Q2) of
(28) such that 0 < us(x) < Ga(x) in Q2 and ug # 0. Iterating this argument we obtain
a sequence of non-trivial non-negative solutions of (28) such that

Using (26), which follows from (hg), and the regularity theory for (28) (see [19]), we
infer that there are constants 7 € 10,1] and x > 0 such that, for every n, u, €
H; () N CY(Q) and

[unllorr @) < k-

Hence, by the Arzela-Ascoli theorem we deduce that

Jm [wnllor(@y = 0.
Accordingly we conclude that, for all n sufficiently large, u,, is a positive weak solution
of (1). The strong maximum principle and the boundary point lemma [42, Corollary
8.3, Corollary 8.4] finally yield wu,(z) > 0 for every z € Q and %(w) < 0 for every
x € 0f). O

The following result shows that for the parameter independent problem (49) the
assumptions (h7) and (hgg) on the oscillatory behaviour of F' at 0 can be replaced by
some conditions involving the spectral constants )\ji and A}.

Theorem 3.16. Assume
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(hy) 2 is a bounded domain in RN (N > 2) with a C*° boundary OS2 for some o €
0, 1];
(he) f:Q xR — R satisfies the Carathéodory conditions;
(hso) there exist a constant r > 0 and a continuous function h : R — R such that
f(z,s) < h(s) forae x€Q and every s € [0,7]
and

2H
lim inf (s)

s—0+ 82

where H(s) = [ h(t)dt and X} is defined by (15);

< A},

(his) there exist a constant r > 0 and a continuous function k : R — R such that

f(z,s) > k(s) fora.e. x € Q and every s € [0, 7],

lim inf K(28> >0

s—0F S
and %
S
lim sup 2( ) > /\ﬁ,
s—0+ S

where K(s) = [ k(t)dt and A s defined by (17).

Then problem (49) has an infinite sequence (u,,), of weak solutions, with u, € C*7 ()
for some T € 10,1[, satisfying u,(x) > 0 for every x € Q and %(m) < 0 for every
x € 00, v being the unit outer normal to 0 at x € 0F), and

li n 5 = 0.
n}f@”“ ||01(Q)

Proof. The conclusion follows arguing like in the proofs of Theorem 3.15 and Theo-
rem 3.7. [

Potential oscillatory at infinity.

Theorem 3.17. Assume

(h1) Q is a bounded domain in RN (N > 2) with a C%' boundary 02;
(hs) f(x,0) >0 for a.e. x €€

(hi3) f:Q xR — R satisfies the LP-Carathéodory conditions for some p > N;
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(h14) there exist a constant r and a continuous function h : R — R such that
f(z,s) < h(s) fora.e x € and every s >r

and "
lim inf ﬂ <0

s——400 S -’

where H(s) = [ h(t)dt;

0

(hs1) there ezists a Caccioppoli set B C Q) such that

F
limsup/ de = +00.
B

s——+00 S

Then, for every A > 0, problem (1) has an infinite sequence (u,), of positive solutions,
with u, € L>(Q), satisfying

1in ||un||L°°(Q) =400 and lir}rl Ty (uy,) = —oc.

Proof. Fix A > 0. Conditions (hs) and (h;3) imply that o = 0 is a lower solution of (1).

By (h14) we can apply the claim in the proof of Theorem 3.3 to get a sequence (3,)

of upper solutions of (1) such that, for each n, 3, € C*(Q) and hlll (min §,) = +o00.
n—+oo O

By (hs1) there is a sequence (¢, ), such that lim ¢, = +o0o0 and

n—-+0o0o

lim AF(z,c,)
n—-+4oo B Cp,

dx > Per(B),

where Per(B) = [, [Dxs|+ [0 XBjandHn—1 is the perimeter of B in RY (yp denoting
the characteristic function of the set B). We have

Ty(enxn) = T(enxa) = [ AF(a,e)do
AF(z,
< meas(£2 —i—cn(/ ]DXB|—|—/ XBoo AHN- 1—/ Mdaz)
o2 B

Cn
F
= meas(Q) + ¢, (Per / AF(@, o) dx)

Cn

and hence

hril Ir(enxp) = —00.

Therefore we can find a constant, say ¢, such that Z,(¢;xp) < Zx(0). Pick an upper
solution, say (1, such that f;(z) > cixp(x) in Q. By Proposition 2.1 there exists a
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solution u; of (1) such that 0 < uy(x) < Fi(z) a.e. in Q. Moreover, we have u; # 0, as
Ix(uy) = min{Z,(v) | v € BV(Q),0 < v(x) < Bi(z) for a.e. z € Q} < Z,(0). Pick now
a constant, say cg, such that Zy(coxp) < Zx(u1) and an upper solution, say (35, such
that Go(z) > coxp(x) in Q. By Proposition 2.1 there exists a solution uy of (1) such
that 0 < ug(z) < fa(z) a.e. in Q and Zy(uz) < Zx(caxp) < Za(u1). Hence, we have in
particular u; # us and ess SUp Uz > m{%n (1. Iterating this procedure we can construct

a sequence (uy,), of solutions of (1) such that, for each n, u, € BV (Q) N L>*(Q) and
Ia(uni1) < Ih(cnr1xs) < Ii(uy), lilf ess Sup Uy, = +ooand lim Zy(u,) = —oco. O

n—-+o00

The following result is the counterpart of Theorem 3.16 when an oscillatory be-
haviour of F' at 400 is considered.

Theorem 3.18. Assume
(hy) Q is a bounded domain in RN (N > 2) with a C%' boundary 092;
(hs

(h13) f:Q xR — R satisfies the LP-Carathéodory conditions for some p > N;

)
) f(z,0) >0 for a.e. x €€y
)
(710)

there exist a constant r > 0 and a continuous function h : R — R such that
f(z,s) < h(s) forae x€Q and every s >r

and

H(s) _ .

< M1,

lim inf
§——400 S
where H(s) = [ h(t)dt and p} is defined by (16);
(hs2) there exist a constant r > 0 and a continuous function k : R — R such that

flz,s) > k(s) forae x€Q and every s >r

and

K
lim sup (s)

s§—+00 S

where K(s) = [ k(t) dt and (i s defined by (19).

> i,

Then problem (49) has an infinite sequence (uy), of positive solutions, with u, €
L>(Q), satisfying
im [ || o) = +00.

n—-+o00
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Proof. The conclusion follows as in the proof of Theorem 3.17, once we observe that
(h19) is sufficient to apply the claim in the proof of Theorem 3.3 and (hs2) implies the
existence of a sequence (c,), such that lirf ¢, = +oo and
F(x,c,
lim Flz,cn)

n—-+oo Q Cp

dx > Per(Q).

Remark 3.6 Assumption (hgy) can be replaced by
(hss) there ezists a Caccioppoli set B C Q) such that

lim Sup/ Flas) dx > Per(Q).
B

S§——+00 S
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